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The application of the Eulerian variational method to the Onsager Lagrangian of a linear dissipative 
process implies that variables undergoing strong spontaneous fluctuations (i.e., following curves other than 
the characteristic exponential decay from a given initial value) obey, on a macroscopic time scale a simple 
differential equation which also describes the more usual exponential decay curve. To justify this from the 
stochastic model of such processes suggested by Onsager and Machlup (according to which the variable 
obeys the Langevin equation) requires that two things be proved: (1) As a necessary condition, that the 
stochastic curves under the given conditions do indeed cluster strongly about the solution of the differential 
equation. (2) As a sufficient condition, that the approximate time integral (actually obtained as a finite sum) 
of the Onsager Lagrangian be close to its relative minimum, for a time subdivision that is fine in the macro 
scopic sense. (1) is proved by deriving the conditional probability density of the Langevin variable at a 
time intermediate between two other times, given the values of the variables at these times. The proof of 
(2), which utilizes this distribution function, follows lines similar to the more special case previously treated 
by the author 


1. INTRODUCTION since absolute minimization can only lead to a zero value 


N a recent paper' (to be referred to as 1), the present 

author showed under what circumstances the sto- 
chastic model of linear dissipative processes proposed 
by Onsager and Machlup,’ as applied to a single thermo- 
dynamic variable a(t), could be held to validate the 
procedure of absolutely minimizing the time integral of 
the Onsager Lagrangian 


3 
i) L(a,a)dl, (1) 
t 


as a way of obtaining the correct law of motion of the 
variable a(/) in a macroscopic sense. With the form 


L(a,a) = R(a+-ya)? (2) 


for the Lagrangian, the law of motion obtained is the 
usual phenomenological equation of the linear dissipa- 
tive process, 


a+ya=0, (3) 


* This work supported by the U. S. Air Force through the Air 
Force Office of Scientific Research, Air Research and Develop 
ment Command. 

1 A. Siegel, Phys. Rev. 102, 953 (1956) 

* L. Onsager and S. Machlup, Phys. Rev. 91, 1505 (1953). 


of the positive-definite integrand. (Notation: R is the 
generalized resistance and y=s/R, where s is the 
generalized restoring force per unit displacement from 
equilibrium.) 

In his original paper on this minimum principle, 
Onsager® did not make absolute, as distinguished from 
relative, minimization the primary criterion of his 
definition. Instead, he required a stationary value 
subject to variation of & only; but this yields as its 
unique result the same equation (3). In their above 
cited paper’ (Sec. 4), Onsager and Machlup suggest a 
generalized version of the earlier variation principle: 
The time integral of the Lagrangian is to have a station 
ary value when varied according to the usual Euler pro 
cedure; i.e., both a and & are varied, with da= d(éa)/dl, 
the variation being held to zero at the end points of the 
interval. The result is the differential equation 


d 
(a+ya) 
dt 


yla+ya), (4) 


which is of second order, as distinguished from the 
first-order equation (3). 


+L. Onsager, Phys. Rev. 38, 2265 (1931) 
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One integration of (4) gives 


a+ya=Cer"), (5) 
where C is an arbitrary constant. If C is set equal to 
zero, the phenomenological equation is obtained. Thus 
the Euler variational procedure yields a differential 
equation which is more general than that of the earlier 
(Onsager procedure, and which includes the latter as a 
special case. This may be understood in the following 
way: The stationary values of the time integral in the 
Kuler procedure are minima relative to all possible 
paths having a given, fixed pair of end points; the 
solution of (5) is 
a(t) + bev" 


ac (6) 


(7) 


and a a new arbitrary constant; and C is determined 
by the values of a at the end points /; and /, (we reserve 
the symbol /, for later use as the time variable, inter 
mediate between /; and /,), 


(8) 


where a, stands for a(/;). The Euler procedure therefore 
yields minima subject to fixed C. The phenomenological 
case fits into this scheme as corresponding to the 
particular value C 
if ay and ay are end points of a solution 


0, since this is the value obtained 


(tt) 


a(l)=aye~7 (9) 
of the phenomenological equation; and this particular 
relative minimum happens to be the smallest of all, 
i.e,, an absolute minimum. The importance of the more 
general variation principle is that it unites all paths, 
those with fluctuant as well as phenomenological end 
points, in a single scheme giving the favored path for 
given end points in every case through a differential 
equation. 

The purpose of the present paper is to justify the 
more general, Eulerian variation principle in the light 
of the stochastic model, in the sense of showing exactly 
to what extent the stochastic sample functions obey it. 
What is needed for this purpose can be best made 
clear by reference to the previous work along these 
lines. Before proceeding we shall briefly state the funda- 
mental properties of the stochastic model as given in 
reference 2 and in I, since they not only underlie the 
present discussion, but will be required in derivations: 
The primary definition of a(t) is that it is a random 


t Note added in proof.—N. Hashitsume, in an article [Prog 
rheoret. Phys. 15, 369 (1956) ], which has come to the author’s 
attention since this article was submitted, has given an analysis 
similar to that of this and the preceding paragraph. 
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function, the solution of the Langevin equation 


at+ya= ell), (10) 


where ¢(/) is a given random function, namely the 
derivative of the Wiener function, with mean square 
given by the equation 


KE (edt)? } 2kRdt, (11) 
where the operator / stands for expectation value and 
k is Boltzmann’s constant. The two central facts of the 
stochastic model, derived from (10) and (11), are that 
the process is Markovian, and that the conditional 
probability density of a2, given a; in a small interval 


day, is, for le> ty, 


[2r(k/s)(1—e?7'2-")) Fd 


P(as'a) 


(a,—e~7°4-q))? 
exp] — 
2(k/s)(1—e- 21) 


(12) 


Since k/s is of microscopic dimensions, Eq. (12) reveals 
that the paths of a(¢) in the (a,/) plane cluster strongly 
around the phenomenological solution, in the sense 
that the mean square deviation from the latter,for any 
/, is equal to or less than k/s. This fact is a sine qua non 
of the stochastic model, since it is what makes the 
finely irregular sample paths appear smooth under 
gross observation; it transforms the chaos of the mole- 
cular-kinetic level to the order of the thermodynamic 
one. As it stands, however, the result is rather an intui- 
tive one; there is no firm quantitative criterion to assure 
us that the great majority of sample curves will, under 
certain clearly defined conditions, satisfy equations of 
the thermodynamic type. The derivation of this crite- 
rion was the sole concern of I. 

In the present case, that of paths with fluctuant final 
values, to the author’s knowledge neither of the above 
stages of the theory has as yet been given. Thus the 
present paper proceeds in two steps. The first consists 
of the derivation of the probability distribution formula 
[ Eq. (20) ] for fixed initial and final values, which in 
this situation plays effectively the same role as P (a2 | a;) 
in the phenomenological case. This derivation, and a 
discussion of the result, are the subject of Sec. 2. In 
effect, it is shown there that in the stochastic model the 
overwhelming majority of all paths, even those with 
fluctuant final values, appear smooth in the macro- 
scopic sense. 

The second step is to justify the variational principle 
quantitatively. This part of the work is analogous to 
all of I. Although it is not at all more important than 
the first step, unfortunately it is a much less simple 
matter to obtain the result. In order to give the general 
lines of the treatment, it will be helpful to recall the 
argument of I. The basic observation there was that, 
because of the nondifferentiability of the sample func- 
tions of the stochastic process, the strong clustering 
around the solutions of the phenomenological equation 





does not at all imply that these sample functions are 
themselves preponderantly solutions of this equation. 
The latter would imply that the values of the integral 
(1) cluster strongly around the value zero. When the 
latter is approximated by a finite sum—which is the 
only way in which a probability distribution amenable 
to calculation can be obtained—using n subdivisions of 
the time axis, its probability density is found to be 
concentrated about the value 2nk [1, Eq. (33) ], and 
the more strongly so the larger m. As implied by this, it 
is found that the minimum principle can be salvaged as 
a good approximation only if we are willing to settle 
for a difference equation instead of a differential equa- 
tion, with not too large a value of n. The condition on 
is Eq. (38) of I: 

n<AS,/k, (13) 
where AS; is the value of the entropy fluctuation in the 
initial state, using the quadratic approximation : 


AS; , say’. (14) 

In adapting the above argument to the case of given, 
arbitrary end points, the concentration of the finite 
sum, approximating to the time integral, about a value 
other than the relative minimum, which value increases 
indefinitely with m, is easily demonstrated ; in fact, the 
work of I is already general enough for this purpose. 
The remaining step, namely to show that for not too 
large m the sum clusters around a value close enough to 
the minimum to give the difference-equation analog of 
Eq. (5) as a good approximation, requires precisely the 
distribution formula discussed above and derived in 
Sec. 2. This can be easily understood by referring to I: 
In deriving Eq. (38) of that paper, the criterion for the 
validity of the difference equation, it was necessary [see 
the remarks in I between Eqs. (36) and (37)] to 
utilize the fact (also cited above) that the sample 
functions cluster, for given a;, around the solution of the 
phenomenological equation; in other words, in showing 
that the process preponderantly satisfies 
something negligibly different from the phenomenologi- 
cal difference equation, one cannot do without prior 
knowledge to the effect that the functions of the process 
are strongly concentrated around the solution of this 
equation. 

The argument just given may seem circular, but it is 
really not. The clustering of the sample functions is not 
sufficient, in itself, but it is necessary, in proving the 
clustering of the time integral. If one were satisfied to 
say that the sample functions are close to the solutions 
of the difference equation, the distribution (12) would 
suffice and nothing more would need to be said. But if 


stochastic 


one wants to summarize linear dissipative processes in 
a variation principle, this is not enough, since it is then 


necessary that the difference equation itself be very 
likely to be satisfied. 
The underlying reason for the limitation to finite sums 
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and difference equations in obtaining a variation 
principle is that if one is provided with a large enough 
set of functions to serve as comparison functions with a 
useful probability measure, one will necessarily find 
that these include a large majority that are not dif 
ferentiable; the differentiable functions are too thin a 
collection. This, however, goes against the grain of the 
basic motive, which is to obtain a differential equation 
Hence one must be satisfied with a difference equation. 
The compromise necessary can be epitomized in an 
alternative form very simply derived from (13): Assume 
an interval /;—/; long enough for the entropy fluctuation 
AS to disappear; then the mean rate of change of 
entropy in the interval is |.S,!, where by the subscript 
“Av” 
we then denote the elementary time interval (/s—¢,)/n 
by 6/, (13) becomes 


we mean time average throughout this paper. If 


Sw | dD>k. (15) 
This is in the nature of an “‘uncertainty” product with 
the two factors on the left-hand side as complementary 
quantities, 


2. CONDITIONAL PROBABILITY DENSITY FORMULA 


We use the following notation: P(a,, aj, «++) stands 
for the joint probability density of the quantities in 
-) for the con 


with 


parentheses, and P(aj, aj, +++ |Q@m, Qn, °° 
ditional joint probability density of aj, aj, 
Am, An, given, 

We seek the conditional probability density of a» 
given the end-point values a), a; (we adopt as an un 
varying convention that subscripts are numerically 
ordered according to increasing time values). This is 
P(ay| 1,043). By definition, 


P (ae\ a4,03) = Playa) /P (ajay). (16) 


The triple joint probability density on the right-hand 
side can ultimately be expressed in terms of the funda 
mental conditional probability density formula (12) 
not always using just the times 4), /, of course—by 
exploiting the Markov property, as follows. By defini 
tion, 


P (ay,Q12,03) = P (ag ay,02) P(ay,ay), (17) 


but the Markovian, Pla, 


P(a3\ a2). Moreover, 


since process 1S 4) ,l2) 


P (aj,a2)/ Playas) = Plag)ay)/ Plag| ay). (18) 


We thus obtain 


Plas (1,04) Play as) Plas» a) Play m;) (19) 
The quantities on the right-hand side are all given by 
Eq. (12), with suitable alterations of /; into ly and ty into 
f,, etc. Thus only a certain amount of algebra is re 


quired to arrive at the final result: 
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P(aq| 5,043) 


1 pis” 


4 
-piv) (1 _ 


Ferre 
1 ~pis” 


xex| : 
pir’) (1 — pas’) 


(a.~as)'| (20) 
2(k/s)(1 


where 
pie vty “) (21) 
and a is the function of Eq. (6) adjusted to fit the end 
values a, a3. This function is by Eq. (21) revealed as the 
conditional ensemble average of ay, given a; and a3. To 
verify Eq. (20), it is necessary to express a and b of (6) 
in terms of a; and ag: 
a (ay (22) 


pry) / A pis’), 


b pig (ay pig) /(1 p13’). (23) 


According to (20), the ensemble root-mean-square 
deviation of a» from ad is 


(k/s)(1 piv) (A pos”) /(1 pis’). (24) 


This varies from zero at the end points to a maximum of 
(k/s)(1—pis)/(14+- p13), and is therefore never greater 
than k/s; thus, as we claimed in Sec. 1, greater than 
microscopic deviations from the smooth function of 
iq. (6) are very strongly suppressed. 

The above result means that there is a strong ordering 
principle characteristic of the whole manifold of 
strongly fluctuant paths, which one would offhand think 
of as a rather assemblage (by ‘‘strongly” 
fluctuant we mean such as acquire at least at some 
point of time a value of a considerably greater than 
(k/s)*, the root-mean-square level of fluctuations char- 
acteristic of the equilibrium state). If one chooses from 
this manifold a set having common end points, but with 
no other bias, and examines its members from a 
i.e., with a smearing of 
these will tend to 


chaotic 


macroscopic point of view 
ordinates to a width of order (k/s)! 
be smooth curves indistinguishable from that of Eq. (6). 
of the subset of paths that are not, one can select those 
passing through or near a given ordinate at some given 
intermediate time; and the two segments so obtained 
will with high probability again be smooth solutions of 
Eq. (5) fitted to the given end points. And so on, until 
the time intervals become so short that the increment 
of the smooth solution over the interval becomes of 
order (k/s)'. In general, the property of macroscopic 
smoothness characterizes all but very short strongly 
fluctuant paths. The source of this property, mathe- 
matically speaking, is the law of large numbers, operat- 
ing essentially through the central limit theorem. One 
has a path built up out of a very large number of 
increments that are independent except for a single 
condition, namely that their sum have a certain pre- 
scribed value. There are then certain ways of lining up 
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these increments that are very strongly favored com- 
binatorially, and this, combined with the exponential 
repression of large increments, tends to favor the 
macroscopically smooth solution of Eq. (5). This 
argument may be compared with that of I, Sec. 5, 
explaining the clustering of J,. 

A simple but striking illustration of the properties 
of the paths revealed by the distribution law (20) is 
the following case. Imagine a system provided with a 
recording instrument, which plots the time variation of 
a system variable obeying the Langevin equation. The 
system starts off in equilibrium, and is allowed to 
proceed undisturbed. If, after a time considerably 
greater than the relaxation time, one is informed that 
the variable has attained a value which is, say, one 
thousand times (k/s)!, it can be said with virtual 
certainty that this value was reached in the following 
way: The variable remained in the region of equilib- 
rium fluctuations [~(k/s)!] until an appropriate in- 
stant, at which it took off and rose along a positive- 
exponential curve [ with fluctuations of order (k/s)*] of 
time constant y characteristic of the system, aimed at 
and ending in the stated fluctuation. This statement is 
strongly implied by the distribution law (20) and is 
quantitatively verified by the result to be derived in 
Sec. 4. 

The applicability of the distribution law to a real 
system may, of course, be impaired by the nonlinearities 
that will manifest themselves precisely at highly 
fluctuant values. Still, linear behavior is commonly 
observed in the phenomenological decay of systems 
from values immensely greater than (k/s)'; it would be 
reasonable to expect in such systems no worse non- 
linearity for fluctuant than for phenomenological final 
values. 

It may be objected that fluctuant final values large 
enough to illustrate the striking effects implicit in the 
distribution formula are so immensely improbable 
[they are Gaussianly distributed with variance (k/s)*] 
that they are merely theoretical curiosities. To this it 
may be replied that the basic purpose of the stochastic 
model that should be kept in mind here is that of 
mediator between the exact  statistical-mechanical 
model, an important theoretical construct whose com- 
plexities utterly baffle exact calculation, and the 
observable behavior of thermodynamic variables. Long 
experience with statistical mechanics and general proba- 
bility theory, combined with some empirical observa- 
tion, has led to the presumably well-founded surmise 
that the fine details of the behavior of these variables 
obey the Langevin equation, at least in the domain not 
too far from observation. If the Langevin equation is 
then assumed to apply universally to linear dissipative 
systems, one has a hypothesis that introduces a strong 
unifying principle into part of the manifold of phe- 
nomena statistical mechanics is designed to explain. 
Such a principle—which may provisionally be assumed 
true as long as it is fruitful—-has some effect in narrow- 
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ing down the possibilities and guiding intuition through 
the statistical-mechanical jungle. For example, if in the 
future it should become possible by machine calculation 
to compute, from statistical mechanics, a more or less 
exact path for a thermodynamic variable in a system 
of many molecules, any reasonable prior guesses about 
path distributions may well be of great usefulness in 
setting up the calculation and in evaluating the relia- 
bility and significance of the result. 


3. REFORMULATION OF THE INTEGRATED 
LAGRANGIAN 


If the time interval (t;,/;) is divided into n equal 
subintervals, the corresponding approximation to the 
integrated Lagrangian (1) will be denoted by J,: 


Aa at 

rn 
7/n n 
where r= /;—1,, Aa is the increment of a in a subinterval, 


and the sum is over all the subintervals. The quantity 
gn Of I is related to J, by 


(25) 


1,-ER( 


T/n 
~~ 


qn + (26) 
R 


This is obtained immediately from the first equality of 
I, Eq. (33) (the second equality is valid only for the 
phenomenological end point). The approximation is 
good for » very large, as discussed in footnote 4 of I; 
“approximately equal’’ signs will always imply n large 
in this sense. 

In the stochastic model J,, like g,, is a distributed 
quantity with virtually all of its area concentrated 
under a sharp, steep maximum if 7 is at all large enough 
for a satisfactorily detailed macroscopic description. 
We use a tilde to denote the value of a distributed 
quantity at its maximum. From (26), and from (25) 
and (26) of I, we have 

R k 
B*?+-2—r |, 
R 


J#= 


(27) 
T/N 


where, as in Eq. (12) of I, but with the present notation 
l;, ts for the ends of the interval, 


h a3 Pig}. (28) 


Irom the limiting value of B,? for (7/n)“<1/y, the con- 
tribution of the first term in brackets in (27) is 


R 
B’'=2s 
T/n 


(29) 


which remains finite as n—+~ ; but as with the phenome- 
nological end point, the contribution of the second term 
becomes infinite. Since the distribution of J, from which 
(27) was deduced is a conditional one with the end 
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points fixed, we have thus generalized to these condi- 
tions the negative part of the findings of I, namely that 
increasingly fine time subdivisions eventually lead not 
to a (relative) minimum but to an infinity. 

As in I, the positive result that we now wish to obtain 
is that when in some sense the contribution of the 
second term can be neglected, i.e., when in this sense 
J, is close to the relative minimum of J,, a certain 
difference equation results. At this point it becomes 
convenient to work with g, rather than with J,, since 
the former has the more direct geometrical interpreta 
tion in differential space. Now, g, being close to its 
conditional minimum (for both end points fixed) 
B’x? is the same as 


Gn =Qn— Be? (30) 


being close to its conditional minimum zero. [| All 
minima are for varied a; and (Aa),;/(r/n), but we shall 
take the point of view that the (Aq@);/(r/n) are func- 
tions of the a; and vary with them; thus it is sufficient 
to speak of varying the a, alone. | 

It is well at this point to see that one can derive, as a 
geometrical result in differential space, the relation 


(7/n) 
=R/ 
R 


9 


om 
ya 2yber' ») : 
nt 


not only will this form be needed for later work, but it 
is heuristically helpful in exhibiting q,’ in a form that 
makes it directly evident that its conditional minimiza- 


Aa 
(31) 


/ , 
In = 


Tin 


tion yields the difference equation 


Ac 


tya=2yber'*! (32) 


T/N 


To prove (31), we recall that g, has the interpretation 
of the square of the radius vector in differential space 
We utilize the unit vector e; of I, which is so oriented 


that 
(43) 


Define r’ as the projection of r on the (n—1)-dimen 


sional hyperspace normal to e,. ‘Then 


r=r'+ Bre, (34) 


where the two vectors on 


mutually perpendicular. Thus 


the right-hand side are 


(35) 
hence 
(436) 


in the n-dimensional differential space. On the other 
hand, the components of r’ with respect to the originally- 
defined coordinates x; of this differential space [see I, 
Eq. (6) | are 

(37) 


x, — Bx exp 
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from (34) and I, (15). Taking r’* as the sum of the 
squares of the quantities of (37) and using the limiting 
value of B’, one obtains from (36) Eq. (31), which was 
to have been proved. 

From (30) and its accompanying remarks, and from 
(31), given the sharp peak of g, at B*’+2(k/R)r, we 
conclude that for large n the relation 


Aa F 


ER/ +ya— 2yber—4 ) on 
r/n 


is true with probability close to one for the sample 
functions of the stochastic model. As a starting point 
for the proof of the difference equation, this equation is 
counterpart of Eq. (33) of I. 


(38) 


4. DERIVATION OF THE CRITERION 


We can now formulate and reduce to simplified form 
a condition on the time subdivision and the end-point 
entropy values that will guarantee the strong statistical] 
favoring difference approximating 
Kq. (32). The presence of the inhomogeneous term 
y(t 
tion necessitates a more general and somewhat more 


of a equation 


2yb exp| ~t,) | on the right-hand side of this equa- 
delicate argument here than was used in I, but the 
basic approach is taken over from that paper. 
We shall refer to the quantity Aa/(r/n)+~ya 
exp —y(¢— 4) | as the “differential expression.”’ The 
absolute square of the differential expression, summed 
ls—t; for a 
subdivision n, we take as a relative measure of the de- 
gree to which a given a fails to satisfy the difference 
equation, From Eq. (38) and its accompanying remarks, 
we infer that this measure has almost exactly the value 
2nRk for practically all sample functions, if m is large. 
As is implied by the term “relative,” 
quantity is affected directly by the length of the 
interval, and is to this extent an unsatisfactory index ; 


2yb 


over the division points of the interval r+ 


the above 


moreover, it does not take into account the over-all 
sizes of the individual terms of the differential expres 
sion, Which certainly are relevant. Both of these can be 
taken care of by normalizing according to the following 
reasoning: Satisfaction of the differential equation 
comes about by virtue of a correlation among its three 
terms, whereby they conspire to add up, at practically 
all time instants (we are speaking of an individual 
sample curve), to a sum much smaller in magnitude 
than its parts. The maximum 
deviation that could be brought about without changing 


the magnitudes of the individual terms at each point 


individual possible 


of the interval is the sum over the division points of the 
sum of the squares of the three individual terms. If we 
normalize by dividing the relative measure by this 
quantity, we obtain an index that varies between zero 
and one, and is independent of merely contingent 
effects 

However, for reasons which cannot be made clear 
now, but which will be given later, we choose to omit 
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from the normalizing denominator the summation of 
the square of the third, inhomogeneous term of the 
differential expression. We thus define our index: 


P Aa . 
=( +ya—2yber ») 
7/Nn 


A,= (39) 


7 Aa ’ ~ 
£() sa 
T/n 


We now wish to evaluate the denominator. As in I, 
we make certain simplifying assumptions: (1) One or 
both of the end points is of macroscopic size, i.e., much 
greater than (k/s)'; (2) 7 is not so large relative to the 
end-point values that a spends a long time in the region 
of equilibrium fluctuations (this would mean a corre- 
spondingly large contribution to the numerator, but 
with the smooth approximation to be used in the de- 
nominator——no compensating contribution to the de- 
nominator); (3) m has a large enough value to allow 
approximating the sums by integrals. With these, we 
may approximate the second term in the denominator 
by the smooth solution (6) that fits the end points, 
because of the closeness of the stochastic curves to the 
latter, as revealed by the distribution (20). We then 
obtain the contribution of the term by 
integrating. 

As for the first term of the denominator: A lower 
bound on its value will be obtained if we evaluate the 
difference quotients from the smooth curve used to 
obtain the second term. The use of a lower bound for 
the denominator gives an A, that is too large. Since it 
is the smallness of A, that is the criterion for satis- 
faction of the differential equation, overestimation only 
strengthens the criterion so far as sufficiency is con- 
cerned. Moreover, in the case where A,, so estimated 
turns out small, the equation is certainly well satisfied, 
a is quite smooth, the use of the function (6) is well 
justified in evaluating difference quotients, and the 
overestimation of A, is therefore not great. 

With the above approximations, one obtains 


second 


2n(k/s)(1— 3") 
(40) 


= 
sin 


(1 + py3") (ay? + a3") 4p 30105 


If pis can be neglected—i.e., if the time interval is 
considerably greater than the relaxation time—this 
reduces toa form similar to that of I; putting AS,= }sa,’, 
AS;= 4sa;, we have 


A y,~nk/(AS;+AS3). (41) 


When AS; is zero, the present problem is the same as 
that of I, but the A, defined here differs from that in I 
by a factor }. 

The criterion for the validity of the difference 
equation is that A, be small, i.e., 


n<K(AS,+AS3)/k. (42) 
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This is the simplest imaginable generalization of the 
inequality (13), the criterion of I. It can (under 
circumstances to be described) be put into a form 
analogous to (15): 


(43) 


[ (S’ day +- ( Ss” ) ay \bt>k, 


where (S’),, and (S’’),, are evaluated as follows: As the 
time changes from /, to ¢;, the entropy fluctuation from 
equilibrium decreases from A.S; to a minimum and then 
increases again to AS;; (S’), is defined as the time- 
average rate of change of the smoothed entropy function 
during the decrease, and (S’’),, that during the increase. 
The form (43) holds only if 4;—t; is large enough 
relative to AS; and AS; for the minimum in the curve 
to exist and be much lower than AS; and AS;. 

Finally, we give our reasons for omitting the summa- 
tion of the square of the inhomogeneous term of the 
differential expression from the denominator of A,. It 
must be admitted at the outset that the matter is, as 
far as purely quantitative effects are concerned, some- 
what academic, since the contribution of this term can- 
not be bigger than the sum of the contributions of the 
other terms. (If the differential expression is small this 
term is approximately the algebraic sum of the other 
two.) Thus its omission can have no effect on such 
rough inequalities as (43). However, considerations of 
elegance, and the fact that the argument touches on a 
rather fundamental property of the stochastic process 
involved, may justify a brief discussion. 

First, we note that as it stands the denominator of 
A,, is symmetrical between a; and ay, whereas the inte- 


VARIATIONAL 


FRINCIPLE 


gral of the square of the inhomogeneous term, 
(44) 


2y (ay pists )*/ (1— py”), 


is not. Thus, including this term would make 4, un 
symmetrical in a; and ay. But the distribution functions 
that characterize the stochastic process are invariant to 
time reversal. This seems first to have been realized 
by Zernike,‘ although he showed only that the average 
regression (conditional mean of a at one time, given its 
value at another) was symmetrical in time; the general 
theorem follows from the general expression for the 
distributions as given by Wang and Uhlenbeck,® plus 
the symmetry of the autocorrelation function.® From 
this, and the fact that the specification by which we 
single out subsets of the stochastic ensemble (i.e., the 
fixing of just the two end values) is perfectly sym 
metrical in time, it would appear illogical to adopt an 
unsymmetrical criterion. Since the inhomogeneous term 
is, by its very inhomogeneity, on a different footing 
from the other terms, the most clean-cut way to obtain 
a symmetrical form seems to be to omit its contribution. 
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In an earlier paper, Loeb calculated the current and fields down the axis of a streamer in a lightning dis 
charge in relation to the streamer tip velocity and arrived at the concept of the expanding streamer channel to 
account for the observed breadth of the stepped leaders. Using illustrative data, he calculated the value of the 
current from the velocity of the streamer tip and arrived at a current of about 1200 amperes. In doing this, 
Loeb had tacitly ascribed the observed field-changes during the leader to the bright leader step. It is shown 
here that the field-changes observed cannot be ascribed to the fast step-flash but is caused by the slowly ad 
vancing pilot leader, The pilot-leader current can be calculated from Loeb’s formula: i= qu,, where g is the 
electrical charge carried by the pilot leader per cm and % the tip velocity of the streamer. If one assumes 
that 4 coulombs of charge reach the earth during the leader stroke, the length of the channel being taken as 
5 km and taking 1 =4 X10" cm/sec, the pilot-leader current would be 320 amperes. The step-flash carries 
a much larger current, but since its duration is very small, the charge that flows during the step-flash is too 
feeble to produce observable stepped electrostatic field-changes during the stepped-leader process 


N outlining the new aspects of breakdown streamers, 

Loeb’ has shown that the current in the leader 
stroke of a lightning discharge may be sufficiently high 
to account for the observed electrostatic field-changes 
caused by the leader stroke. The object of the present 
communication is to clarify some of the points in this 
connection in the light of the streamer theory with 
special reference to the pilot streamer of Schonland,?* 
the stepped-leader current, and the consequent electro- 
static field-changes. 

According to the streamer theory, it is known that 
as the electron avalanche proceeds towards the anode 
and there is transition from an electron avalanche to a 
streamer, the neighboring electron avalanches are 
attracted radially towards the streamer channel, and 
the positive space charge spreads radially outwards. 
Thus, as the anode-directed negative streamer con- 
sisting of conducting electrons advances, the cathode- 
directed positive charge soon spreads to an extended 
radius and this together with a large number of elec- 
trons forms the retrograde streamer moving towards the 
cathode. The tip velocity v, of the streamer has been 
measured oscillographically in certain types of break- 
down streamer and these measurements have indicated 
that the quantity of charge that flows per unit length 
of the streamer path is remarkably constant for a given 
streamer type. Simultaneous measurements of current 
to the anode yields a value i= nev,, where e is the ionic 
charge and the total number of ions per cm path. 

With reference to the lightning discharge, it can be 
said that as the pilot streamer, invisible to the camera, 
starts from the negatively charged cloud and advances 
a distance of 20-200 meters with an active conducting 
channel of radius R= 10 cm, the positive space charge 
with a large number of electrons moves towards the 
cloud with an extended radius R’. When the latter 
reaches the cloud and the gap gets closed, there is a 

'L. B. Loeb, Phys. Rev. 94, 227 (1954) 


*B. F. J. Schonland Proc. Roy. Soc. (London) A164, 132 (1938). 
*B. F. J. Schonland, Proc. Roy. Soc. (London) A220, 25 (1953). 


step-flash from the cloud end for a duration of a few 
microseconds, After ionization and illumination, the 
step-ionization of radius R’ decays and only the original 
channel of R= 10 cm, which has sufficient conductivity, 
carries the return stroke. According to Loeb’s calcula- 
tion, the value of the extended radius R’ in the case of 
the lightning discharge is of the order of 10 meters. 

If one assumes that four coulombs of charge reach the 
earth during the leader stroke, the total length of the 
leader channel being about 5 km, the charge lowered per 
centimeter path is given by g= ne=4/(5X 10°) coulomb/ 
cm=0.8X10~° coulomb/cm= 2.4 10* esu/cm. If one 
assigns a value for the tip velocity of the streamer, 
v¢= 1.6 10° cm/sec, the value of i= nev,=qu.~ 1200 
amperes. It appears that Loeb has taken this as the 
value of the stepped-leader current. We are, however, 
inclined to think that the current given by 1=q1 gives 
an estimate of the pilot-leader current, prior to the 
step-flash. In calculating this, a lower value of », seems 
justifiable. If we assign a value »,=4X 10? cm/sec, the 
current 7 is then 320 amperes. We consider that the 
leader current, just before the step-flash, is the same as 
that of the pilot streamer of Schonland. It is this cur- 
rent which gives the observed electrostatic field-change 
during the leader stroke. 

Loeb‘ has stated that the atmospheric tear leading 
to a lightning stroke must have at least one avalanche 
developing into a streamer of a positive and negative 
bipolar character. He has further stated that once this 
bipolar tear appears connected by its plasma and is 
nourished by electrons from the positive streamer tip 
and secondary radial corona streamer process, the 
tear propagates both ways to close the gap. When the 
gap gets closed in this way, there is a “flash” with a 
large current. The current during a step-flash may thus 
be expected to be much larger than the pilot-leader 
current prior to the step-flash. 

It is known from the observations of Chapman® and 


* L. B. Loeb (private communication, January, 1956). 
*F. W. Chapman, Proc. Phys. Soc. (London) 51, 876 (1939). 
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those of Malan and Schonland® that there is no ob- 
servable stepped electrostatic field change during the 
downward course of a nearby stepped leader. This leads 
one to the conclusion that the charge g lowered per cm 
path during the step-flash must be too small to produce 
detectable steps in the electrostatic field change. This 
view was already put forward by Schonland* and has 
been reiterated in his recent article.’ Following Schon- 
land, if it is supposed that the charge lowered per cm 
during the step-flash is 1/16th the charge per cm 
carried by the pilot streamer and if the velocity of the 
step-flash is taken as 2X 10° cm/sec, the stepped-leader 
current comes out to be (0.8 10~° 2 10°)/16 or 1000 


*D. J. Malan and B. F. J. Schonland, Proc. 
A171, 485 (1947). 

7B. F. J. Schonland, Encyclopedia of Physics, edited by S. 
Flugge (Springer-Verlag, Berlin, 1956), Vol. 22. See article by 


’ 


Schonland on “Lightning Discharge.”’ 


Roy. Soe. (London) 
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amperes. It is to be noted that with the value of the 
velocity of the step-flash equal to 210° cm/sec, the 
duration of the step-flash would be 1-10 usec for a step- 
length of 20-200 meters. 

The pilot streamer was considered by Schonland® as 
responsible for the observed electrostatic field change but 
his estimate of the pilot streamer current, i= 320 
amperes, is based merely on the observation that a 
charge of 4 coulombs is lowered by the leader in a model 
time of 0.0125 sec. In the present communication, it has 
been shown that the same value for the pilot leader 
current, prior to the step-flash, may be obtained from 
Loeb’s streamer mechanism formula, i= qm, by taking 
the velocity 2, of the streamer tip to be 4X 107 cm/sec 
which is considerably less than the velocity of the step- 
flash. A theoretical basis according to streamer theory 
is thus given for the pilot leader current which is con- 
sistent with the observed electrostatic field change. 
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Inherent Noise of Quantum-Mechanical Amplifiers* 
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The noise figure or limiting sensitivity for both traveling-wave and resonant-cavity quantum mechanical 
amplifiers, sensitive to one direction of propagation, is derived with spontaneous emission as the limiting 
noise. The concept of effective temperature is introduced as an analytical parameter; thus negative temper 
atures appear in a natural fashion. It is pointed out that the results of this calculation can be considered 
the solution to the problem of linear counting of coherent particles. In this case the least count is one and 
the signal-to-noise ratio (for constant photon flux) increases as the reciprocal of the band width. The limiting 
temperature sensitivity of properly designed quantum-mechanical amplifiers is given as hv/k degrees because 
of the drastic difference between negative and positive temperatures 


I, INTRODUCTION 


NTEREST in quantum-mechanical amplifiers has 

demonstrated that there are available many methods 
for making such devices.' * Of the many properties of 
quantum-mechanical amplifiers—gain, band width, sta- 
bility—their limiting sensitivity or noise figure is of 
great importance. This paper will be devoted to an 
investigation of the noise figure for quantum-mechanica] 
amplifiers of either traveling-wave or resonant-cavity 
design. In later papers we shall discuss the problems 
that enter into the actual design of quaantum-mechanical 
amplifiers. 


* This work was supported in part by the U. S. Army (Signal 
Corps), the U. S. Air Force (Office of Scientific Research, Air 
Research and Development Command), and the U. S. Navy 
(Office of Naval Research). 

1 N. Bloembergen, Phys. Rev. 104, 324 (1956) 

2 Scovil, Feher, and Seidel, Phys. Rev. 105, 762 (1957). 

3M. W. P. Strandberg, Proc. Inst. Radio Engrs. 45, 92 (1957); 
M. W. P. Strandberg, Bull. Am. Phys. Soc. Ser. I, 2, 36 (1957). 

4 Gordon, Zeiger, and Townes, Phys. Rev. 99, 1264 (1955). 


II. TRAVELING-WAVE AMPLIFIER NOISE FIGURE 


We shall be considering the situation shown in Fig. 1 
a piece of transmission line which has within it and 
coupled to it energy levels that can be prepared for 
operation as a quantum mechanical amplifier. In this 
paper we are not particularly interested in the actual 
design; thus the amplifier that we visualize will be a 
directionally sensitive amplifier, that is, it will amplify 
waves unidirectionally. We merely state that it is 
possible to design such a directionally sensitive ampli 
fier. This allows our amplifier to be insensitive to the 
output-load temperature and also eliminates regener- 
ative amplification arising from reflections. 
The construction of such a directionally sensitive 
QUANTUM 


STATES 


ic. 1. Traveling 
wave amplifier 


TRANSMISSION LINE 
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device is based on the Faraday effect, with circular 
polarization of the signal radiation.’ The Faraday effect 
of the amplifying energy levels or of auxiliary para- 
magnetic or ferrite crystals may be used. Our work on 
the development of directionally sensitive devices for 
both low- and high-? structures will be reported later. 

The physics that we have to use at this point is 
easily summarized. Induced transition probabilities are 
proportional to the radio-frequency energy per unit 
volume per frequency interval.6 We know also, from 
radiation theory, that the spontaneous-emission prob- 
ability is the same that we would have if we had a 
radiation density of as many photons per frequency 
interval per unit volume as the number of modes per 
frequency interval per unit volume.* This means that 
the equivalent radiation energy density for spontaneous 
emission is the photon energy divided by the effective 
cross-sectional area of the transmission line and the 
group velocity of the radiation. The signal-power flow 
per frequency interval is simply the radiation density 
multiplied by the group velocity and the effective 
cross-sectional area. 

We shall also require that, in the equilibrium condi 
tion, a net balance exist between the emission from the 
transmission-line walls and the energy which they 
absorb. The conditions outlined above, then, lead us 
to our first equation for the rate of change of the power 
per frequency interval in the section of the transmission 
guide: 


Ahvahvnyg 


tachy+a.p.(T.). (1) 


dp, A py (ne ny)hy 


da Vp dy 

The symbols in this equation are apparent: A is a 
quantity related to the coupling between the quantum 
mechanical levels and the electromagnetic radiation, 
n, and nm, are the number of energy states per unit 
volume in the upper and lower states, 4 is Planck’s 
constant, a, is the guide attenuation constant, and 
p.(7.) is the characteristic thermal-noise distribution 
function for the coupling line, given in terms of its 
temperature 7’,, and p, is the total energy density, 
which is x dependent. 

In thermal equilibrium the left-hand side of Eq. (1) 
is zero; this requirement is met by having an equality 
in magnitude between the last two terms on the right- 
hand side of the equation. The first two terms are also 
in proper form. In thermal equilibrium, the ratio 2,/m» 
is just the Boltzmann distribution, and we are led to 
the conventional form for the thermal-radiation power 
density, which is given by 


hy 
p(T) ; (2) 
exp(hv/kT)—1 
®*M. Tinkham and M. W. P. Strandberg, Proc. Inst. Radio 
Engrs. 43, 734 (1955); Phys. Rev. 97, 937-966 (1955), 
*W. Heitler, Quantum Theory of Radiation (Oxford University 
Press, London, 1944), second edition, p. 105. 
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Fic. 2. Symbolic system diagram. 


The coefficient multiplying the radiation power density 
in the first term on the right-hand side of Eq. (1) is 
apparently the quantum-mechanical gain of the system. 
If we use 6 for this term, the equation can be simplified 
to more symmetrical form as 


dp,/dx=Bp,—BpA(T.) -—achy+a-p,(T,). (3) 


We have introduced in Eq. (3) the idea of a temper- 
ature for the quantum-mechanical amplifier by defin- 
ing ",/n.=exp(hv/kT,). The concept of the quantum- 
mechanical temperature can have no greater meaning 
than that it is a convenient analytical parameter. We 
shall retain the Planck form of the thermal-radiation 
density given in Eq. (2), since there will be occasion to 
use temperatures that will not make the exponent of e 
small compared with 1. Equation (3) can now be 
integrated along the length of the amplifier section, 
and the output radiation power density can be given as 


Bp(T,)—acp,(T) 
( 
(B—a,) 


(Pr)our= (Pr) ing? + 1—g’), (4) 
where g’ is the gain of the quantum-mechanical ampli- 
fier. The interpretation of Eq. (4) is obvious. The 
effective noise radiated from the amplifying section 
comes from the spontaneous emission in the quantum 
mechanical system itself, and from the thermal-noise 
radiation of the transmission lines. The kind of weight- 
ing factor, expressed by the last term in Eq. (4), 
between different 
temperatures, is well known, and our calculation has 
merely demonstrated that the spontaneous emission in 
the quantum-mechanical amplifier gives rise to a noise 
that is equivalent to the noise expected from a properly 
defined resistor. 

We are now in a position to evaluate the limiting 
sensitivity or noise figure of a complete system. We 
shall choose a system and a notation that are indicated 
in Fig. 2. The source is defined by an effective temper- 
ature 7, (see Fig. 2), the transmission line has a 
power-loss factor (and a temperature 7), and the output 
load of the amplifier has an excess noise power p,(7»). 
By conventional calculations, we obtain the noise 
figure of a traveling-wave quantum-mechanical ampli- 
fier, which is 


two noise sources coexisting at 


5 (Prout 1 
noise figure = =1+ 
tg’ p,(7's) tp,(T,) 


acp(T.)—Bp(T.) 


| (1—2)p,(T,) 


+(1- g 2) 


+g *p,( r)} (5) 
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Equation (5) may be expressed in a more familiar 
form if we allow k7 to be appreciably larger than hy. 
In this case the radiation-density terms can be repre- 
sented by their parametric temperatures. It is quite 
obvious, from Eq. (5), that a noise figure approaching 
unity can be obtained if reasonable gains (g~30) are 
used, and if the transmission-line and coupling-line 
losses are kept low. For example, if the transmission 
line is operated at 300°K and the effective source 
temperature is 3°K, a transmission-line loss of one 
percent between antenna and amplifier would result in 
doubling the noise figure. The transmission-line coupling 
section with a loss factor a, will probably be run at or 
near | 7',|, so that, for any reasonable gain, the contri- 
bution of the coupling section will always be negligible. 


III. RESONANT-CAVITY AMPLIFIER NOISE FIGURE 


We shall develop the noise figure for a quantum 
mechanical amplifier that acts in a high-Q cavity sys- 
tem, by using a procedure similar to that used in Sec. 
II. Again, we use as our model a directionally sensitive 
system, so that the amplifier is shielded from the load 
temperature, and the regenerative gain of the device is 
stabilized by isolating it from load variations. The 
stimulating radiation density, p,, and the Q’s, which are 
descriptive of the resonator losses and the external 
losses, will be used. Spontaneous emission takes place, 
as we observed in Sec. II, as if it were induced by a 
radiation density of as many photons per frequency 
interval per unit volume as the number of modes per 
frequency interval per unit volume. With a resonant 
system the number of modes is one, the characteristic 
volume is that of the cavity, and the frequency width 
is the effective power width of the amplifier, which is 
just }rAv. In conventional notation, the necessary 
power balance in the system is given by 


2Ahv 


dpy ; 
noV hv 


=Ap,(no-—- 1) V hv 
dt wAvV, 
WPy WPpy 


po ext pv wall 
+ | 


- (6) 
Qo OQ. V. Vs 
In the steady state the left-hand side of Eq. (6) is 
zero. We use the coefficient of p, in the first term on the 
right-hand side of Eq. (6) to define an amplifier QV, and 
use this amplifier Q, in the second term on the right- 
hand side of Eq. (6), as we did in Sec. II, to define, 
again, an effective amplifier temperature 7’, in terms 
of a population distribution, through the use of Eq. (2). 
A straightforward rearrangement of terms then leads to 
wV py 4p(T)Or 4p(T)0L 4p(T)Or 
= + + y “E53 
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where 
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The substitutions in the last two terms in Eq. (7) for 
the power from the external circuits and the power from 
the walls may be rationalized from a consideration of 
matching or, much more simply, they may be justified, 
at this point, from arguments of thermal equilibrium. 
In thermal equilibrium all components will be at the 
same temperature; whence Eq. (7) reduces to an 
obvious identity. If we define the gain of a cavity 
quantum mechanical amplifier as the ratio between the 
incident and the reflected power, we have, in conven 
tional notation, the expression for this gain. 


P,/P.=2; g=2(0,/0.)-1 (8) 


One form that the noise figure takes is 


I 


noise figure = 14 


t t)p,(7) 


tp(T,) 
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The observations to be made on Eq. (9), with respect 
to transmission loss, cavity temperature, and so forth, 
are fairly obvious and we dispense with them here. 
The gain relationship displayed in Eq. (8) does, how 
ever, demonstrate a particular property of regenerative 
amplifiers. Since the loaded Q and the square root of 
the gain are linearly related, we have the property 
that the square root of the gain multiplied by the band 
width of the system is essentially a constant. In other 
words, increased gain is paid for by decreased band 
width, although, since the band width is decreased as 
the square root of the gain, the price is not hard to pay 


IV. SUMMARY 


We have tried to present a rational, sound analysis 
of the limiting sensitivity of quantum-mechanical 
amplifiers. Since the raison d’étre for a quantum 
mechanical amplifier is its high sensitivity or low noise 
figure, it is essential that these calculations be available, 
in order that we may evaluate the worth whileness of 
research along these lines. Although our calculations 
may still contain errors, it is hoped that they are minor 
from the viewpoint of our present understanding of the 
physical processes involved. At least they have put the 
role played by spontaneous emission in these devices 
in proper perspective, and they have given a natural, 
confident foundation to the concept of temperature in 
these devices. 

We may now see why such considerations of noise 
are of interest in microwave systems that operate at 
room temperature. At high temperature, say room 
temperature, the net absorption (or net emission, 
depending upon which dominates) is nearly canceled 
by the induced emission (or absorption). Many photons 
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must be absorbed (or emitted) to achieve one photon 
of net absorption (or emission). These net photons 
must complete with the spontaneous-emission photons. 
Thus, a8 7'.4 is lowered, fewer photons need be handled 
for the same signal-to-noise ratio. Here the tremendous 
difference between so-called positive and negative 
temperatures (our 7.1) is apparent. For the absorption 
case, the noise-power distribution p,(7) approaches 
zero a8 To approaches +0. However, it approaches 
-hv as T.4 approaches —0. This is intuitively satis- 
fying, since it means that spontaneous-emission noise 
actually acts as least-count noise in a net emission 
system. To put it otherwise, if we have n photons per 
frequency interval per second from the amplifier, the 
least count is one photon and this is just the spon- 
taneous-emission noise. We are dealing here with phase- 
coherent photons, however, so the signal-to-noise ratio 
is as the reciprocal band width, instead of as the square 
root of the reciprocal band width, which is the case 
when incoherent photons (or particles) are counted. 
We have essentially solved the problem of the sta- 
tistical noise for a linear system with coherent particles. 

For those who like a simple, appealing, albeit inaccu- 
rate, explanation of quantum-mechanical noise, we 
offer the following suggestions that have grown out of 
our work. At high effective temperatures, the noise is 
high, since the least-count effect (shot effect) becomes 
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large, because the net emission is small on account of 
interfering absorption. As the effective temperature is 
lowered, the number of photons to be amplified can be 
linearly lowered and the same least count, i.e., the 
same signal-to-noise ratio, can be maintained. The 
limit as 744, approaches 0 will always be photon shot 
noise. 

Neglecting, then, many practical details that are 
solely within the realm of engineering ingenuity (for 
which we hold high regard), we have shown that the 
limiting sensitivity of quantum-mechanical amplifiers 
is given in a readily achievable limit by the effective 
quantum-mechanical noise power density. This noise 
power density is given parametrically by an effective 
temperature. The essential and drastic difference be- 
tween negative and positive temperatures is demon- 
strated by this function, in that, as 7 approaches —0, 
this function approaches (—/v) and, as T approaches 
+0, this function approaches 0. This means that in 
the region where hv<kT,,, the noise figure can be 
represented, essentially, as the ratio of the quantum- 
mechanical temperature and the source temperature. 
With the equality sign reversed, the noise figure be- 
comes large. For 1-cm radiation, this turning point is 
at 1.5°K. At any frequency, we may say that the 
limiting temperature sensitivity for a quantum- 
mechanical amplifier is, essentially, hv/k. 


NUMBER 4 MAY 15, 1987 


Information Theory and Statistical Mechanics 


E, T. JAYNES 
Department of Physics, Stanford University, Stanford, California 


(Received September 4, 1956; revised manuscript received March 4, 1957) 


Information theory provides a constructive criterion for setting 
up probability distributions on the basis of partial knowledge, 
and leads to a type of statistical inference which is called the 
maximum-entropy estimate. It is the least biased estimate 
possible on the given information; i.e., it is maximally noncom 
mittal with regard to missing information. If one considers 
statistical mechanics as a form of statistical inference rather than 
as a physical theory, it is found that the usual computational 
rules, starting with the determination of the partition function, 
are an immediate consequence of the maximum-entropy principle 
In the resulting “subjective statistical mechanics,” the usual rules 
are thus justified independently of any physical argument, and 
in particular independently of experimental verification; whether 


1, INTRODUCTION 


HE recent appearance of a very comprehensive 
survey! of past attempts to justify the methods 
of statistical mechanics in terms of mechanics, classical 
or quantum, has helped greatly, and at a very opportune 
time, to emphasize the unsolved problems in this field. 


1 ]). ter Haar, Revs. Modern Phys. 27, 289 (1955) 


or not the results agree with experiment, they still represent the 
best estimates that could have been made on the basis of the 
information available. 

It is concluded that statistical mechanics need not be regarded 
as a physical theory dependent for its validity on the truth of 
additional assumptions not contained in the laws of mechanics 
(such as ergodicity, metric transitivity, equal a priori probabilities, 
etc.). Furthermore, it is possible to maintain a sharp distinction 
between its physical and statistical aspects. The former consists 
only of the correct enumeration of the states of a system and 
their properties; the latter is a straightforward example of 
statistical inference. 


Although the subject has been under development for 
many years, we still do not have a complete and 
satisfactory theory, in the sense that there is no line 
of argument proceeding from the laws of microscopic 
mechanics to macroscopic phenomena, that is generally 
regarded by physicists as convincing in all respects. 
Such an argument should (a) be free from objection on 
mathematical grounds, (b) involve no additional arbi- 
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trary assumptions, and (c) automatically include an 
explanation of nonequilibrium conditions and_ irre- 
versible processes as well as those of conventional 
thermodynamics, since equilibrium thermodynamics is 
merely an ideal limiting case of the behavior of matter. 

It might appear that condition (b) is too severe, 
since we expect that a physical theory will involve 
certain unproved assumptions, whose consequences are 
deduced and compared with experiment. For example, 
in the statistical mechanics of Gibbs’ there were several 
difficulties which could not be understood in terms of 
classical mechanics, and before the models which he 
constructed could be made to correspond to the observed 
facts, it was necessary to incorporate into them addi- 
tional restrictions not contained in the laws of classical 
mechanics. First was the “freezing up” of certain 
degrees of freedom, which caused the specific heat of 
diatomic gases to be only 3 of the expected value. 
Secondly, the paradox regarding the entropy of com- 
bined systems, which was resolved only by adoption of 
the generic instead of the specific definition of phase, 
an assumption which seems impossible to justify in 
terms of classical notions.’ Thirdly, in order to account 
for the actual values of vapor pressures and equilibrium 
constants, an additional assumption about a natural 
unit of volume (/**) of phase space was needed. 
However, with the development of quantum mechanics 
the originally arbitrary assumptions are now seen as 
necessary consequences of the laws of physics. This 
suggests the possibility that we have now reached a 
state where statistical mechanics is no longer dependent 
on physical hypotheses, but may become merely an 
example of statistical inference. 

That the present may be an opportune time to 
re-examine these questions is due to two recent de- 
velopments. Statistical methods are being applied to a 
variety of specific phenomena involving irreversible 


processes, and the mathematical methods which have 
proven successful have not yet been incorporated into 
the basic apparatus of statistical mechanics. In addition, 
the development of information theory‘ has been felt 
by many people to be of great significance for statistical 


mechanics, although the exact way in which it should 
be applied has remained obscure. In this connection it 


2J. W. Gibbs, Elementary Principles in Statistical Mechanics 
(Longmans Green and Company, New York, 1928), Vol. II of 
collected works. 

3 We may note here that although Gibbs (reference 2, Chap. 
XV) started his discussion of this question by saying that the 
generic definition “seems in accordance with the spirit of the 
statistical method,” he concluded it with, ‘“The perfect similarity 
of several particles of a system will not in the least interfere with 
the identification of a particular particle in one case with a 
particular particle in another. The question is one to be decided 
in accordance with the requirements of practical convenience in 
the discussion of the problems with whic f we are engaged.” 

4C. E. Shannon, Bell System Tech. J. 27, 379, 623 (1948); 
these papers are reprinted in C. E. Shannon and W. Weaver, 
The Mathematical Theory of Communication (University of 
Illinois Press, Urbana, 1949). 
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is essential to note the following. The mere fact that 
the same mathematical expression —}> p, logp, occurs 
both in statistical mechanics and in information theory 
does not in itself establish any connection between 
these fields. This can be done only by finding new 
viewpoints from which thermodynamic entropy and 
information-theory entropy appear as the same concept. 
In this paper we suggest a reinterpretation of statistical 
mechanics which accomplishes this, so that information 
theory can be applied to the problem of justification of 
statistical mechanics. We shall be concerned with the 
prediction of equilibrium thermodynamic properties, 
by an elementary treatment which involves only the 
probabilities assigned to stationary states. Refinements 
obtainable by use of the density matrix and discussion 
of irreversible processes will be taken up in later papers. 

Section 2 defines and establishes some of the ele 
mentary properties of maximum-entropy inference, and 
in Secs. 3 and 4 the application to statistical mechanics 
is discussed. The mathematical facts concerning maxi 
mization of entropy, as given in Sec. 2, were pointed 
out long ago by Gibbs. In the past, however, these 
properties were given the status of side remarks not 
essential to the theory and not providing in themselves 
any justification for the methods of statistical me- 
chanics. The feature which was missing has been 
supplied only recently by Shannon‘ in the demon- 
stration that the expression for entropy has a deeper 
meaning, quite independent of thermodynamics. This 
makes possible a reversal of the usual line of reasoning in 
statistical mechanics. Previously, one constructed a 
theory based on the equations of motion, supplemented 
by additional hypotheses of ergodicity, metric transi- 
tivity, or equal a priori probabilities, and the identifi- 
cation of entropy was made only at the end, by com- 
parison of the resulting equations with the laws of 
phenomenological thermodynamics. Now, however, we 
can take entropy as our starting concept, and the fact 
that a probability distribution maximizes the entropy 
subject to certain constraints becomes the essential fact 
which justifies use of that distribution for inference. 

The most important consequence of this reversal of 
viewpoint is not, however, the conceptual and mathe 
matical simplification which results. In freeing the 
theory from its apparent dependence on physical 
hypotheses of the above type, we make it possible to 
see statistical mechanics in a much more general light. 
Its principles and mathematical methods become 
available for treatment of many new physical problems, 
Two examples are provided by the derivation of Siegert’s 
“pressure ensemble” and treatment of a nuclear polari- 
zation effect, in Sec. 5. 


2. MAXIMUM-ENTROPY ESTIMATES 


The quantity x is capable of assuming the discrete 
values x; (t= 1,2 ---,n). We are not given the corre- 
sponding probabilities p,; all we know is the expectation 
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value of the function f(x): 


(f(x)) E piflx). 


i=) 


(2-1) 


On the basis of this information, what is the expectation 
value of the function g(x)? At first glance, the problem 
seems insoluble because the given information is insuffi- 
cient to determine the probabilities p;.° Equation (2-1) 
and the normalization condition 
LD p= l 
would have to be supplemented by (x 
tions before (g(x)) could be found. 
This problem of specification of probabilities in cases 
where little or no information is available, is as old as 
the theory of probability. Laplace’s “Principle of 
Insufficient Reason” to supply a 
criterion of choice, in which one said that two events 
are to be assigned equal probabilities if there is no 
reason to think otherwise. However, except in cases 
where there is an evident element of symmetry that 
this 


(2-2) 


-2) more condi- 


was an attempt 


clearly renders the events ‘equally possible,”’ 
assumption may appear just as arbitrary as any other 
that might be made. Furthermore, it has been very 
fertile in generating paradoxes in the case of continu- 
ously variable random ® since intuitive 
notions of “equally possible” are altered by a change of 
variables.’ Since the time of Laplace, this way of 
formulating problems has been largely abandoned, 
owing to the lack of any constructive principle which 
would give us a reason for preferring one probability 
distribution over another in cases where both agree 
equally well with the available information. 

For further discussion of this problem, one must 


quantities, 


recognize the fact that probability theory has developed 
in two very different directions as regards fundamental 
notions. The “objective” school of thought®*® regards 
the probability of an event as an objective property of 
that event, always capable in principle of empirical 


measurement by observation of frequency ratios in a 
random experiment. In calculating a probability distri 


bution the objectivist believes that he is making 

* Yet this is precisely the problem confronting us in statistical 
mechanics; on the basis of information which is grossly inadequate 
to determine any assignment of probabilities to individual 
quantum states, we are asked to estimate the pressure, specific 
heat, intensity of magnetization, chemical potentials, etc., of a 
macroscopic system. Furthermore, statistical mechanics is amaz 
ingly successful in providing accurate estimates of these quantities 
Evidently there must be other reasons for this success, that go 
beyond a mere correct statistical treatment of the problem as 
stated above 

The problems associated with the continuous case are funda 
mentally more complicated than those encountered with discrete 
random variables; only the discrete case will be considered here 
P. Northrop, Riddles in Mathe 
New York, 1944), 


’ For several examples, see E 
matics (D. Van Nostrand Company, Inc., 
Chap. 8 

*H, Cramer, Mathematical Methods of 
University Press, Princeton, 1946). 

*W. Feller, An Introduction to Probability Theory and its 
{ pplications (John Wiley and Sons, Inc., New York, 1950) 
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predictions which are in principle verifiable in every 
detail, just as are those of classical mechanics. The 
test of a good objective probability distribution p(x) is: 
does it correctly represent the observable fluctuations 
of x? 

On the other hand, the “subjective” school of 
thought" regards probabilities as expressions of 
human ignorance; the probability of an event is merely 
a formal expression of our expectation that the event 
will or did occur, based on whatever information is 
available. To the subjectivist, the purpose of proba- 
bility theory is to help us in forming plausible conclu- 
sions in cases where there is not enough information 
available to lead to certain conclusions; thus detailed 
verification is not expected. The test of a good subjec- 
tive probability distribution is does it correctly repre- 
sent our state of knowledge as to the value of x? 

Although the theories of subjective and objective 
probability are mathematically identical, the concepts 
themselves refuse to be united. In the various statistical 
problems presented to us by physics, both viewpoints 
are required, Needless controversy has resulted from 
attempts to uphold one or the other in all cases. The 
subjective view is evidently the broader one, since it is 
always possible to interpret frequency ratios in this 
way ; furthermore, the subjectivist will admit as legiti- 
mate objects of inquiry many questions which the 
objectivist considers meaningless. ‘The problem posed 
at the beginning of this section is of this type, and 
therefore in considering it we are necessarily adopting 
the subjective point of view. 

Just as in applied statistics the crux of a problem is 
often the devising of some method of sampling that 
avoids bias, our problem is that of finding a probability 
assignment which avoids bias, while agreeing with 
whatever information is given. The great advance 
provided by information theory lies in the discovery 
that there is a unique, unambiguous criterion for the 
“amount of uncertainty” represented by a discrete 
probability distribution, which agrees with our intuitive 
that a broad distribution represents more 
uncertainty than does a sharply peaked one, and 
satisfies all other conditions which make it reasonable.‘ 
In Appendix A we sketch Shannon’s proof that the 
quantity which is positive, which increases with 
increasing uncertainty, and is additive for independent 
sources of uncertainty, is 


H (pi: + p= —K Di pilnpi, 


where K is a positive constant. Since this is just the 
expression for entropy as found in statistical mechanics, 
it will be called the entropy of the probability distri- 
bution p;; henceforth we will the terms 
“entropy” and “uncertainty” as synonymous. 


notions 


(2-3) 


consider 


0 J. M. Keynes, A Treatise on Probability (MacMillan Company, 
London, 1921). 

"H. Jeffreys, Theory of Probability (Oxford University Press, 
London, 1939). 
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It is now evident how to solve our problem; in making 
inferences on the basis of partial information we must 
use that probability distribution which has maximum 
entropy subject to whatever is known. This is the only 
unbiased assignment we can make; to use any other 
would amount to arbitrary assumption of information 
which by hypothesis we do not have. To maximize 
(2-3) subject to the constraints (2-1) and (2-2), one 
introduces Lagrangian multipliers A, uw, in the usual 
way, and obtains the result 


Peer), (2-4) 


The constants A, « are determined by substituting into 
(2-1) and (2-2). The result may be written in the form 
0 

InZ(), (2-5) 
Ou 


{(x)) 


A=InZ (yu), (2-6) 


where : 
Z(p) =D 5 el (2-7) 
will be called the partition function. 
This may be generalized to any number of functions 
f(x): given the averages 


(f,(x) D1 Pifr(xi), (2-8) 


form the partition function 
Z(A1,** + Am) 
, exp{- | Aifil(ai)4 


Then the maximum-entropy probability distribution is 


tAmfm (xi) |}. (2-9) 


given by 


pi= expt 


in which the constants are determined from 


[ Ao { Ay fi (x,y) + coont Nm fn (Xi) l}, (2-10) 


0 


InZ, (2-11) 


(f(x) 
Or, 


Ao=InZ. (2-12) 


The entropy of the distribution (2-10) then reduces to 


Smax=AotA fi(x))4 +-ro(fmn(x)), (2-13) 


where the constant K in (2-3) has been set equal to 
unity. The variance of the distribution of f,(a) is found 
to be 

oO 


Aet,=<(f? (2-14) 


~(InZ). 


Or, 


In addition to its dependence on x, the function f, may 
contain other parameters a), @, -, and it is easily 
shown that the maximum-entropy estimates of the 
derivatives are given by 


Of, 1 od 
( ) InZ 
Oa; A, Oa; 
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The principle of maximum entropy may be regarded 
as an extension of the principle of insufficient reason 
(to which it reduces in case no information is given 
except enumeration of the possibilities x,), with the 
following essential difference. The maximum-entropy 
distribution may be asserted for the positive reason 
that it is uniquely determined as the one which is 
maximally noncommittal with regard to missing infor 
mation, instead of the negative one that there was no 
reason to think otherwise. Thus the concept of entropy 
supplies the missing criterion of choice which Laplace 
needed to remove the apparent arbitrariness of the 
principle of insufficient reason, and in addition it shows 
precisely how this principle is to be modified in case 
there are ; 
Mathematically, the maximum-entropy distribution 
property that 
ignored; it assigns positive weight to every situation 
that is not absolutely excluded by the given information. 
This is quite similar in effect to an ergodic property. 


reasons for ‘thinking otherwise.’ 


has the important no possibility is 


in this connection it is interesting to note that prior to 
the work of Shannon other information measures had 
been proposed’ and used in statistical inference, 
although in a different way than in the present paper. 
In particular, the quantity —)>> p? has many of the 
qualitative properties of Shannon’s information meas 
ure, and in many cases leads to substantially the same 
results. However, it is much more difficult to apply in 
practice. Conditional maxima of > p?2 cannot be 
found by a stationary property involving Lagrangian 
multipliers, because the distribution which makes this 
quantity stationary subject to prescribed averages does 
not in general satisfy the condition p;2 0. A much more 
important reason for preferring the Shannon measure 
is that it is the only one which satisfies the condition of 
consistency represented by the composition law (Ap 
pendix A). Therefore one expects that deductions made 
other information measure, if carried far 


from any 


enough, will eventually lead to contradictions. 


3. APPLICATION TO STATISTICAL MECHANICS 


It will be apparent from the equations in the pre 
ceding section that the theory of maximum-entropy 
inference is identical in mathematical form with the 
rules of calculation provided by statistical mechanics, 
Specifically, let the energy levels of a system be 


E (a,c, ° ae P 


the 
magnetic 


where the external parameters a, include 
applied electric or 
fields, gravitational potential, etc. Then if we know 
only the average energy (/), the maximum-entropy 


probabilities of the levels Z; are given by a special case 


may 


volume, strain tensor 


of (2-10), which we recognize as the Boltzmann distri 
bution. This observation really completes our derivation 


Cambridge Phil. Soc. 22, 700 (1925) 
Math. Soc, 39, 410 (1936) 


27R. A. Fisher, Proc 
J. L. Doob, Trans. Am 
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of the conventional rules of statistical mechanics as an 
example of statistical inference; the identification of 
temperature, free energy, etc., proceeds in a familiar 
manner," with results summarized as 


Ai=(1/kT), 
TS = F(T ay ,02,° °° 


(3-1) 
kT InZ(T ja ,a2, ° oes. (3-2) 


or 
(3-3) 


k> py \npi, 


oT 
7] 
By=kT 


Oa; 


InZ, (3-4) 


The thermodynamic entropy is identical with the 
information-theory entropy of the probability distri- 
bution except for the presence of Boltzmann’s con- 
stant.'® The “forces” A, include pressure, stress tensor, 
electric or magnetic moment, etc., and Eqs. (3-2), 
(3-3), (3-4) then give a complete description of the 
thermodynamic properties of the system, in which the 
forces are given by special cases of (2-15); ie., as 
maximum-entropy the derivatives 
(OF,/day). 

In the above relations we have assumed the number of 
molecules of each type to be fixed. Now let m, be the 
number of molecules of type 1, m2 the number of type 
2, etc. If the m, are not known, then a possible “state”’ 
of the system requires a specification of all the n, as well 
as a particular energy level E,(aya2: ++ | nyn2---). If we 
are given the expectation values 


(E), 


then in order to make maximum-entropy inferences, 
we need to form, according to (2-9), the partition 
function 


estimates of 


(my), (M2), +", 


Zlayaes** Aye 


DL Ld expt 


ming: 4 


$+ +» +BE(a,|n,) }}, 


- 3) . [Amy + Aol 


(3-5) 


and the corresponding maximum-entropy distribution 
(2-10) is that of the ‘“quantum-mechanical grand 
canonical ensemble ;” the Eqs. (2-11) fixing the con- 
stants, are recognized as giving the relation between 
the chemical potentials 


My kT, 


“FE. Schrédinger, Statistical Thermodynamics 
University Press, Cambridge, 1948). 

© Boltzmann’s constant may be regarded as a correction factor 
necessitated by our custom of measuring temperature in arbitrary 
units derived from the freezing and boiling points of water. Since 
the product 7S must have the dimensions of energy, the units in 
which entropy is measured depend on those chosen for tempera 
ture. It would be convenient in general arguments to define an 
“absolute cgs unit” of temperature such that Boltzmann’s 
constant is made equal to unity. Then entropy would become 
dimensionless (as the considerations of Sec. 2 indicate it should be), 
and the temperature would be equal to twice the average energy 
per degree of freedom; it is, of course, just the “modulus” © of 
Gibbs. 


(3-6) 
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and the (n,): 


(ny) = OF / dpi, (3-7) 


where the free-energy function F= — kT Xo, and Ao=InZ 
is called the “grand potential.’"*® Writing out (2-13) 
for this case and rearranging, we have the usual 
expression 


F(T ayaa: ** pyle +) 
=(E)—TS+ p(n) + pine) +++. 


It is interesting to note the ease with which these 
rules of calculation are set up when we make entropy 
the primitive concept. Conventional arguments, which 
exploit all that is known about the laws of physics, in 
particular the constants of the motion, lead to exactly 
the same predictions that one obtains directly from 
maximizing the entropy. In the light of information 
theory, this can be recognized as telling us a simple 
but important fact: there is nothing in the general laws 
of motion that can provide us with any additional infor- 
mation about the state of a system beyond what we have 
obtained from measurement, This refers to interpretation 
of the state of a system at time / on the basis of meas- 
urements carried out at time /. For predicting the course 
of time-dependent phenomena, knowledge of the equa- 
tions of motion is of course needed. By restricting our 
attention to the prediction of equilibrium properties as 
in the present paper, we are in effect deciding at the 
outset that the only type of initial information allowed 
will be values of quantities which are observed to be 
constant in time. Any prior knowledge that these 
quantities would be constant (within macroscopic 
experimental error) in consequence of the laws of 
physics, is then redundant and cannot help us in 
assigning probabilities. 

This principle has interesting consequences. Suppose 
that a super-mathematician were to discover a new 
class of uniform integrals of the motion, hitherto 
unsuspected. In view of the importance ascribed to 
uniform integrals of the motion in conventional sta- 
tistical mechanics, and the assumed nonexistence of 
new ones, one might expect that our equations would 
be completely changed by this development. This would 
not be the case, however, unless we also supplemented 
our prediction problem with new experimental data 
which provided us with some information as to the 
likely values of these new constants. Even if we had a 
clear proof that a system is not metrically transilive, we 
would still have no rational basis for excluding any region 
of phase space that is allowed by the information available 
fo us. In its effect on our ultimate predictions, this fact 
is equivalent to an ergodic hypothesis, quite independ- 
ently of whether physical systems are in fact ergodic. 

This shows the great practical convenience of the 
subjective point of view. If we were attempting to 
establish the probabilities of different states in the 


(3-8) 


‘© T). ter Haar, Elements of Statistical Mechanics (Rinehart and 
Company, New York, 1954), Chap. 7. 
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objective sense, questions of metric transitivity would 
be crucial, and unless it could be shown that the system 
was metrically transitive, we would not be able to find 
any solution at all. If we are content with the more 
modest aim of finding subjective probabilities, metric 
transitivity is irrelevant. Nevertheless, the subjective 
theory leads to exactly the same predictions that one 
has attempted to justify in the objective sense. The 
only place where subjective statistical mechanics makes 
contact with the laws of physics is in the enumeration 
of the different possible, mutually exclusive states in 
which the system might be. Unless a new advance in 
knowledge affects this enumeration, it cannot alter 
the equations which we use for inference. 

If the subject were dropped at this point, however, 
it would remain very difficult to understand why the 
above rules of calculation are so uniformly successful 
in predicting the behavior of individual systems. In 
stripping the statistical part of the argument to its 
bare essentials, we have revealed how little content it 
really has; the amount of information available in 
practical situations is so minute that it alone could 
never suffice for making reliable predictions. Without 
further conditions arising from the physical nature of 
macroscopic systems, one would expect such great 
uncertainty in prediction of quantities such as pressure 
that we would have no definite theory which could be 
compared with experiments. It might also be questioned 
whether it is not the most probable, rather than the 
average, value over the maximum-entropy distribution 
that should be compared with experiment, since the 
average might be the average of two peaks and itself 
correspond to an impossible value. 

It is well known that the answer to both of these 
questions lies in the fact that for systems of very large 
number of degrees of freedom, the probability distri- 
butions of the usual macroscopic quantities determined 
from the equations above, possess a single extremely 
sharp peak which includes practically all the ‘“‘mass”’ of 
the distribution. Thus for all practical purposes average, 
most prebable, median, or any other type of estimate 
are one and the same. It is instructive to see how, in 
spite of the small amount of information given, maxi- 
mum-entropy estimates of certain functions g(x) can 
approach practical certainty because of the way the 
possible values of x are distributed. We illustrate this 
by a model in which the possible values x; are defined 
as follows: let » be a non-negative integer, and ¢ a 
small positive number. ‘Then we take 


x," €, 


Xipi— xXj=e/a;", 1=1,2,--+. (3-9) 


According to this law, the x, increase without limit as 
i, but become closer together at a rate determined 
by n. By choosing ¢ sufficiently small we can make the 
density of points x; in the neighborhood of any partic- 
ular value of x as high as we please, and therefore for a 
continuous function f(«) we can approximate a sum as 
closely as we please by an integral taken over a corre- 
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sponding range of values of x, 


> f(x) ff o(ayas 


where, from (3-9), we have 
p(x)=x"/e. 


This approximation is not at all essential, but it 
simplifies the mathematics. 

Now consider the problem: (A) Given (x), estimate 
x’, Using our general rules, as developed in Sec. II, 
we first obtain the partition function 


“ n! 
Z(X) f p(xje “dx , 
Pp ex" l 


with \ determined from (2-11), 
0 n+ 
InZ 
Or A 


Then we tind, for the maximum-entropy estimate of x”, 


‘ n+ 2 
){(x)}=Z f v’p(u)e da ( 
n+1 


Next we invert the problem: (B) Given («*), estimate 
x. The solution is 


(3-10) 


ex 


Z(X) fF 602) exp Aa’ )dx 


mn! 1 


. ’ 
2”t1 (4/2)! editoth 


«“ 


(x){(x*)) = Z yf px(x) exp(—Aa*)da 


n+1\' (4n)! 
( ) (x?)h, 
2 [4(n+1) }! 


The solutions are plotted in Fig. 1 for the case n= 1. 
The upper ‘regression line’ represents Eq, (3-10), and 
the lower one Eq. (3-11) the 
slopes of the regression lines are plotted in Fig. 2. As 


(3-11) 


For other values of n, 


n—«, both regression lines approach the line at 45°, 
and thus for large n, there is for all practical purposes 
a definite functional relationship between (x) and (2*), 
independently of which one is considered “given,” and 
which one “estimated.” Furthermore, as n increases 
the distributions become sharper; in problem (A) we 


find for the variance of «x, 


(x7) — (4)? = (x)*/(n-+1). (3-12) 








Fic. 1 Regression 
of x and 2? for state 
density —_ increasing 
linearly with x. To 
find the maximum 
entropy estimate ol 
cither quantity given 
the expectation val 
ue of the other 
follow the arrows 














Similar results hold in this model for the maximum 
entropy estimate of any sufficiently well-behaved 
function g(x). If g(x) can be expanded in a power series 
in a sufficiently wide region about the point x«=(x), we 
obtain, using the distribution of problem A above, the 
following expressions for the expectation value and 
variance of ¢: 


g(a )) { g(a ) 
2(n 


g(x) 


A*(¢) 


(g°(x)) 


(g(a))* 


(yx 2 1 
[¢’((x)) P +o/ ) (3-14) 
n-+1 n’ 


Conversely, a sufficient condition for x to be well 
determined by knowledge of (g(”)) is that x be a 
sufficiently smooth monotonic function of g. The ap 
parent lack of symmetry, in that reasoning from (x) 
to g does not require monotonicity of g(x), is due to 
the fact that the distribution of possible values has 
been specified in terms of « rather than g. 

As increases, the relative standard deviations of all 
sufficiently well-behaved functions go down like n~!; it 
is in this way that definite laws of thermodynamics, 
essentially independent of the type of information given, 
emerge from a statistical treatment that at first appears 
incapable of giving reliable predictions. ‘The parameter 
n is to be compared with the number of degrees of 
freedom of a macroscopic system. 


4. SUBJECTIVE AND OBJECTIVE 
STATISTICAL MECHANICS 


Many of the propositions of statistical mechanics are 
capable of two different interpretations. The Max 
wellian distribution of velocities in a gas is, on the one 
hand, the distribution that can be realized in the 
greatest number of ways for a given total energy; on 
the other hand, it is a well-verified experimental fact 
Fluctuations in quantities such as the density of a gas 
or the voltage across a resistor represent on the one 
hand the uncertainty of our predictions, on the other 
a measurable physical phenomenon. Entropy as a con- 
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cept may be regarded as a measure of our degree of 
ignorance as to the state of a system; on the other 
hand, for equilibrium conditions it is an experimentally 
measurable quantity, whose most important properties 
were first found empirically. It is this last circumstance 
that is most often advanced as an argument against 
the subjective interpretation of entropy. 

The relation between maximum-entropy inference 
and experimental facts may be clarified as follows. We 
frankly recognize that the probabilities involved in 
prediction based on partial information can have only 
a subjective significance, and that the situation cannot 
be altered by the device of inventing a fictitious 
ensemble, even though this enables us to give the 
probabilities a frequency interpretation. One might 
then ask how such probabilities could be in any way 
relevant to the behavior of actual physical systems. A 
good answer to this is Laplace’s famous remark that 
probability theory is nothing but “common sense 
reduced to calculation.” If we have little or no infor- 
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mation relevant to a certain question, common sense 
tells us that no strong conclusions either way are 
justified. The same thing must happen in statistical 
inference, the appearance of a broad probability distri- 
bution signifying the verdict, “no definite conclusion.” 
On the other hand, whenever the available information 
is sufficient to justify fairly strong opinions, maximum- 
entropy inference gives sharp probability distributions 
indicating the favored alternative. Thus, the theory 
makes definite predictions as lo experimental behavior 
only when, and to the extent that, it leads lo sharp distri- 
butions, 

When our distributions broaden, the predictions 
become indefinite and it becomes less and less meaning- 
ful to speak of experimental verification. As the avail- 
able information decreases to zero, maximum-entropy 
inference (as well as common sense) shades continuously 
into nonsense and eventually becomes useless. Never- 
theless, at each stage it still represents the best that 
could have been done with the given information. 

Phenomena in which the predictions of statistical 
mechanics are well verified experimentally are always 
those in which our probability distributions, for the 
macroscopic quantities actually measured, have enor- 
mously sharp peaks. But the process of maximum- 
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entropy inference is one in which we choose the broadest 
possible probability distribution over the microscopic 
states, compatible with the initial data. Evidently, such 
sharp distributions for macroscopic quantities can 
emerge only if it is true that for each of the overwhelm- 
ing majority of those states to which appreciable weight 
is assigned, we would have the same macroscopic 
behavior. We regard this, not merely as an interesting 
side remark, but as the essential fact without which 
statistical mechanics could have no experimental va- 
lidity, and indeed without which matter would have no 
definite macroscopic properties, and experimental 
physics would be impossible. It is this principle of 
“macroscopic uniformity” which provides the objective 
content of the calculat ions, not the probabilities per sé. 
Because of it, the predictions of the theory are to a 
large extent independent of the probability distributions 
over microstates. For example, if we choose at random 
one out of each 10"'’ of the possible states and arbi- 
trarily assign zero probability to all the others, this 
would in most cases have no discernible effect on the 
macroscopic predictions. 

Consider now the case where the theory makes 
definite predictions and they are not borne out by 


) 


experiment. This situation cannot be explained away 
by concluding that the initial information was not 
sufficient to lead to the correct prediction; if that were 
the case the theory would not have given a sharp 
distribution at all. The most reasonable conclusion in 
this that the enumeration of the different 
possible states (i.e., the part of the theory which 
involves our knowledge of the laws of physics) was not 
correctly given. Thus, experimental proof that a definite 
prediction is incorrect gives evidence of the existence of new 
laws of physics. The failures of classical statistical 
mechanics, and their resolution by quantum theory, 


case is 


provide several examples of this phenomenon. 
Although the principle of maximum-entropy inference 
appears capable of handling most of the prediction 
problems of statistical mechanics, it is to be noted that 
prediction is only one of the functions of statistical 
mechanics. Equally important is the problem of inter 
pretation; given certain observed behavior of a system, 
what conclusions can we draw as to the microscopic 
causes of that behavior? To treat this problem and 
others like it, a different theory, which we may call 


objective statistical mechanics, is needed. Considerable 


semantic confusion has resulted from failure to distin- 
guish between the prediction and interpretation prob- 
lems, and attempting to make a single formalism do 
for both. 

In the problem of interpretation, one will, of course, 
consider the probabilities of different states in the 
objective sense; i.e., the probability of state m is the 
fraction of the time that the system spends in state n. 
It is readily seen that one can never deduce the ob- 
jective probabilities of individual states from macro- 
scopic measurements. There will be a great number of 
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different probability assignments that are indistin 
guishable experimentally; very severe unknown con 
straints on the possible states could exist. We see that, 
although it is now a relevant question, metric transi- 
tivity is far from necessary, either for justifying the 
rules of calculation used in prediction, or for interpreting 
observed behavior, Bohm and Schiitzer'’ have come to 
similar conclusions on the basis of entirely different 
arguments. 


5. GENERALIZED STATISTICAL MECHANICS 


In conventional statistical mechanics the energy 
plays a preferred role among all dynamical quantities 
because it is conserved both in the time development 
of isolated systems and in the interaction of different 
systems. Since, however, the principles of maximum 
entropy inference are independent of any physical 
properties, it appears that in subjective statistical 
mechanics all measurable quantities may be treated on 
the same basis, subject to certain precautions. ‘To 
exhibit return 


this equivalence, we to the general 


problem of maximum-entropy inference of Sec, 2, and 
consider the effect of a small change in the problem. 
Suppose we vary the functions /, (4) whose expectation 
values are given, in an arbitrary way; 6f;,(x,) may be 
specified independently for each value of k and 7. In 
addition we change the expectation values of the /, in 
a manner independent of the 6f,; Le., there is no 
and (6f; 
one maximum-entropy probability distribution to a 


relation between 6¢ f;, We thus pass from 


slightly different one, the variations in probabilities 6p, 


and in the Lagrangian multipliers 6A, being determined 
from the 6(f,) and 6f,(x,) by the relations of Sec, 2. 
How does this affect the entropy? The change in the 


partition function (2-9) is given by 


bAo 5 InZ Dal OAL fi tA,(6 fy) 1) 


and therefore, using (2-13), 
6S =O Mal (fi 
> AO, 
The quantity 


60, = 5 fp) (6 fx) 5-3) 
provides a generalization of the notion of infinitesimal 
heat supplied to the system, and might be called the 
“heat of the &th type.” If f, is the energy, 60% is the 
heat in the ordinary sense. We see that the Lagrangian 
multiplier A, is the integrating factor for the kth type 
of heat, and therefore it is possible to speak of the kth 
type of temperature. However, we shall refer to A, as 
to fy, and use 


the quantity “statistically conjugate” 


the terms “heat” and “temperature” only in their 


conventional sense. Up to this point, the theory is 
completely symmetrical with respect to all quantities fy. 


17 D 


(1955) 


tJohm and W. Schiitzer, Nuovo cimento 1004 
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In all the foregoing discussions, the idea has been 
implicit that the (f,) on which we base our probability 
distributions represent the results of measurements of 
various quantities. If the energy is included among the 
fx, the resulting equations are identical with those of 
conventional] statistical mechanics. However, in practice 
a measurement of energy is rarely part of the initial 
information available; it is the temperature that is 
easily measurable. In order to treat the experimental 
measurement of temperature from the present point of 
view, it is necessary to consider not only the system o, 
under investigation, but also another system a». We 
introduce several definitions: 

A heat bath is a system a» such that 

(a) The separation of energy levels of o2 is much 
smaller than any macroscopically measurable energy 
difference, so that the possible energies /., form, from 
the macroscopic point of view, a continuum. 

(b) The entropy 5S» of the maximum-entropy proba 
bility distribution for given (/2») is a definite monotonic 
function of (#2); Le., o2 contains no “mechanical 
parameters” which can be varied independently of its 
energy. 

(c) a, can be placed in interaction with another 
system a, in such a way that only energy can be trans- 
ferred between them (i.¢€., no mass, momentum, etc.), 
and in the total energy E= E+ E+ Ej», the interaction 
term Ey, is small compared to either £; or £2. This 
state of interaction will be called thermal contact. 

A thermometer is a heat-bath o, equipped with a 
pointer which reads its average energy. The scale is, 
however, calibrated so as to give a number 7, called 
the femperalure, defined by 


1/T=dS,/d(E:). (5-4) 


In a measurement of temperature, we place the 
thermometer in thermal contact with the system o, of 
interest, We are now uncertain not only of the state of 
the system o, but also of the state of the thermometer 
o,, and so in making inferences, we must find the 
maximum-entropy probabilit¥ distribution of the total 
system 2 =0)+- 02, subject to the available information. 
A state of 2 is defined by specifying simultaneously a 
staie i of o; and a state j of o to which we assign a 
probability p,;. Now however we have an additional 
piece of information, of a type not previously con- 
sidered ; we know that the interaction of 0; and a, may 
allow transitions to take place between states (77) and 
(mn) if the total energy is conserved : 


Ey, t Ea; Em Ean. 


In the absence of detailed knowledge of the matrix 
elements of Ey. responsible for these transitions (which 
in practice is never available), we have no rational basis 
for excluding the possibility of any transition of this 
type. Therefore all states of 2 having a given total 
energy must be considered equivalent; the probability 
pi; in its dependence on energy may contain only 
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(£i\;+ £2,;), not E,; and E,; separately.'* Therefore, the 
maximum-entropy probability distribution, based on 
knowledge of (E») and the conservation of energy, is 
associated with the partition function 


Z() = exp[—A\(Eut+E2))]=ZiA)Z2(d), (5-5) 
t) 


which factors into separate partition functions for the 
two systems 


Z\(X) > exp(—A,,), Z2(X) = >; exp(— Ej), (5-6) 


with A determined as before by 
0 
(Eo) = —— InZ2(d); 
Or 
or, solving for } by use of (2-13), we find that the 
quantity statistically conjugate to the energy is the 
reciprocal temperature: 


N= dS2/d(E2)=1/T. (5-8) 


More generally, this factorization is always possible if 
the information available consists of certain properties 
of o; by itself and certain properties of o» by itself. 
The probability distribution then factors into two 
independent distributions 

Pis= Pi(1) p;(2), 


and the total entropy is additive: 


S(2)= Sit So. 


(5-9) 


(5-10) 


We conclude that the function of the thermometer is 
merely to tell us what value of the parameter \ should 
be used in specifying the probability distribution of 
system o;. Given this value and the above factorization 
property, it is no longer necessary to consider the 
properties of the thermometer in detail when incorpo- 
rating temperature measurements into our probability 
distributions; the mathematical processes used in 
setting up probability distributions based on energy or 
temperature measurements are exactly the same but 
only interpreted differently. 

It is clear that any quantity which can be inter- 
changed between two systems in such a way that the 
total amount is conserved, may be used in place of 
energy in arguments of the above type, and the funda- 
mental symmetry of the theory with respect to such 
quantities is preserved. Thus, we may define a “volume 
bath,” “particle bath,” “momentum bath,” etc., and 
the probability distribution which gives the most 
unbiased representation of our knowledge of the state 
of a system is obtained by the same mathematical 
procedure whether the available information consists 
of a measurement of (/,) or its statistically conjugate 
quantity A,. 

'S This argument admittedly lacks rigor, which can be supplied 
only by consideration of phase coherence properties between the 


various states by means of the density matrix formalism. This, 
however, leads to the result given. 
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We now give two elementary examples of the treat- 
ment of problems using this generalized form of sta- 
tistical mechanics. 

The pressure ensemble.-Consider a gas with energy 
levels E,(V) dependent on the volume. If we are given 
macroscopic measurements of the energy (£) and the 
volume (V), the appropriate partition function is 


Ziu)= f dv >; expl —AEy( V)—pV |, 


where A, w are Lagrangian multipliers. A short calcu- 
lation shows that the pressure is given by 


P=—(0E(V)/0V)=p/A, 


so that the quantity statistically conjugate to the 
volume is 
b=AP=P/RT. 

Thus, when the available information consists of either 
of the quantities (7,(2)), plus either of the quantities 
(P/T,V)), the probability distribution which describes 
this information, without assuming anything else, is 
proportional to 


(5-11) 


exp 


E(V)+PV | 
kT i) 


This is the distribution of the ‘‘pressure ensemble’’ of 
Lewis and Siegert.” 

A nuclear polarization effect.—Consider a macroscopic 
system which consists of o; (a nucleus with spin /), and 
o, (the rest of the system). The nuclear spin is very 
loosely coupled to its environment, and they can 
exchange angular momentum in such a way that the 
total amount is conserved; thus o2 is an angular mo- 
mentum bath. On the other hand they cannot exchange 
energy, since all states of 0, have the same energy. 
Suppose we are given the temperature, and in addition 
are told that the system gy is rotating about a certain 
axis, which we choose as the z axis, with a macroscopi- 
cally measured angular velocity w. Does that provide 
any evidence for expecting that the nuclear spin J is 
polarized along the same axis? Let my be the angular 
momentum quantum number of oz, and denote by n 
all other quantum numbers necessary to specify a 
state of a2. Then we form the partition function 


> expl —BE2(n,m2) 


n,me 


Z(B,d) Am}, (5-12) 


where B= 1/k7, and X is determined by 


0 Bw 
InZo 
Or 


(m») (5-13) 


where B is the moment of inertia of o». Then, our most 
unbiased guess is that the rotation of the molecular 


 M. B. Lewis and A. J. F. Siegert, Phys. Rev. 101, 1227 (1956) 
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surroundings should produce on the average a nuclear 
polarization (m,)=(/,), equal to the Brillouin function 


0 


InZ,(A), (5 14) 


Or 


(m,) 


where 
I 


> e Am 


m=] 


Z\(A) 


In the case 7=}, the polarization reduces to 


(m,)= — 4 tanh(4A). (5-16) 


If the angular velocity w is small, (5-12) may be ap 
proximated by a power series in ): 


Z2(B,r) = Z2(B,0)[1— Ame) 0+ 4m )o+ +--+ |, 


where ( )o stands for an expectation value in the 
nonrotating state. In the absence of a magnetic field 
(mo)o=0, h?(m2?)o= RT B, so that (5-13) reduces to 


r hin/kT. (5-17) 


Thus, the predicted polarization is just what would be 
produced by a magnetic field of such strength that the 
Larmor frequency w,=w. If |A|<1, the result may be 
described by a “dragging coefficient” 


h’I (+1) 


(MH). (5-18) 
3kT B 


(m}) 


There is every reason to believe that this effect actually 
exists; it is closely related to the Ejinstein-de Haas 
effect. It is especially interesting that it can be predicted 
in some detail by a form of statistical mechanics which 
does not involve the energy of the spin system, and 
makes no reference to the mechanism causing the 
polarization. As a numerical example, if a sample of 
water is rotated at 36 000 rpm, this should polarize the 
protons to the same extent as would a magnetic field 
of about 1/7 gauss. This should be accessible to experi 
ment. A straightforward extension of these calculations 
would reveal how the effect is modified by nuclear 
quadrupole coupling, in the case of higher spin values. 


6. CONCLUSION 


The essential point in the arguments presented above 
is that we accept the von-Neumann—Shannon expres 
sion for entropy, very literally, as a measure of the 
amount of uncertainty represented by a probability 
distribution; thus entropy becomes the primitive con 
cept with which we work, more fundamental even than 
energy. If in addition we reinterpret the prediction 
problem of statistical mechanics in the subjective sense, 
we can derive the usual relations in a very elementary 
way without any consideration of ensembles or appeal 
to the usual arguments concerning ergodicity or equal 
a prion probabilities. The principles and mathematical 
methods of statistical mechanics are seen to be of much 
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more general applicability than conventional arguments 
would lead one to suppose. In the problem of prediction, 
the maximization of entropy is not an application of a 
law of physics, but merely a method of reasoning which 
that no unconscious arbitrary assumptions 
have been introduced. 


ensures 


APPENDIX A. ENTROPY OF A PROBABILITY 
DISTRIBUTION 


The variable x assume the discrete values 
(x,*+*x,). Our partial understanding of the processes 
which determine the value of x can be represented by 
assigning corresponding probabilities (p,,---,p,). We 
ask, with Shannon,‘ whether it is possible to find any 
quantity H(p\-->p,) which measures in a unique way 
the amount of uncertainty represented by this proba- 
bility distribution. It might at first seem very difficult 
to specify conditions for such a measure which would 
ensure both uniqueness and consistency, to say nothing 
of usefulness. Accordingly it is a very remarkable fact 
that the most elementary conditions of consistency, 


can 


amounting really to only one composition law, already 
determines the function H(p,---p,) to within a con- 
stant factor. The three conditions are: 

(1) H is a continuous function of the pi. 

(2) If all p, equal, the quantity A(n) 

H(1/n,--+,1/n) is a monotonic increasing function 
ol Nn. 


are 


(3) The composition law. Instead of giving the 
probabilities of the events (x,---x,) directly, we might 
group the first & of them together as a single event, and 
(pit-+++ px); then the next 
m possibilities are assigned the total probability 
We= (Perit ** + Peym), etc. When this much has been 
specified, the amount of uncertainty as to the composite 


give its probability w, 


events is H(w,-+-w,). Then we give the conditional 
probabilities (pi/wi,--+,pe/wi) of the ultimate events 
(xy**+a,), given that the first composite event had 
occurred, the conditional probabilities for the second 
composite event, and so on. We arrive ultimately at 
the same state of knowledge as if the (pi:--p,) had 
been given directly, therefore if our information measure 
is to be consistent, we must obtain the same ultimate 


uncertainty no matter how the choices were broken 
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down in this way. Thus, we must have 


H (py: ° Pn) H (wy: **We) +w iH (pr, 1,°° * Pr Wy) 


+ Wll (pryi/We,* ++ Pk+m/W2)++++. (A-1) 


The weighting factor w; appears in the second term 
because the additional uncertainty H(p,/w,- ++ ,px/w.) 
is encountered only with probability w;. For example, 
H(1/2, 1/3, 1/6) = H(1/2, 1/2)4+4$H (2/3, 1/3). 


From condition (1), it is sufficient to determine H 
for all rational values 


pi=ni/>d ni, 


with n, integers. But then condition (3) implies that 
is determined already from the symmetrical quantities 
A(n). For we can regard a choice of one of the alter- 
natives (x;---%,) as a first step in the choice of one of 


n 


> n; 
i=l 
equally likely alternatives, the second step of which is 
also a choice between n,; equally likely alternatives. 
As an example, with n=3, we might choose (m1,12,m3) 
(3,4,2). For this case the composition law becomes 


342 3 4 2 
u( “"; ) A(3)+-A(4)+-A (2) 
999 9 9 9 


A(9). 


In general, it could be written 


H (pi- ++ Pr) +D: piA(n) =A(Hi ni). 


In particular, we could choose all n; equal to m, where- 
upon (A-2) reduces to 


(A-2) 


A(m)+A(n)=A(mn). (A-3) 


Evidently this is solved by setting 


A(n)=K Inn, (A-4) 


where, by condition (2), K>0. For a proof that (A-4) 
is the only solution of (A-3), we refer the reader to 
Shannon’s paper.‘ Substituting (A-4) into (A-2), we 
have the desired result, 


‘pr)=K In(X n)—K & pi inn, 
—K >; pi lnpi. 


HM (py: : 
(A-5) 
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The thermodynamic affinity is calculated for structural relaxation in a liquid and coupled to the diagonal 


elements of the stress tensor according to a theory by Meixner 


” 


the “hydrostatic pressure 


It is shown how another pressure term, 


of hydrodynamics, may be calculated once all the affinities are known. The 


equation of state may thus be determined near equilibrium. Calculations of ultrasonic absorption are 
presented for water and ethyl alcohol. In ethyl alcohol, thermal relaxation is found to be the dominant 


dissipative mechanism 


INTRODUCTION 
Row JWING the successful prediction by Hall! of 


the ultrasonic intensity absorption coefficient in 
water, assuming a structural mechanism, attempts 
were made to extend his theory to other associated 
liquids and to derive the dynamic equation of state’ 
which Hall postulated. The efforts of Sette® to apply 
the Hall theory to ethyl alcohol resulted in failure, 
probably because the volume changes involved in the 
dissociation of chain molecules in ethyl alcohol are 
very smal] compared with the volume changes involved 
in the breaking up of cybotactic groups in water, so 
that the contribution of structural changes to the 
adiabatic compressibility, calculated from the Hall 
theory, are negligible. Yoshida‘ 
explained the curve of specific heat vs temperature for 
ethyl alcohol glass in the region of softening by assuming 
the presence of molecular aggregates which dissociate, 
but it appears, as is suggested by the calculations given 
below, that above the melting point the two-state 
theory, and the structural 
inadequate for prediction of the properties of associated 


has successfully 


even mechanism, are 


liquids other than water, ie., liquids which do not 
exhibit cybotaxis at ordinary temperatures. It is the 
object of the present paper to show that while the 
effective collision frequency in a liquid is so low that 
the relaxation time for most internal vibrational modes 
is long in comparison with a period of the motion, 
there is at least one mode for which this is not the case, 
so that thermal relaxation may contribute appreciably 
to the observed ultrasonic absorption. 

For those few systems for which a two-state model 
is adequate, a statisfactory derivation of the Hall 
dynamic state equation has been given by Meixner.® 
This derivation is of particular significance because it 
shows how the thermodynamic affinity® associated with 
an internal state parameter enters the diagonal elements 
of the stress tensor as a result of the reciprocity relations 

* This work was started while the author was at Brown Univer 
sity, Providence, Rhode Island 

1L. Hall, Phys. Rev. 73, 775 (1948) 

2 See Hoff Lu, J. Acoust. Soc. Am. 23, 12 (1951) 

#1). Sette, Phys. Rev. 78, 476 (1950) 

4U. Yoshida, Mem. Coll. Sci. Kyoto Imp. Univ. 24, 135 (1944) 

5 J. Meixner, Z. Physik 131, 456 (1952) 

®See S. R. De Groot, Thermodynamics of Irreversible Processes 
(Interscience Publishers, Inc., New York, 1951). 


of Onsager. Meixner gave a crude derivation of the 
Onsager relations, but in the present paper we shall 
apply them as a principle and concentrate our attention, 
using the two-state model, on the calculation of the 
affinity and of coefficients appearing therein which 
the bulk 


viscosity. It will also be possible to discuss the “hydro 


must be estimated in order to determine 
static pressure’”’ term, i.e., the part of the pressure which 
is not proportional to an affinity, and to determine 
term 
nonvanishing terms involving affinities are present in 


more precisely what this means when other 


the trace of the stress tensor. It will be possible to 
erect a complete theory of relaxation and associated 
bulk viscosity in systems exhibiting a single two-state 
structural process. 


RATE EQUATION 


We consider a system in which nonequilibrium states 


are describable in terms of state functions of three 
independent variables, the temperature 7, the density 


p, or condensation s=(p—p")/p", p® being the density 
in a reference state,and a single internal state parameter 
¢. We shall assume that there are two internal structural 
that 


states are accompanied by a volume change Ai 


states and molecular transitions between these 
and 
internal energy change ¢ per molecule. If the populations 
of the lower and the higher energy states are n, and ng, 
respectively, per unit volume, so that m=1,-+-m, is 
the total molecular number density, we 
C=no/n, i.e., the fractional 
the excited (higher energy) state. 


The rate equation governing %. may be taken to be’ 


may detine 


number of molecules in 


thot V+ (now) = kin, — kota, (1) 


where u is the Eulerian velocity of flow and ky, ke 


are reaction frequencies. Approximately, from the mass 


continuity equation, 7% nV-u, and under a similar 


approximation, Eq. (1) becomes 


C=ki— (ki +k2) (2) 


For a structural relaxation process, following Hall,! 


we can evaluate the rate constants k,, ky» from the 


7 Markham, Beyer, and Lindsay, Revs. Modern Phys. 23, 353 
(1951), p. 363 
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Eyring theory of rate processes,* which gives 
ky=(RT/h)e*?*T = (¢=1, 2), (3) 


where AF, is the activation energy for the forward 
(i=1) or backward (i=2) reaction. In equilibrium, 


f=0, f=~"°, where 
re (°(p,T) ={1-+¢4°/'7) - (4) 


where 


AG= AF ,— AF». (5) 


AG is the Gibbs free energy change per molecular 
transition. It should be given, for processes where 
heat loss is negligible, and which occur at a given 
pressure and temperature, by 


AG= e+ Pdr. (6) 


Following Meixner’ and the general principles of 
irreversible thermodynamics (reference 6, p. 13), let us 
choose as internal state parameter the variable €: 


emy— 1, 
Assuming that k, and k, are functions of p and T only, 
Eq. (2) becomes 
§=—(1/r')t—T, (7) 
where 


1 | _! = kitks. 


Equation (7) is a thermodynamic flux equation of 


the form 
E=wh+Td, (9) 


b=V-u, (10) 


=—t/ur, 


where w, I’ are phenomenological coefficients and 4, 
b are thermodynamic affinities.® For an adiabatic 
process, with o the entropy per molecule, Meixner 
evaluates 

I'= (0%°/ds)q. (11) 
Equation (11) should be a good approximation, 
except at very high frequencies, at which the process 
becomes isothermal. 


Phenomenological Equations 


The Gibbs equation of entropy balance may be 
written: 
Tda=du—(P/n)ds+dé. (12) 
In general, P= P(s,7,£), and we shall call this function 
the “dynamic state function.” If Eq. (12) is used to 
calculate the rate of irreversible entropy production 
(reference 6, chap. 7), the thermodynamic fluxes 
include P;‘— P5,‘, &, where P;‘ is the pressure tensor 
and 6,‘ the Kronecker delta, and the conjugate forces 
are respectively the components of —B,‘, B;' being 


* Glasstone, Laidler, and Eyring, The Theory of Rate Processes 
(McGraw-Hill Book Company, Inc., New York, 1941), p. 195 ff. 

*See, e.g., I. Prigogine and R. Defay, Thermodynamique 
Chimique (Dunod, Paris, 1944). 
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the rate-of-strain tensor, and wb. Thus we write 


P§= (PHT nb)6 j'— 2B ;', (13) 
where n is the shear viscosity and B,'= B,‘—4bé,‘. 
In writing (13), we have made use of the fact that 
and the particle momentum are, respectively, symmetric 
and antisymmetric with respect to a reversal of the 
time parameter, and thus the coefficient relating P;' 
to ® is the negative of the one relating £ to —b, by 
Onsager’s theorem for mixed variables. 

Meixner’ has shown that if we neglect terms of 
order (r’), we can to a good approximation put §=0 
in (10) and write (13) in the form 


P j§= (P—mob)5 j'— 2nB ji, 


(14) 
where 
(15) 


n= ni? /wy, 


no is the “apparent” bulk viscosity, i.e., that which 
arises from an internal process rather than from Van 
der Waals interactions. It is not a true viscosity, 
however, in the sense that, as a consequence of the 
antisymmetric Onsager relation, the term involving 
I'@ cancels out of the entropy production, and thus 
I? is not a true dissipative term. 


Dynamic State Function 


The theory is incomplete, because it remains to 
calculate the function P and the coefficient w. Let us 
suppose that the system is always very close to a 
given equilibrium state (p°, 7°, =0). We expand P 
in powers of s, £, and 7,= T7— T°. From (12), it is found 
that the Helmholtz free energy A per molecule obeys the 
equation 


dA = —adT + (P/n)ds—dé. (16) 


Equation (16) yields the generalized Maxwell relation 


(OP/dt), r= —n(0®/ds) 7, t (17) 
Now if ® is given by (10) and (0P/d€), 7°, evaluated 
for equilibrium (=0), is the first differential coefficient 
in a Taylor expansion of P about an equilibrium state, 
it is clear that (0P/d£)°=0, and thus the function P, 
out to first-order terms in the Taylor expansion, is 
given by the equilibrium equation of state. However, 


from (17), 
oP n -( 1 ) 
ag w Os\ 7’ 


nkT 
—(1+ 6449/7) " 


no 


where the explicit evaluation is obtained from the 
Eyring viscosity theory (reference 8, p. 484) together 
with the Hall assumption which identifies the free 
energy of activation for molecular transitions in 
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associated liquids with the activation energy for 
viscous flow. Similarly, 


(0° P/dtds)= (0 P/dEGT)=0. (19) 
Since 

P=n(0A/05)¢,7, (20) 
all derivatives of ? with respect to S, 7, evaluated for 
equilibrium with =0, should equal those obtained 
from the equilbirium equation of state. In this way, 
we see that if the thermodynamic affinities are known, 
and the system is sufficiently close to equilibrium for 
irreversible thermodynamics to apply, the dynamic 
state function may be calculated to any order. It has, 
thus, a precise physical meaning. 


Evaluation of w 


While the function P may be assigned a precise 
meaning, it is not a directly measurable quantity in a 
nonequilibrium process. The physically observable 
pressure in a uniform volume dilation is given by 

P=P—(nT/wr')f. (21) 
Thus for a process occurring at a specified pressure and 
temperature, we should have, taking .V= Avogadro’s 
number, G the molal Gibbs function, and V the molal 
volume, respectively : 


0G 0 oP 0 
vae=(—) v( ) 
as PT Os PT 
nv or 
1-( ) lv. (22) 
wr’ oK/sPT 


We evaluate all derivatives at equilibrium in the first 
approximation. Since (°={°(V,7), we have 


Oe? Or? OV Or 
( ) ( ) ( ), ~vA0/ ) 2 
oS PT OVJ er OE SPT OVJ er 


Equation (23) introduces the notation, originally used 
by Mandelstam and Leontovich,” according to which 
derivatives of equilibrium state functions are denoted 
by derivatives taken at constant £=0. The identification 
of NAv in (23) corresponds to that of NAG in (22). 
Derivatives of ¢* may be evaluated from Eq. (4). 
Equation (22) may be used to evaluate w for a 
liquid undergoing structural relaxation. The same 
equation may be used to determine the “adiabatic 
compressibility at infinite frequency,” 8,, defined by 


1 (-) 
~- Bs Os af 
 L.. I. Mandelstam, and M. A. Leontovich, J. Exptl. Theoret. 
Phys. (U.S.S.R.) 7, 438 (1937) 


(24) 


OF EQUATION 


OF STATE 633 


We have, from (21), 
oP aP nl 7 ay? 
( ) ( ) } ( ) 5) 
Os Fat OS J a.¢ wr'\ dsJar 
( oP ( oP (~) ( ~) 
Os ) t Os ) t Of axe Gere 


But Eq. (12) implies that 
ory OP ° 
( ) - o( ) 0. 
OE / «> OS F o,¢ 
If Bo is the equilibrium adiabatic compressibility, 
1 ( —) 
Bo O87 «4 


Equations (22-27) jointly imply that 


Now 


t 


1 | ni? No N AG (0¢°/05), 


2 (28) 
wr r V{i1- 


Ba Bo (06°/Of) a} 


Hall assumed! that AG and Av might be treated as 
constants, an assumption of equal validity with the 
two-state model. Under this assumption, Eqs. (14), 
(16), and (28) give 


1 1 aif pe: Oar 
Be Bo RT 


NAv 
NAG 
$(1—¢) (NAv)*) 
RT ail 


x (29) 


Here a,= coefficient of thermal expansion, f;=iso- 
thermal compressibility, C,= specific heat per mole at 
constant volume. 


Calculations for Water 


Meixner has shown*® that the Hall relaxation equation, 


Bop. 5 


+Bupe, (Hall) (30) 


T 


may be derived from the theory embodying the Onsager 
relation stated above, and thus the results of the 
present theory agree with the Hall theory in all respects 
except the calculation of B,, given here by (29), and 
the relaxation time 7, which is found to be 


7 7’ Bo) Bess (31) 


rather than r= 7’ used by Hall. Since, as the calculations 
below for ethyl alcohol suggest, water is probably the 
only liquid exhibiting marked structural effects above 
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TABLE I. (Water.) 
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Ultrasonic amplitude absorption coefficient a (excess over absorption due to shear viscosity), compressibility 


8. at infinite frequency, relaxation time 7, bulk viscosity mo, sound velocity c, sound frequency v, and adiabatic compressibility Bo, 
at various temperatures 4; together with experimental results of Pinkerton® and Smith and Beyer.» Hall’s values: '8,=15 1072 


cm*/dyne 


» "B..= 18X10" cm?/dyne 


t 10% Xp é ' 10! X%y 


( em'?/dyne metere/sec ‘ dy Ber 


1400 
1450 
1480 
1510 
1530 
1540 
1550 
1550 
1550 


0 50% 
10 47.4 
20 45.8 
st) 44.7 
H) 44.2 
SO 44 1 
eo) 44.3 
70 46 
KO) 45.1 


4.013 
2.238 
1.091 
1.396 
1.138 
0.9698 
0.8182 
0.7050 
0.6141 


* See reference 12 
» See reference 14 
we reference I 


the freezing point, the theory has been applied to water, 
with mo, 
(29) 


B,, 7 recalculated according to Eqs. (28), 
(30), respectively, using Hall’s values for 7’. 
Phe absorption measure is given by Hall’s relation: 


=(= 
‘ pb, 

In the determinations of 6, from (29), re-estimates 
olf VAG and .VAv were made, consistent with the two 


that the 
constant of water could be calculated on the 


state model. Bernal and Fowler" found 


chelectrie 
assumption that a given fraction of the molecules are 
Qn the two-state model this fraction 


free to rotate 


',and it is found to obey very 
VAG = 686.4 cal 


per mole. This value agrees closely with that obtained 


should be identified with ¢ 
very closely the law of Eq. (4), with 


below for alcohol, and we shall take it as a reasonable 
estimate of the hydrogen bonding energy per mole of 
half-bonds. We determine an appropriate value for 
\V Av by observing that if V; and V» are, respectively, 
the molal volumes for states 1 and 2, then the total 
volume is 


(I=) Vit Ovs. 


Given V and Hall’s value for Vo, corresponding to 
closest packing, and ¢ determined from Eq. (4), we 
obtain .V At 9.77 This 


little large, but because of the artificiality of the model, 


cm*® per mole. value is a 
there is a certain arbitrariness in the choice of states. 
On the basis of the foregoing formulas and values, 
‘Table I has been calculated for water, and a comparison 
made of the predicted amplitude absorption coeffi ient, 
a, for ultrasonic waves with the measurements of 
Pinkerton” and Smith and Beyer.’ The Hall calcula 


tions are also included for his two estimates of 8,, vtz., 
Phys l, 


128 (1947 
Acoust. Soc Am 


515 (1933) 


"J. D. Bernal and R, H eg Chem 


Pinkerton, Nature 16 
Beyer, J 


2 ].M.M 
8M. C. Smith and R. T 
(1948) 


20, 608 


10!’ & (Qa/ i) 
sec?/cm 


(Hall, cale) 
from 'f, from *B, 


62.32 80 74 
41.63 54 49 
35.37 38 35 
30.14 28 25 
23.03 22 20 
17.52 18 16 19 
12.81 15 14 16 
9.716 12 11 13 
7.329 11 10 11 


10.7 KX Qa/v*) 
sec?/cem 
(Smith 
Beyer) 


105 
54 
37 
28 
22 


10°? K (2a/v*) 
sec?/cm 
(Pinkerton) 


10" K Qa/v*) 
(calc) 


no 
millipoise sec?/cm 


43.50 
31.98 
28.94 
25.78 
20,20 
15.51 
11.35 
8.552 
6.380 


No 
Mme uUbd 
Ne 


——NN Pw 
= 


—wae 
20 be 
x 


'g, and °B, based on two different intermolecular 


potential functions. 


Calculations for Ethyl Alcohol 


Equation (29) and the formulas of Hall have been 
used to determine the absorption coefficient ay attribut- 
able to the breaking of hydrogen bonds in ethy! alcohol. 
The free energy difference per mole, .V AG, was obtained, 
following Sette,’ from the computations of Maladiére 
and Mayat™ by taking the higher energy state to 
correspond to molecules in pairs with dipole moments 
antiparallel, the lower state to linear chains of four 
molecules each. We obtain in this way VAG=683.5 
cal/mole. 

According to Sette,? the volume change Av per 
mole is very small in ethyl alcohol. This is qualitatively 
evident, since in the absence of cybotaxis, the breaking 
of bonds is not accompanied by a radical rearrangement 
of structure. In this case it 
suppose that an isothermal compression results in 
greater entanglement molecular 
chains, so that the volume change .\ Av is positive. The 
negative value obtained by Sette’ by a method of 
mixing may be imagined to result from entanglement 
of solvent and solute molecules. If we assume, as in 
the case of water, that it is possible to assign two states 
with molal volumes V; and Vo», energy difference 
VAG, such that structural processes may be represented 
by transitions between them, the isothermal compress- 


is not unreasonable to 


and association of 


ibility is given by 


B.=Br +0°(1—&) (VAv)*/(VRT), (32) 


where R= gas constant per mole, 6;,;=component of 
compressibility independent of transitions, i.e., By; 

(1/V)(0V\/0P)¢ ¢. Insofar as the two-state theory 
is meaningful at all, the volumes V, and V» should be 
fairly well defined, i.e., polynomials of low order in 
T. By assuming for 8;,; a polynomial of lowest order 


“ P, Maladitre and M. Magat, Compt. rend. 225, 676 (1947). 
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TABLE IT, (Ethy] alcohol 


) an =amplitude absorption coefficient due to structural transitions; ay 


ATION OF STATI 635 


absorption due to shear viscosity 


and heat conduction ; p= mass density; \= thermal conductivity; a, = coefficient of thermal expansion; 6; = isothermal compressibility ; 
74 =Sstructural relaxation time; other quantities defined as in Table I 


10!2 X Bo 


em?/dyne 


10!2 & By 
cm?/dyne 
115.40 
119.23 
122.94 


p 

g/cm) 
0.7851 
0.7807 
0.7764 
0.7720 
0.7677 
0.7633 
0.7588 
0.7542 


97.53 
100.87 
104.09 
107.30 
111.35 
115.23 
119.31 
123.64 


consistent with a real value of .VAv from (32) and 
taking differences in a table of observed values of 
B, over a range 0°C — 40°C, one should obtain an upper 
limit on the value of .VAv. On making use of the experi- 
mental values of 8) obtained by Tyrer! and calculating 
B, from them, we obtain VAv<0.76 cm*/mole. This is 
at least a reasonable order of magnitude, and will be 
adopted in the calculations. 

With data on the density p and thermal expansion 
coefficient a, measured by Osborne, McKelvy, and 
Bearce'® (10°C—40°C) and from the International 
Critical Tables (45°C—60°C), together with data 
on the shear viscosity » by Bingham and Jackson,!’ 
the results in Table II have been calculated for ethyl 
alcohol. The absorption coefficient a, attributable to 
shear viscosity and heat conductivity \ is also listed. 
The latter is given approximately by 


where y=ratio of specific heats, C,= specific heat per 
g, and other quantities are defined as in Table II 

A comparison of the calculated ay with the measured 
absorption (Table III) reveals that at 25°C, ayw+a, is 
less than half the total observed value. The reason for 
the small value of ay lies in the small value of Av. If we 
extended the theory to include a large number of 
structural parameters, the volume change associated 
with any one of them would be infinitesimal, so that 
there is no reason to suppose that a multiplicity of 
structural processes should account for the large discrep 
pancy between calculated and observed absorption. 

Accordingly, let us postulate the mechanism of 
thermal relaxation involving energy exchange between 
translational degrees of freedom internal 
vibrational mode. There are about 21 internal degrees 
of freedom in the ethyl! alcohol molecule, each of 


and an 


which may be excited in a number of quantum levels." 


© 1). Tyrer, J. Chem. Soc. 103, 1675 (1913) 

16 Osborne, McKelvy, and Bearce, Bull. Bur. Standards 9, 327 
(1913). 
wE C 

1918) 
'6 See Brickwedde, Moskow 
Bur. Standards 37, 263 (1946) 


Bingham and R. F. Jackson, Bull. Bur. Standards 14, 


59 


Aston, J. Research Nat! 


and 


hay ’ 


som 
19.65 
$7.69 
15.52 
14.40 
41.94 
1.44 
38.97 


0.9932 37.77 


the 
liquid than in the gaseous state, the relaxation time 


Because a molecule suffers fewer collisions in 
for most internal modes will be long compared with a 
period of the motion, and so we choose the mode of 
lowest frequency, the 433-cm ! line 

If ke represents fhe backward rate constant in Eq. (1), 
as before, the felaxation time is, when one considers 
transitions to the lowest excited level of the mode in 


question, 


r= Ha + (h/ha) = ba(1he*7) 


If Z, is the effective collision frequency and piso the 
transition probability per collision for de-excitation, 
we have 


Z Pi (44) 


Actually, in any collision,” Z, and piso are functions 
of the kinetic energy of relative motion, so that Eq 
(34) implies replacement of the collision frequency 
corresponding to a given energy by an average value 
multiplying a Boltzmann factor, making it possible to 
integrate over the velocity by steepest descents. It will 
here that if 2 
molecular speed, and v the volume per molecule, then 


be assumed (SkT'/rm)* is the mean 
the mean distance between collisions for point molecules 
in a liquid is v4 and the collision frequency Q/v' com 
puted for a molecule of radius equal to a molecular 
diameter moving among point molecules should be 
reduced by a screening factor (v//v)4, where v, is the 
free volume in the liquid, i.e., the length of a cylinder 
terminating at the surface of a molecule will be shortened 
by this amount. The collision frequency is then given 
by” 


7, = BpkTC,/(3ardm (35) 


the heat 
Thus, approximately, 


molecular mass and C, Is 
gram at 
(35), which holds for a gas, should be applicable 


where m speciti 


per constant volume 
Kq 


also to a liquid 


The transition probability pi evaluated 


J. M. Jackson and N, F. Mott, Pros Loudon) 
A137, 703 (1932 

” Hirschfelder 
and Liquid John 


p. 6343 


M ole ular 
Inc New 


Bird 


Son 


Theory of Gase 
York, 1954 


Curtiss, and 


Wiley 


and 
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Tasre IIL, (Ethyl alcohol.) a; absorption due to vibrational relaxation; a= total absorption coefficient ; C; internal specific heat for 
single vibrational mode; y= ratio of specific heats; r= vibrational relaxation time; other quantities as defined in the text. 


10°" KZ- 10% Xr 
sec sec 


4.254 1.718 
4.414 1.641 
4.579 1.565 
4.742 1.497 
4.924 1.426 
5.100 1,364 
5.278 1.304 
5.457 1,249 


t 10°* Xa* 


"( em" 10° XP +6 


1,217 
1.224 
1.232 
1,239 
1.248 
1.255 
1.263 
1.271 


25 7.966 
0) 7.946 
$5 7.928 
40 7.912 
45 7894 
SO 7.875 
55 7.857 
“ 7.840 


* See reference 23 


from the quantum mechanical treatment of Schwarz 
and Herzfeld.“ Their result for loss of a quantum hy 
from the first excited vibrational level is 


0.716 w\' /8r'uhv\? 
pi+0* ( ) ( ) (V1.0)? 
[h(1+xkT/0)'+4 1X3 a®}? 


hy ‘ 
xx! exp — (3 + |) (36) 
2kT = kT 


where 4= 4m is the reduced molecular mass, e= depth 
of minimum of Lennard-Jones potential, 4= Planck’s 
constant, and 


| 
| (a*)*WkT 


a* is the force constant obtained by fitting an exponential 
repulsive potential exp(—a*r) to the Lennard-Jones 
curve at the classical distance of closest approach. 
Schwarz and Herzfeld propose to evaluate the distance 
of closest approach for the relative velocity most 
favorable to a transition, corresponding to the steepest 
descents method of evaluating the average of pio 
over the velocities. It is no less reasonable, however, 
to evaluate a* at a fixed point rather than one which 
varies with energy, and in the present paper we shall 
evaluate a* for a molecule approaching with the average 
kinetic energy 447. Then we have” 


12 
a® Ch+4(1+D)4)"14+ (14+D)'+D), 

rol 
where 


D=(4kT+0)/€ 


and ro is the zero of the Lennard-Jones potential. 
Vi40 is the matrix element of the factor in the inter- 
molecular potential involving the internal vibrational 
coordinates, calculated with harmonic oscillator wave 


1 R. N. Schwarz and K. F. Herzfeld, J. Chem. Phys. 22, 767 
(1954). 

*? Schwarz, Slawsky, and Herzfeld, J. Chem 
(1952). 


Phys. 20, 1591 


Cy 10!’ KX Qa/v) 10!’ XK (Qa/v*) 
cal/mole 10°? & (Qai/ v*) sec?/cm sect/cm 
deg sec?/cm (calc) (Verma)* 


1.398 54.28 

1.413 51.68 
1.428 49.17 
1.443 47.04 
1.457 44.18 
1.471 42.45 
1.484 40.71 
1.496 39.29 


105.76 106.0 

101.09 98.4 
96.19 96 
91.71 93.8 
87.39 91.8 
84.06 90.4 
80.75 89.2 
78.05 87.8 


functions. For a symmetric diatomic molecule, 
V 1.40= (a*/2B8V2) exp(a*?/88*), B?=4x*vm/h, 


and we shall adopt this value here. The force constants 
were obtained from data of Titani, reference 20, p. 1112. 

The transition probability and vibrational relaxation 
time calculated from (33) and (36) are given in Table 
III, together with the absorption coefficient a, given 
by [reference 7, Eq. (6.16), with w K wo | 


2a;/v? = (49?/c)r(Ci/C,) (y—1). 


In this equation C; is the contribution to the specific 
heat from the vibrational mode in question, C, the 
total specific heat at constant pressure. The total 
absorption coefficient a=ay+a,+a; is also given, along 
with the experimental values of Verma.™ 


DISCUSSION OF RESULTS 


It appears from the calculations in Table III that 
thermal relaxation is indeed a possible mechanism for 
acoustic absorption in ethyl alcohol. The agreement 
with experiment is quite close in the range 25-45°C, 
and disagreement above 45°C might be attributed to 
the influence of other vibrational modes. The calcula- 
tions are so sensitive to the force constants and methods 
of fitting the exponential to the Lennard-Jones poten- 
tial, however, that very close agreement must be 
regarded as largely fortuitious. For a precise calculation 
of a vibrational transition probability, one must know 
a great deal about the repulsive valence forces between 
molecules, since these primarily are involved at the 
high energies effective in inducing transitions. Further- 
more p;..0 is proportional to the square of a coefficient 
expressing the way in which the internal coordinates 
enter into the intermolecular potential function. Thus 
with our present knowledge of the force laws, we 
cannot hope for more than order-of-magnitude results. 

Ultrasonic absorption and dispersion measurements 
by Lyon and Litovitz™* in n-propyl alcohol in the 
temperature range 0 to —155°C indicate that at 

~ 130°C there is a distribution of relaxation times, and 


%G.S. Verma, J. Chem. Phys. 18, 1352 (1950). 
* T. Lyon and T. A. Litovitz, J. Appl. Phys. 27, 179 (1956). 
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it is possible, assuming such a distribution, to derive 
expressions which fit the observed values for the 
complex bulk modulus at various temperatures. The 
compressional and shear viscosities are also found to 
be equal within experimental error, suggesting that a 
structural mechanism is responsible for the observed 
properties. This does not necessarily contradict the 
assumptions of the present paper, since we have 


PHYSICAL REVIEW VOLUME 


EQUATION 


OF STATE 637 
assumed here that the theoretical model to be used at 
temperatures substantially below room temperature, 
where large molecular aggregates may occur, as 
suggested by Yoshida,‘ is quite different from that 
applying at room temperature and above. It is only in 
the latter region that a thermal mechanism should be 
considered, since the vibrational relaxation time will 
be very long at lower temperatures. 
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Spectrum of Target Bremsstrahlung at Small Angles*} 


A. SirLiIn 
Laboratory of Nuclear Studies, Cornell University, Ithaca, New York 


(Received February 7, 1957) 


The combination of Schiff’s energy-angle distribution for the 
radiated photons and a Gaussian-like theory of multiple scattering 
for the incident electrons is studied. The emphasis here is placed 
on a detailed consideration of the influence of screening as ex- 
pressed in the Schiff’s theory 

An expression for the forward radiation is first developed, which 
is valid for values of \<<1 and for any value of p (A and p being 
parameters which essentially measure the importance of multiple 
scattering and screening, respectively). This result shows that the 
deviations of the actual forward spectrum from the integrated 
spectrum of the intrinsic distribution are appreciable even for 
small values of A, the corrections being largest for complete 
screening and negligible for no screening 


INTRODUCTION 


N a recent paper, the angular distribution of brems- 

strahlung from targets of moderate thickness (which 
are frequently used in betatrons and synchrotrons) 
was studied on the basis of Schiff’s energy-angle dis- 
tribution for the radiated photons and Moliére’s com- 
plete theory of multiple scattering for the incident 
electrons.'~* 

The necessity of using an expression based on the 
complete theory of multiple scattering in order to ob- 
tain accurate agreement with experiment at moderate 
and relatively large angles (921) was emphasized. On 
the other hand, at sufficiently small angles, it is reason 
able to expect that a very good approximation will be 
provided by the contribution of the Gaussian-like term 
of the scattering theory to the final expression for the 
energy-angle distribution of the photons. The treat- 


ment of this contribution which in I was called the 


* Supported in part by the joint program of the Office of Naval 
Research and the U. S. Atomic Energy Commission 

t A summary of some of the results of this paper were presented 
before the 1956 Washington meeting of the American Physical 
Society. 

1A. Sirlin, Phys. Rev 
will be referred to as I. 

21. I. Schiff, Phys. Rev. 83, 252 (1951) 

3G. Molitre, Z. Naturforsch. 3a, 78 
Phys. Rev. 89, 1256 (1953). 


101, 1219 (1956). Hereafter, this paper 


(1948); H. A. Bethe, 


The case of complete screening is then studied exactly both for 
the forward radiation and the angular distribution, The latter 
results show that the integrated spectrum approximation is a good 
one when @2y/Eo and «1. In a particular case, the theory pre 
dicts that the angular distribution (normalized to unity at @=0) 
is somewhat broader for complete screening than for no screening 

An exact treatment of the forward radiation is given for the 


cases of complete screening and no screening. Finally, an expres 


sion is developed, which yields the same result as the exact treat 
ment for complete screening and no screening and provides a good 


approximation for intermediate screening 


“zeroth-order term” of the photon distribution was 
exact (in the frame work of the Schiff theory) in the 
case in which the screening of the nucleus by the outer 
electrons is neglected, On the other hand, the treatment 
of the screening and, more specifically, the determina 
tion of the “screening angles” x, and x» [ Eqs. (9) and 
(9a) of I} were only approximative. 

Both theoretical and experimental arguments may be 
advanced to show the necessity of a more detailed 
study of the betatron spectrum at small angles. In the 
case in which the characteristic width w/o of the 
bremsstrahlung distribution is small in comparison with 
the width of the multiple-scattering distribution [i.e., 
when A1, see Eq. (2) ], it is a well-known theoretical 
prediction that the shape of the spectrum is roughly 
independent of angle and is given approximately by the 
integrated spectrum of Schiff’s intrinsic distribution.‘ 
This argument is valid for angles 6 large in comparison 
with u/#» (but not large in comparison with x78), and 
it is based on the fact that, under those circumstances, 
the electron angular distribution is a very slowly vary 
ing function of angle so that it may be taken out of the 
convolution integrals. This, however, is not a very good 
approximation when 6S/o. As will be shown later, 

‘LL. I. Schiff, Phys. Rev. 70, 87 (1946); J. D. Lawson, Nu 


cleonics 10, No. 11, 61 (1952). Of course, in that approximation 
the whole spectrum is multiplied by an angle-dependent function 
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corrective terms arise because of the logarithmic peak 
0), and these corre 

tive terms modify the shape of the spectrum even for 
very small values of A and, especially, for the low 
energy quanta.’ When @ increases well beyond y/£z, 
these corrective terms become negligible. For 0S u/E, 
and A1, the corrections are largest in the region of 
complete screening and they are negligible in the region 


of the scattering distribution at 0 


of no screening. The effect in the low-energy part of the 
than that 
sponding to the integrated spectrum of the intrinsic 


spectrum is to give a value lower corre 
distribution. 

All this points to the result that, for <1, the angular 
distribution (normalized to unity at 6=0) of the spe 
tral components corresponding to complete screening is 
somewhat broader than that of the components corre 
sponding to no screening. (The magnitude of these 
predicted differences is not very large; see Fig. 3.)° 

It is the aim of this paper to study the shape of the 
spectrum at small angles, taking a more detailed ac 
count of the influence of the screening on the basis of 
Schiff’s distribution for the intrinsic bremsstrahlung. 
rom the experimental standpoint, the interest of that 
study is based on the fact that in some of the modern 
accelerators, because of the large incident energies 
available, a considerable part of the spectrum lies on 
the region in which the screening is important. More- 
over, there are already some indications of rather large 
variations in the experimental angular distribution of 
different components of betatron radiation.’ This, again, 
indicates the necessity of a theory which may provide 
a more detailed description of the whole spectrum at 
small angles 

In order to maintain a reasonable mathematical 
simplicity, we shall limit ourselves to the treatment of 
the zeroth order term in the sense of I. We must bear 
in mind that this is justified only in the case of rather 
small angles (= x 7B) 

In See 
trum valid for any value of the screening parameter p 
1, keeping 
terms of order Ind and terms independent of . Terms 
of order A(Ind)? or higher are neglected. It will be 


8, a simple expression for the forward spec 


[see Eq. (4a) | is developed in the case A<% 


apparent that the approximation of the forward spec 
trum by the integrated spectrum of the intrinsic dis 
tribution corresponds to keeping only terms of order 
In(yA), where Iny is Euler’s constant 


In Sec, C, an expression for the angular distribution 


Ihe rather large deviation of the actual forward spectrum 
from the integrated spectrum was also found independently by 
numerical methods by E. Hisdal [ Phys. Rev. 105, 1821 (1957 

* It is convenient to bear in mind that the region of complete 
xtends from the low-energy limit of the photon spec 
of the photon energy consistent with the con 


(4a) 


the region of no screening extends from the high-energy 


screening ¢ 
trum up to values 
dition p»1, p being the screening parameter defined in Eq 
Similarly 
limit up to a value of the photon energy consistent with the 
condition pl 

7R. M. Warner and Ek, I 
(1954) 


Shrader, Rev. Sci Instr. 25, 663 
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in the case of complete screening is exactly worked out, 
the results being expressed in terms of one-dimensional 
integrals which may be calculated numerically for any 
value of \. In the case of the forward radiation, these 
integrals reduce to series which may be readily evalu- 
ated for \S1 (Sec. D). 

This, together with some of the results of I, provide 
simple and exact expressions (within the validity of the 
Schiff theory and the zeroth-order approximation) for 
the dependence of the forward spectrum on the target 
thickness 7 in the extreme cases of complete screening 
and no screening. 

Finally, in Sec. E 
spectrum is given for \S1, which yields the same re- 
D in the cases of 


an expression for the forward 


sults as the exact treatment of Sec. 
complete screening and no screening and provides a 
approximation in the intermediate 
screening. 


good case of 


A. GENERAL EXPRESSIONS 


According to Eqs. (4), (2d), and (3) of I, the expres- 
sion for the combined energy-angle distribution in the 
zeroth-order approximation reads 


dn 277 fe“? 
IdIN T ( 


n 137\y 


Pd) ddd 


XK { (2—2n+7n*)K (,A) — (2—9)*7 72 (0A) 


4(1—n) (4) (9 A)—L© WA) ]}, (1) 
where 
2 
(9) -(14+-9°/Xd) 
ny 


(la) 


120° 
(i) 
d” 


(1-+-0°/r)~4, 


) 
(9) Kk —(1408°/A)-* InM (W/X), 
A 


12” 
POO) x 
d? 


L© (dd) (1+0?/X) 4 InM(?/A). = (1d) 


Following the notation of I, the symbol f(#)*g(d) 
means the convolution of f(%) and g(d) in the plane of 


#, uw is the rest energy of the electron, 7 is the ratio of 
the photon energy & to the energy /» of the incident 
electron, 7 is the total target thickness, and 


I=0/[x.(T)B(T) | (le) 
is Moliére’s reduced angle {@ is the geometrical angle 
and the functions x.(7) and B(T) are given in the two 
papers of reference 3 |. 

The parameter A, defined by 


h=p?/[ Ex 2(T)B(T) 
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measures the relative importance of the influence of 
multiple scattering on the final distribution of the 
photons: A-»0 means that the final angular distribution 
of the photons is essentially determined by the multiple 
scattering distribution while \-« that the 
influence of multiple scattering is negligible.® It should 


means 


be noticed that for H)>>u, which is the case of interest 
here, x.°B varies with the energy as Ey’, so that X is 
independent of Ky. In this case, then, A is only a func- 
tion of Z, the mass number A, 
T of the target. 

In the zeroth-order approximation, according to 
Eqs. (2d) and (11) of I, the distribution 
reduces to 


l 
PO (9) of exp wv /r)dr/r 


where Ei(—.) is the exponential integral as defined in 
Jahnke-Ende.’ The distribution /) (d)ddd represents, 
of course, the total number of electrons which have 


and the total thickness 


electron 


2 Fi(—v?), (3) 


’ 


been scattered through a reduced angle 3 about the 
incident direction at any point of their path through the 
target, 

The influence of the screening is contained in the 
M (/X), 
expression : 


function which is defined by the following 


Z*\? 

( (4) 
111 (1+&)? 9? 

Ey Z* 1 

mw 111\n 


The parameter p measures the relative importance of 


M (é) 


where 


(4a) 


the screening in Schiff’s theory: p<1 means no screen 


ing while p>1 means complete screening. 

Equations (1), (1a), and (1b) correspond to Eqs. (5), 
(5a), and (5b) of I. Useful and exact expressions for 
1 (d,A) and J (d,A) have been given in Eqs, (12), 
(13), (14), (14a), (B,5), and (B,9) of I. On the other 
hand, the evaluation of the functions K (JA) and 
L(d9,\) given in Eqs. (5), (9), and (9a) of T was only 
exact in the case of no screening. The influence of screen 
ing was taken into account only approximately. 

In order to simplify the notation, the superscript (0) 
in the functions /, J, K™, and L™ will be omitted 
in the following sections. We must remember, however, 
that all the results of the present paper correspond to 


the zeroth-order approximation 


®’ The fact that the value of the function y2(1)B(t) is taken at 
t=T7 has been mathematically justified in paper I | 
after Eq. (8) of I]. If the use of any other Gaussian-like theory of 
multiple scattering is desired, it is sufficient to replace in Eq. (2 
the quantity x2(7)B(T) by the vidth of such di 
tribution law 

* FE. Jahnke and F. Emde 
tions, New York, 1945 
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B. FORWARD SPECTRUM FOR <1 


In the case of the forward radiation (d=), the fol 
lowing exact expressions valid for all values of \ have 


been derived in I: 


T(O,A)/2 


T(O.X) f. 


In that case, it is easily seen that Eqs. (le) and (1d) 


reduce to 


s 


2f Kil —AE) (1+ £)?* InM (E)déE, 


( 


K (0X) 


£ 


L(0,A) 2f Ki(—AEVECA+E)“ InM (Ede. (60) 


In principle, these integrals may be worked out numeri 
cally. Unfortunately, they involve three parameters, 
7, X, and p, spreading over a very large range of values 
of experimental interest, so that such a tabulation would 
be very laborious. 

In this section, expressions valid for A<1 will be 
given keeping terms of order Ind and terms independent 
of A. ‘Terms of order A, A(InA)*, A Ind, or higher will be 
J(0,Xd) 
‘The neglec { 


neglected. In this case, /(0,A) and reduce to 

2 In(yA), where Iny is Euler’s constant 
of terms of order A, A Ind, and higher is equivalent to 
the replacement of Ei(—A&) by In(yAé) in Ieqs. (6) and 


(6a), so that 


s 


K (0,\) af In(yAE) | 


tO(rAA Ind 


2f In(yrAE)E(1 4+ £) 4 In M (8)d3 


1+)? InM(&)d3 


LO.) 


tFO(AA Ind« (60) 
These integrals may be solved exactly by partial in 
teygrations or by contour methods, and the following 
results are obtained 

2 Int vA)I InM (0) 4-2 


2 tan ‘p/p 


K(0X) 


try (p)+O(AA Ina 


L(0,X) 2 In(yA) 


1 InM (0) 


tCry(p)+O0A,A IndA+ ++), (Za) 





A; StRiAnNn 





0 Corrected Forword Spectrum 
for 2&,2 
d#0.01,=2 +3, z79 


I integrated Spectrum | 
| 








See ae 
04 5 a6 OF O68 ag 10 


— 


.% 
Eo 


ric, 1. Comparison between the integrated intensity spectrum 
of the intrinsic distribution [multiplied by —2In(yA) ] with the 
forward intensity (as given in Sec. B) in the case Z=79, \=0.01 
and 2/oZ4'/(111p)=3. The latter is calculated on the basis of 


Iq. (1) (expression between curly brackets), and Eqs. (7) et seq 


in which terms of order \ and higher are neglected 


where 


) 
Gi(p)=In(1 be") In(1+p*)+ tan | 
p 


p)’ F(p*), (7b) 


3 y 
Go(p) = In a) ,In( t)( { i)4 
p 
5 ; 
2(tan w(t + Jes tan’ 'p— F'(p’). 
p p 


Here /’(y) is the Spene e’s function detined by 


I (y) f In(1+d)dt/t. 


(7c) 


(7d) 


Useful expressions for the evaluation of /(y) are given 
in Appendix A.!° 

If the contributions of G,(p), Go(p), and the terms of 
order A, A Ind, 
the forward spectrum given by Eq. (1) is proportional 


, are neglected in Eqs. (7) and (7a), 


to the integrated spectrum of the intrinsic distribution, 


which is the approximation used in the literature.‘ 


Thus, for A<1, the functions G,(p) and G2(p) give the 


main deviation from the integrated spectrum. 


In the case of no screening (p-0), Gy(p)-0 (14= 1,2)."' 


” ‘Tables of (vy) as well as useful relations involving this func 
tion are given by K. Mitchell, Phil. Mag. 40, 351 (1949) 

" The fact that G;(p) (¢=1, 2) vanish for p=0 may be easily 
understood mathematically as follows. It is clear that the G,(p 
come from the contribution of Ing in Eqs. (6b) and (6c). Now, for 
p 0, InM(£) is independent of &, so that Inf contributes integrals 
of the form f0" (1+ &) **""! Inédé, where n is a positive integer 
It is easy te see that these integrals vanish 


For complete screening (p>), Gi(*)=—4n* and 
G,(*)=4—4r". For finite p, the values of G;(p) lie 
between zero and these two extremes. 

In Fig. 1, the effect of the corrections G;(p) is illus- 
trated for a particular case. The intensity spectrum 
given by Eq. (1) (expression between curly brackets) 
and Eqs. (7) et seq. is compared with the integrated 
intensity spectrum of the intrinsic distribution multi- 
plied by —2 In(yA). The latter is given by the expres- 
sion between curly brackets in Eq. (3) of reference 2. 
It is apparent that the deviations from the integrated 
spectrum are appreciable for low- and intermediate- 
energy quanta. 

The main limitation of the results of this section is 
the fact that the terms of order \, A Ind, --- have been 
neglected, Fortunately, these higher order terms in the 
expression for the forward radiation may be worked out 
exactly in the extreme cases of no screening and com- 
plete screening. The results for these two limiting cases 
will be shown in Sec. D. 


C, COMPLETE SCREENING, ANGULAR 
DISTRIBUTION 


In this section, the problem of the angular distribu- 
tion is studied in the extreme case of complete screen- 
ing (p>>1). The importance of this limiting case is 
based, of course, on the fact that in some of the modern 
accelerators, because of the high energies available for 
the incident electrons, a considerable part of the photon 
spectrum lies in the region p>1. 

In the limit p-»>*, when one remembers Eqs. (1a) 
and (4), it is clear that Eq. (1c) reduces to 


2 In(111/Z4)1(d,d) 
+ Fd) (4/A) (14-09°/A) 2 In (14 


K (dA) 
v*/r). (8) 


In order to evaluate the integral of Eq. (8), use is made 
of the folding theorem for the Bessel function Jo. 
Remembering Eq. (3) and using the well-known expres- 
sion for the Bessel (Fourier) transform of the Gaussian 
function [ see Eq. (B1) of Appendix B |, we get 


gy) f fomr onan f 


) 0 


exp(—4"r/4)dr. (8a) 


The Bessel transform of the second folding factor of 
Eq. (8) admits the following integral representation 
(see Appendix B): 


4 “ 
T (yd) (14-087/X)-? In( 148 /A) ddd 


AY 9 
. a, 
- of exp a- ) Inada 
0 4a 
L yr 
{ wy f exp( a ) ae, (8b) 
0 4a 


h(y) 
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where y(1) is the logarithmic derivative of the factorial 
function as defined in Jahnke-Ende. By virtue of the 
folding theorem, we get 


F (9) (4/d) (1+-0?/d)~? In (14+02/d) 


J Jotonracrdetaday. (8c) 


Observing Eqs. (8a) and (8b), we notice that in Eq. 
(8c) the integration over y is essentially the Bessel 
transform of a Gaussian function, so that it may be 
carried out immediately using Eq. (B1). By remember- 
ing the integral representation of /(#,A) given in Eq. 
(10) of I and performing the integration over r, the 
following result is finally obtained : 


111 
K (3A) of in( ) Fv) |70.0) 
Zi 
wa Xa xa 
~af e* na Fi ' ) -ri(- ) fc, (9) 
0 A a + A 


where «=0*. An analogous method leads to 


111 
L(A) oin( ) v9) fron) 
Zi 


was va va 
nite if ig na Fi - ) Fi( ) 
0 A a + PN 
A xa xa 
| exp( ) exp( ) é«. (9a) 
atzA a+X A 


The integrals involving Ei(—xa/A) and exp(—.xa/d) 
in Eqs. (9) and (9a) may be easily reduced to closed 
form (see Appendix C). However, no simple closed 
expressions for the integrals involving Ei(—«a/(a+A)) 
have been found. For a given value of x and X, the 
expressions in Eqs. (9) aud (9a) may be evaluated 
simply by a combination of numerical and analytical 
methods (see Appendix C). 

In Fig. 2, the intensity spectra predicted by Eq. (1) 
(expression between curly brackets) and Eqs. (9) and 
(9a) for \=0.01 at various angles are compared with 
the approximation in which the energy-angle distribu 
tion isrepresented by the integrated spectrum multliplied 
by the angle dependent function 2 Fi(—x—A). 
Strictly speaking, the approximation used in the litera 
ture, in which the electron distribution /'(#%) is regarded 
as slowly varying in comparison with the intrinsic 
photon distribution o(%) leads to an energy-angle dis- 
tribution given by the integrated spectrum multiplied 
by F(d). However, as (3) diverges at d=0, in order to 
compare that approximation with the exact results of 
this section, the next best choice has been of replacing 
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2+79,d#0.01, Complete Soreening 
2Ei(-x-A)x 
Integroted Spectrum 
——— :Exoct 


Fic. 2 
the integrated spectrum ap 
proximation with the exact 
results at various angles in 
the case \=0.01, Z=79 and 
complete screening. The 
latter are calculated on the 
basis of Eqs. (12) and (13) 
of I and Eqs. (1), (9), (9a), 
and (C,4) of this paper 


Comparison of 











\), that gives the value quoted in 
the literature for )=0 and A1 and is a good approxi 
mation of the functions /(#) and J(#) for A<<1 and 
d<1 [see Eqs. (12) and (13) of I]. We see that the 
difference between this approximation and the exact 
Q, is rather small for 0 
and is negligible for 0= 5y/ Eo. 

This behavior is easily understood as follows. The 
integrated spectrum approximation is based on the 
fact that, for «1, the electron distribution /(J) is a 


’ 


F(d) by —2 Fi(—a 


results is largest for 0 2u/ Eo, 


very slowly varying function of angle in comparison 
with the intrinsic distribution (which in the limit A—+0 
behaves like a 6 distribution), so that it may be taken 
out of the convolution integrals. This argument is valid 
for angles 6 larger than y// [but not large in compari 
son with x-(7')B4(T); see below ]. When 0S u/Eo, this 
is not a good approximation because of the logarithmic 
divergence of (J) at d=0. 

In order to have a more physical picture, let us first 
limit ourselves to the case 6=0. Most of the radiation 
at 6=0 comes from a cone of width w//» about that 
direction. Now, as shown by the logarithmic peak of 
(Jd) at d 
nantly scattered in the forward direction, This means 
that the contribution to the total forward radiation of 
the forward-emitted photons is more heavily weighted 
than that of the photons emitted through a finite angle 
This explains the deviation of the forward spectrum 
from the integrated spectrum. As we see from Figs. 1 
in the region of complete 


Q, in that cone the electrons are predomi 


the exact calculations 


and 2, 
Q a value lower than that corre 


screening give at J 
sponding to the integrated spectrum. If we now consider 
the final radiation at an angle @ well beyond y//», the 
forward-scattered electrons will not contribute. Then, 
if <1, F(d) will be nearly a constant in the interval 
of width u/E»y about 6, so that the contribution of all 
the photons will be equally weighted throughout that 
may expect the exact 
solution to coincide with the integrated spectrum ap 


cone. Thus, in this case, we 
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Angulor Distribution 
for #001, 2*79 Fic. 3. 
angular distribution (normal 
ized to 1 at 6=0) for complete 

Complete : ; : 
Screening, screening and no screening in 
9*0 the case Z=79 and A=0.01 
The curve for complete screen 
ing is calculated for »=0 and 
may be read partially from 
Fig. 2. The curve for no screen- 
ing is calculated for n=1, in 
which case it is given exactly 


by 1(8)/1 (0) (Eq. (12) of T) 


No Screening, 
ql 











proximation, as is shown in Fig. 2 for the case of 
complete screening. 

For 6> x,/!, this intuitive discussion is complicated 
by the fact that the zeroth-order approximation [Kq. 
(3) | is not correct and the terms of order B~! must be 
taken into account [see Eq. (2d) of I]. In that case the 
final distribution is influenced by the relative values of 
the parameters \ and B-. We shall not enter however, 
into a discussion of this region. 

On the other hand, in the case of no screening and 
A1, the integrated spectrum approximation is very 
good even for the forward radiation. This is connected 
with the rather fortuitous cancellation of the functions 
Gi(p) for p—+0 (see footnote 11). 

As a consequence of the discussion given above, we 
should expect the angular distribution (normalized to 
unity at zero angle) to be somewhat broader for the 
spectral components corresponding to complete screen- 
ing than for the components corresponding to no 
screening (see reference 6). This is illustrated in Fig. 3 
for \=0.01. The curve for complete screening has been 
calculated for the spectral component »=0 from Eqs. 
(1), (9), and (9a) and may be also partially obtained 
from Fig. 2. The curve for no screening has been calcu- 
lated for n= 1 and is then given by the function /(#,A) 
[ Eq. (12) of 1]. It is seen that, for \=0.01, the differ- 
ence between these two extreme cases is not very large, 
being at most of the order of ten percent. For the case of 
intermediate screening, the angular distribution for 
A=0.01 is expected to lie between the two curves of 


Fig. 3. 


D. COMPLETE SCREENING, FORWARD SPECTRUM 
In the cases of the forward radiation (8=0), Eqs. (9) 


and (9a) reduce to 


K (0,\)/4=[In(111/Z4)+-(1) ] 


1(0,A)/2—X (A), CS. (10) 


L(0,\)/4= [In (111/24) +y(3) J (0A) /2 
+AL X (A) +-7(0,A)/2]+y(1) 


—(1+A)V(A), CS. (10a) 


where the abbreviations C.S. mean complete screening 


Comparison of the 


and 
a 


xa)= f e€~* Ina In(1+-a/A)da, 


0 


(10b) 


Y (Xd) f ¢%a Ina In(1+a/d)da. (10c) 


0 


For \<1, these integrals may be readily computed 
from the following exact expressions, whose derivation 
is sketched in Appendix D: 


X(a)=Ei(—d)[Fi(a)—In(qa)] 
+e(Ei(—X)—Ind TEi(—d)—In(yA)] 
+4(e*+-1)[$2?+ (Iny)* ]4+-4 (1—e*) (Ind)? 


+Iny Ind+e> . ee ~ +E (—A)"S, (10d) 
V (A) = Ei(—A)[ Ei(A) —In(yA) J 
+e*LEi(—A)—Ind JLEi(—A) —In(yA) J[1—A] 
+ Le*(1—A) +1 J[hx?+ (Iny)*]— (1 +e) In(yA) 
-4[e*(1—A) — 1] (Ind)?+- (1+ Iny) Ind 


o (—A)"f1 1 w 
—e> — |—- |-2 (—A)"Pa, (10e) 
n=2 (n—2)!Ln® (n—1)*] nme 
where 
» (y-n—1)!—11 
S,.= 2 ss z= ’ 


vent vy! wel 


(10f) 


1 »-11 
P,=(n—1)S,—— >. -, 
nm! w= p 


(10g) 


and Ei(A) is defined in Jahnke"and Emde. 

In Appendix D, a simple and exact method to evalu- 
ate the leading S, is explained. The results up to n=4 
are the following: 


S2=3(S—4r*); Ss=3(hx?—1); 


1 157 
— ( w), (10h) 
4!16\ 12 


TABLE I. The functions X (A), V (A), 14-&:(A), and 14+-£2(A). 


S,= 4s": 


a» 1+£8:(A) 1 +&:2(A) 


1.880 
1.797 
1.734 
1.644 
1,552 
1.469 
1.382 
1.282 
1.213 


—0.849 1.971 
—0.568 
0.03 —0.389 
0.055 —0.187 
0.1 — 0.0339 
0.17 0.0615 
0.3 0.122 
0.6 0.144 
1.0 0.134 


0.01 
0.019 
1.884 
1.749 
1.587 


1.387 
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The functions X(A) and Y(A) are plotted in Fig. 4 as 
functions of Ind in the range 0.01<A<1 (see also 
Table I). In that region Y(A) may be represented very 
accurately by a linear function of Ind. 

Equations (1), (5), and (5a) together with Eqs. (1) 
el seq. provide an exact expression (in the framework of 
the Schiff’s theory and the zeroth-order approximation) 
for the forward spectrum in the case of complete screen- 
ing. The corresponding results for the case of no screen- 
ing are given by Eqs. (1), (5), and (5a), and by the 
relations: 

N.S. 
NS. 


K(0,\)=InM(Z 
L(0,\)=InM (Z 


0)7(0,), 
0)J(0,d). 


(11) 
(11a) 


E. INTERMEDIATE SCREENING, FORWARD 
RADIATION 


In this section, an expression is given for the forward 
spectrum, which yields the same results as the exact 
treatment of Sec. D in the cases of complete and no 
screening and provides a good approximation in the 
region of intermediate screening. 

According to Eqs. (4) and (6), we may write 


K(0,\)=K (0,A)c.s 


+2 f Ki(—A£)(1+&)* In[ 1+ (1+ £)?/p? dé 


0 


K (0,A)c.8.—In[ 1+ (1+&1)*/p? J7(0,A), (12) 
where & is a certain intermediate value of & and 
K(0,A)c.s, is the expression for K(0,A) in the case of 
complete screening [see Eq. (10) ]. Equation (12) gives 
automatically the correct answer for the case of com- 
plete screening (p> ). The idea of the approximation 
is, then, to determine the intermediate value by re- 
quiring the right hand member of Eq. (12) to coincide 
also with the correct result in the limiting case of no 
screening (o<1). In the latter case, it is easily seen from 
Eqs. (4) and (11) that 

2 In(111p/Z4)/(0,A). 


K(0,A)n.s (12a) 





hic. 4. The functions 
X (A) and VY (A). 
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Fic. 5. The functions 
1+£,(A) and 1+ (A). 











Now we require the right-hand member of Eq. (12) to 
coincide with Eq. (12a) in the limit p->0. Remembering 
Eq. (10), we find that £, is determined by the following 
relation: 


In(1+ &) 2X (A)/1(0,A). (12b) 


¥(1)- 
The solution of this equation is plotted in Fig. 5 as a 
function of Ind and we notice that it behaves practically 
as a Straight line in the region 0.01 <A <1. In fact, with 
an accuracy of a few percent, we may approximate 
1+£,(A) in that region by the formula” 


1+ €:(A)—1.22—0.143 Ind for O.01<A<1. (12c) 
A short table of 14, as a function of \ is given in 
Table I. One way of testing the validity of this approxi- 
mation in the region of intermediate screening, is to 
compare the predictions of Eqs. (12) and (12b) with 
those of Eq. (7) for <1. This comparison has been 
made for A=0.01 and the difference has been found to 
be less than one percent throughout the whole spec- 
trum." Equations (12) and (12b) have been also com- 
pared with the value of K(0,A) calculated by numerical 
integration for p=1 and A\=1 and the error was found 
to be a fraction of a percent. 
An analogous approximation for L(0,A) is given by 


L(0,X) = L(0,A)e.8.— In[ 1+ (14+ €2)?/p? JJ (0,A). (13) 
The function 1+ £2 is plotted in Fig. 5 as a function of 
Ind (see also Table I). 

The forward intensity spectra given by Eq. (1) 
(expression between curly brackets) and Eqs. (5), (Sa), 
(12), and (13) for three different value of d is illustrated 
in Fig. 6 in the case Z=79 and 2FoZ4/(111p)=3. The 
curve for \=0.1 is also compared with the forward and 
integrated intensity spectra calculated from Schiff’s 
intrinsic distribution. These are given by the expres- 
sions between curly brackets in Eqs. (1) and (3) of 
reference 2, respectively. In Fig. 6, the integrated spec- 


2 Tf one so desires, one may use Eq. (12c) to obtain an approxi 
mate closed expression for the function X (A). Inserting Eq. (12c) 
back into Eq. (12b), the following approximation for X (A) is 
obtained in the range 0.01<A <1: X (A)&{ln(1.22—0.143 Ind) 

y(1) Je® Ei(—a) 

‘8Tn making this comparison, we have replaced in Eq. (12) 
the exact K (0,A)c.s. by the approximate value given by Eq. (7) for 
p+. The difference between these two values is due, of course, 
to the neglect in Sec. B of terms of order A,A Ind, 
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Fic. 6. Forward intensity spectra for various values of A in the 
case Z=79 and 2/5Z'/(111u) 3. The curves are calculated on 
the basis of Eqs. (1), (5), (Sa), (12), and (13) 


trum has been normalized to the value of the corrected 
spectrum at the maximum value of 7, i.e., at max 
=1—yp/Eo. Then the forward intrinsic spectrum is 
normalized so as to preserve the original ratio to the 
integrated spectrum (in our case the difference between 
the two last distributions is still significant at mnax 
0.975, although they are identical for an hypothetical 
value Of quex = 1). It is seen that the integrated spectrum 
lies above the forward intrinsic spectrum, the difference 
being greatest at »=0 (about 12%). On the other hand, 
the corrected spectrum lies below the forward intrinsic 
spectrum in the low and intermediate energy region. 
This shows that in this region the forward intrinsic 
spectrum is a better approximation than the integrated 
spectrum. In the high-energy region, however, the cor- 
rected spectrum is better approximated by the inte- 
grated spectrum, though this cannot be observed in 
rig. 6. An analogous comparison with the two cor 
rected spectra for A= 1 and A=0.01 leads to identical 
conclusions. 

This behavior of the normalized curves of Fig. 6 
may be understood again on the basis of the intuitive 
argument used in Sec. C to explain the behavior of the 
curves of Figs. 2 and 3. If by o(6,n) we represent the 
intrinsic distribution, then it is easily seen that, in our 
and for small of n, 7(6,n)o(O,nmnax) 
[ 0 (O,nnax)o(O,n) | first decreases when @ varies from zero 
up to a certain small angle and then it begins to in- 
crease with @ to such an extent that the sum over angles 


case values 


of a(@,n) (integrated spectrum) lies appreciably above 
the value for 6 
is used, On the other hand, when we take into account 


0, if the normalization described above 


the influence of multiple scattering, the contribution to 
the forward radiation of photons emitted at small 
angles is weighted more heavily than that of those 
emitted at larger angles. This may yield, then, a value 
lower than that of the intrinsic forward spectrum. 


For \->® (T- +0), of course, the weighting factor 


behaves like a 6 distribution, so that in that limit the 
actual spectrum coincides with the forward intrinsic 
spectrum, as expected. 
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APPENDIX A 


The following are useful expressions for the evalua- 
tion of the function F(y) defined in Eq. (7d) 


o (—¥)* 
-> for 


9 


n=| n° 


F(y) ly| <1, (Al) 


F (y) =}n?+-4 (Iny)?— F(1/y) for y>1, (A2) 


y 
F(y) r( )+40nc4 vy)? for y>O. (A3) 
I+y 


Use of the relation (A3) is convenient when 0.5<y<1. 


APPENDIX B 


Consider the Bessel (Fourier) transform of the 


Gaussian function 


4 7” va 2 yr 
f IddIT o( yd) exp( _ ) : exp - | (B1) 
AY ny a (4a) 


By multiplying Eq. (B1) by a?! exp(—a) and in- 
tegrating with respect to a from 0 to ©, we get 


¢ 


4 wv Pp 
J oaoo(y)( 1 }- ) 
A 0 Pn 
2 " yr 
J exp| a fe "da. (B2) 
(p- 1) ! 0 (4a) 


By differentiating both members of Eq. (B2) with re- 
spect to p and then setting p= 2, Eq. (8b) is obtained. 


APPENDIX C 


The method which we found most convenient for 
evaluating the integral of Eq. (9) is the following. The 
range of integration is divided into two intervals, one 
from a=0 up to a value a,>>d (say up to a;=10A), and 
then from a; up to,#. The integration over the first 
region is carried out numerically using the difference 
between the two exponential integrals and considering 
sufficiently small intervals. The integration over the 
second interval involving Eil—a«a/(a+A)] may be 
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calculated by means of the expansion 
Kil ~— er (a+ A) Ei( xX) € *\/a } (A a)*e"?| 1 ae x | 
—$(A/a)8e~*[ x? — 4+ 2]+---. (C1) 
If a,=10A, the integrals originated by this expansion 
are elementary and converge very rapidly. The inte- 
gration over the interval a;<a< @ involving Ei(—aa/X) 
may be calculated by using the well-known series ex- 
pansion for Ei(—x) (see reference 9, page 1 et seg.). For 
the sake of completeness, we give now the exact results 
for the integrals involving Ei(—xa/A) from 0 to « 


’ 


which can be given in closed form: 


" xa 
Ay f e * Ina ri( - Ye 
0 A 
A 
r( - t n( t 
r x 
Ay J e a Ina ti( ! 
t | 


x 
x-+ 
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ra 
i Ay | 
A 
x a 
(im) n(14 )| (C3) 


The energy-angle distribution depends much more 
sensitively on the function K(#,A) than on L(A). If 
A<1, it is sometimes sufficient, then, to set =O in the 
integration involving Eil —xa/(a+A) | in the evalua 
tion of L(J,\), in which case we obtain the following 
approximate expression : 


L(A) — [In (111/24) +2 | Bil 


ceob(oD]} 


Because of the approximations involved, Eq. (C4) has 
not the proper asymptotic behavior for large x (it 
should behave asymptotically as a~*), so that Eq. (C4) 
is not valid for «>A. A similar simplification in the 
evaluation of K(#,A) would lead to a much poorer 
approximation. This is due to the fact that setting A=0 
in the integration involving Eil—xa/(a+))] intro 
0. In the case of L(W,d), 
however, the additional factor a tends to diminish the 
contribution of that region. As the final energy-angle 
distribution depends very sensitively on K(#,A), it is 
convenient, then, to evaluate this function by using the 


duces a large error near a 


accurate method described at the beginning of this 
appendix. 
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APPENDIX D 
In order to evaluate XY (A) [ Eq. (10b) |, we write 


e as 


2X (X\) { é a Infa+A) Pda | J e*(Ina)*da 
£ A ? 
J e Jin(: | ) |e (11) 
( a 


‘The second integral is trivial 
a { A so that 


lor evaluating the first 
integral, we introduce u 


x a 


J e “T In(a tA) Pda of e-“(Inu)?du 
i] i 


d 


O° , 
e* p! f e “urdu , 
Op” ) 0 
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(1)2) 


The integral in Kq. (D2) is simply expressed as a series 
in A by expanding the exponential. The last integral in 
Kq. (D1) is evaluated by introducing w=a-+-A and 


making use of the expansion 


[In(1—w) 


‘Then, we get 


it wr 
| du. (DA) 
. » 


1 ps 


‘The last expression is easily evaluated by partial inte 
grations. An analogous method is used in the calcula 
tion of Y(A). 

In order to evaluate exactly the leading S, defined in 
iq. (10f), the essential idea is to interchange the order 


of the summations. lor example, 
S,=) 
a 
vel ply 


Observing that 


we see that Eq. (D5) reduces to 


» | 
Sy » Ws dar? 


M 1 ys? 


A similar method has been used in the evaluation of S», 
S3, and S,. 
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Some aspects of the interrelation of lattice defects and impurities 
in single crystals of germanium have been studied by means of the 
internal friction The logarithmic of Ge 
crystals undergoing small-amplitude longitudinal forced vibrations 


method, decrement 
was measured as a function of temperature, frequency, and con 
centration of impurities and edge dislocations 

A peak in the curve of logarithmic decrement vs temperature 
was found at 380°C, for a frequency of 40 kc/sec. From the peak 
shape and from the dependence of its position on the applied 
vibrational frequency, it was inferred that the peak is due to 
an anelastic relaxation phenomenon time 
T= To exp(H/R1 ), ro 210%"! second H=25+43 


kcal/mole. At high temperatures the logarithmic decrement was 


with relaxation 


where and 


INTRODUCTION 


A RELATIVELY minor fraction of the vast amount 

of research which has been done on germanium in 
recent years has been concerned with the mechanical 
properties of that material. Accordingly, these prop- 
erties are neither as well understood nor even as well 
delineated as the electrical properties. It has been 
shown that the mechanical propertics of metal and salt 
crystals depend primarily on the types and concentra 
tions of lattice imperfections present in the crystals. 
This dependence comes about largely through the inter- 
action of the imperfections with each other and with 
chemical impurities.' The same is probably true in the 
case of germanium. 

Several difficulties arise in the study of the properties 
of lattice imperfections in germanium. Particularly 
the at 
relevant experiments must be carried out. These tem 
peratures are sufficiently high that the danger of 
chemical contamination through the influx of rapidly 
diffusing impurities is appreciable. High temperatures 
are required both for the investigation of the dynamic 


troublesome are high temperatures which 


behavior of dislocations, because of the brittleness of 
germanium, and for the equilibrium generation of 
measurable quantities of lattice vacancies. Contam) 
nation by chemical impurities may change the prop- 
erties under investigation, or, if measurements are 
carried out electrically, may affect the meaning of the 
results obtained, A further and more general difficulty 
with the plastic deformation method, which is com 
monly used to study dislocation properties, is the 
unnaturally severe strain to which the test specimen is 
subjected. This high strain rapidly and _ effectively 
obscures the initial state of the crystal lattice. 
the internal friction, or 
energy dissipation of crystals undergoing forced vibra 
Since 


Measurements of rate of 


tions, circumvent some of these difficulties. 


1A. H. Cottrell, Dislocations and Plastic Flow in Crystals 


(Oxford University Press, Oxford, 1953) 


found to rise with temperature according to the equation 
5 =8, exp(—H'/RT), where H’ = 234-2 kcal/mole. 

A phenomenological interpretation of these results is given in 
terms of a mechanism depending on the interaction of lattice 
vacancies with the edge components of dislocations present in the 
specimens. By using this interpretation, the activation energies 
for the generation of lattice vacancies, for their diffusion, and for 
self diffusion in germanium are derived. The respective values, 
which are 48+4, 2543, and 73+5 kcal/mole, are in agreement 
with analogous values obtained by other observers. It is also implied 
that 10” vacancies/cm* are normally forzen into Ge crystals 
during growth. This concentration corresponds to the equilibrium 
concentration in the vicinity of 550°C. 


investigations of this sort may be made at very low 
strain levels, they do not, in themselves, alter the state 
of the crystals. It is therefore possible to repeat portions 
of experiments on an essentially undisturbed lattice. 
Furthermore, in internal friction experiments it is 
possible to monitor results continuously and thereby to 
determine whether any time-dependent process, such 
as contamination by impurities, is affecting the results. 
The impurity problem in internal friction experiments 
is not as severe as in some others, because of the good 
vacua in which the experiments must be carried out. As 
the experiments are nondestructive, it is possible to 
check some characteristic electrical effects both before 
and after completion of the tests. 

There is, of course, a drawback to this method. 
Experience with other materials has frequentiy shown 
that the unambiguous interpretation of internal friction 
data is difficult.2 Nevertheless, in those cases where it 
is possible to identify the processes giving rise to the 
internal friction, the energy dissipation is often a very 
sensitive quantitative measure of certain parameters, 
such as diffusion coefficient or the degree of cold work. 

The internal friction of a material under alternating 
stress is a measure of the amount of vibrational energy, 
AW, dissipated per cycle relative to W, the total stored 
vibrational energy at maximum strain. The logarithmic 
decrement, 6=2/Q0=AW/2W, will be used in this paper 
to describe the internal friction. 

A large number of effects may give rise to the dissipa- 
tion of vibrational energy. Many of these effects may be 
recognized by a specific dependence of the decrement on 
the externally variable parameters.’ Stress-induced 
viscous motion of dislocations, for instance, would be 
expected to give values of 6 which show a pronounced 
dependence on the amplitude of the applied stress, 
whereas stress-induced diffusive motion of point defects 

2For a review article covering this field, see A. S. Nowick, 
Progress in Metal Physics (Interscience Publishers, Inc., New 
York, 1953), Vol. 4, p. 1. 
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INTERNAL FRICTION AND 
would be expected to yield no such amplitude de- 
pendence, but possibly large frequency and temperature 
effects. 

It is, of course, highly desirable to correlate measure- 
ments of this sort with suitable changes in the state of 
the crystals under investigation. In this respect germa- 
nium is an almost ideal material, considerably superior 
to the metal crystals which have been examined in the 
past. It is available with impurity concentrations as 
low as 10'*/cm’, and with dislocation densities ranging 
from none to approximately 10°/cm?’, for the various 
possible types of dislocations. One’s observations of the 
relative effects on the internal friction behavior of 
plastic deformation, chemical impurities, and lattice 
imperfection concentration may then proceed from a 
low base concentration of these perturbations. 

In these experiments, then, the logarithmic decrement 
of germanium crystals with various impurity and dis- 
location concentrations and crystallographic directions 
was measured as a function of temperature, frequency, 
and strain amplitude. 


EXPERIMENTAL 


Measurements were made by the composite piezo- 
electric oscillator method. In this method, a number of 
components, including two transducer crystals, all 
accurately cut to resonate at a multiple of some basic 
frequency, are cemented together and made to vibrate 
through the excitation of one of the transducers. A 
vacuum tube voltmeter is connected across the elec 
trodes of the other transducer. The frequency of the 
impressed field is varied until resonance is obtained, 
the amplitude of vibration being detected on the gauge 
crystal voltmeter. The output voltage divided by the 
input voltage is proportional to the logarithmic decre- 
ment of the complete composite oscillator. The propor- 
tionality constant is found by photographing an 
oscilloscope trace of the exponential decay of the output 
voltage which results when the drive is shut off. From 
the decay time and the frequency the logarithmic 
decrement may be found. The transducer crystals in the 
present experiment are — 18.5° X-cut quartz, chemically 
plated with silver electrodes on the faces perpendicular 
to the electrical axis. The vibration is longitudinal. 

The decrement of the specimen is found by use of a 
two-step process.*4 The decrement of the complete 
composite oscillator is first measured as a function of 
the parameters which are to be varied. Then the speci 
men is removed and the decrement of the remaining 
oscillator is measured. The decrement of the specimen 
is obtained by simple subtraction, using the respective 
masses of the components as weighting factors. In the 
measurements to be reported here, the complete 
composite oscillator consisted of the two transducers, 
each one-half wavelength long, a long fused silica rod, 


3 J. W. Marx, Rev. Sci. Instr. 22, 503 (1951). 
‘T. A. Read, Phys. Rev. 58, 371 (1940) 
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cut to a length of either four or five half-wavelengths at 
the resonant frequency, and the germanium specimen, 
which was mounted on the end of the silica rod, The 
purpose of the fused silica rod was to separate the 
transducers from the high-temperature region in which 
the specimen must be located for most of the measure- 
ments. The half-wavelength of both germanium and 
silica, for a frequency of 40 ke, is approximately two 
inches. 

The joints between the various parts of the oscillator 
are located at stress nodes and thus have no effect on 
the decrement, as long as the components remain 
closely matched. Beeswax and rosin, as well as Araldite 
AN-101 cement, were used for the room temperature 
joints. The high-temperature quartz-germanium joint 
was made with an RCA ceramic cement similar to 
“Sauereisen.” No differences were found, as expected, 
when these cements were interchanged during room 
temperature tests. 

The high-temperature joint could be cycled without 
cracking between 250°C and any higher temperature, 
as long as very rapid changes in temperature were 
avoided. As the ceramic 
brittle after the preliminary curing, this may be taken 
as an indication that the germanium is still somewhat 
plastic at temperatures as low as 250°C. When the joint 
did crack, after lowering of the temperature below the 
250°C limit, it always cracked within the germanium 


cement becomes extremely 


and/or quartz, rather than in the cement 

The composite oscillator was mounted upright on 
8-mil phosphorbronze wires which pressed on notches 
ground into the transducers at the motional nodes 
These wires also served as electrical contacts. 

The oscillator assembly was enclosed in a long Vycor 
tube, evacuated to approximately 2X10~* mm Hg or 
better, during an entire high-temperature run. The 
vacuum is necessary to eliminate air damping and to 
minimize the possibility of chemical contamination of 


the specimen during a run. ‘The temperature was varied 


by means of a large Globar furnace, mounted immedi 
ately outside the vacuum envelope, the hot zone ex- 
tending one inch or more above and below the sample. 
Temperatures were measured by means of a chromel 
alumel thermocouple mounted very near to but not 
touching the specimens. The readings obtained from 
this thermocouple were standardized once by means of 
three calibrating thermocouples cemented into holes 
drilled at various positions into a test specimen. 

The driving voltage was generated by a BC-221 
frequency meter together with an associated scaling 
circuit and tuned amplifier. A special vernier condenser 
was mounted on the BC-221. Frequency changes of 
two parts per million could be easily obtained and 
reproduced with this arrangement. The BC-221 was 
calibrated by means of a Berkeley decimal frequency 
meter. 

Half-wave germanium specimens 0.25 in. 0.25 in, in 
cross section were cut from crystals grown by the 
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Czochralski technique in [111] or [100] directions. The 
long dimension of the specimens was taken along the 
direction. taken to 
maintain the sides of the bar perpendicular to the top 
and bottom, and to hold taper along the length of the 
bar at or below two mils. The end surfaces were hand 
lapped to the correct length. The lateral surfaces were 
sometimes left as sawed, sometimes surface-ground. 
After completion of mechanical treatment to the sur- 
faces, the crystals were etched in CP-4. One end was then 
reyround to give good adhesion with the Sauereisen 
cement. 


growth Considerable care was 


Several experiments showed that the state of the 
specimen surfaces did not affect the measured value of 6. 
The purpose of the etching was to remove surface 
impurities. 

All measurements of decrements reported in this 
paper were made with maximum strain amplitudes, e, 
such that 10-*<e<10°°, Within this strain range, for 
the temperatures investigated, the decrement proved 
independent of strain. Measurements at several strains 
were taken at each temperature. Errors indicated by 
vertical lines on the graphs represent the high and low 
decrements measured at each temperature point. 

‘The relative accuracy of the decrement measurements 
from point to point and within a particular series of 
measurements, are as good as indicated by the vertical! 
lines on several of the graphs. The absolute accuracy of 
6 from one run to the next is mainly determined by the 
mounting conditions and is no better than approxi 
mately +3 10~°. It was therefore not possible to make 
a direct standard subtraction of the contribution of the 
quartz components of the composite oscillator to the 
total decrement. A standard subtraction of the tempera- 
ture-dependent contributions of the quartz was made in 
each case, An empirical small shift of the base line was 
then added, for cases where the existence of a definite 
base line was indicated by the shape of the obtained 
curve, The temperature variation of the quartz compo- 
nents’ decrement was found to be small and essentially 
unchanged for successive calibration runs. 

In the temperature standardization runs it was found 
that a thermal gradient of ~15°C existed along the 
length of the sample. Since the contributions to 6 of 
each segment of the sample are weighted by the local 
strain amplitude, this is a small effect. Allowance was 
made for changes of temperature at the specimen 
center for those cases in which a significant change in 
geometry was made, as for instance in going from 40 to 
120 ke. The accuracy of individual temperature readings 
is +1.5°C, or better. 


EXPERIMENTAL RESULTS 


The results for rather heavily doped crystals, contain- 
ing 5X 10'* arsenic atoms/cm‘, are shown in Fig. 1. The 
curves plotted here are for three specimens, cut from a 
large single crystal grown in the [ 100] direction. In all 
three cases, the plotted points were taken proceeding 
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from low to high temperatures. It was found upon 
cycling the temperature, that for these specimens the 
curve of 6 vs T was nonreversible, shifting to lower 
temperatures at each succeeding pass, and only return- 
ing to the normal curve at temperatures above 550°C. 
Figure 2 is included to show this effect. The cause of this 
behavior is not understood at present. It was found that 
various heat treatments, or anneals, did not eliminate 
the hystersis. It is possible that the effect is spurious. 
This is unlikely, however, since the same behavior was 
observed in all three specimens cut from this particular 
parent crystal, and was not observed in any other 
specimens, cut from different crystals, which were 
subsequently investigated. It may be noted here that 
one effect was observed which did turn out to be an 
artifact. In observations of the decrement made at 
high strain amplitudes it was sometimes found that the 
decrement oscillated between norma] and very high 
values, with a period of approximately one second. This 
behavior was very similar to the “gasping” reported by 
other observers,’ and ascribed by them either to the 
existence of a dynamic yield point, or to the nonlinearity 
of the oscillations. It was found in the present case that 
this effect was simply due to poor contact between the 
mounting wires and the transducer electrodes. The 
effect was eliminated by modification of the mounting 
technique. 
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Fic. 1. Logarithmic decrement plotted against 1/7°K, for three 

specimens cut from one parent crystal. Only points for increasing 

temperature are plotted. No temperature cycling has occured 
Specimen III is copper-plated 


5]. W. Marx, J. Appl. Phys. 23, 1406 (1952); S. Takahashi, 
J. Appl. Phys. 23, 866 (1952). 
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Specimen III of Fig. 1 was plated with copper 
before the beginning of the run, to see whether this 
impurity would modify the normal behavior. As may 
be seen, it did not initially change matters, although 
adequate time for diffusion into the germanium was 
allowed. The subsequent hystersis behavior in the 
copper-plated crystal was found to be somewhat more 
erratic than usual. 

It may be seen that the high-temperature part of the 
curve of 6 vs T approximately follows the equation 
E/RT, (1) 


logé logdo 


where H-~22 000 cal/mole, and 6967. At lower tem- 
peratures, the exponential variation of 6 with 1/7 seems 
to be masked by a superimposed peak. 

The next series of measurements were performed on 
crystals having an impurity content approximately 
equal to 10" donors/cm*. Specimens were cut with the 
major axis along growth directions which were [111 | 
and [ 100 |. Several examples of the curves obtained are 
shown in Figs. 3(a), (b), (c). In most of these cases 
measurements were confined to the temperature region 
below 500°C, in order to limit irreversible effects. It 
later became apparent that no appreciable hysteresis 
occurs in these crystals, even if they are heated as high 
as 750°C. 

A small but well defined peak in the 6 vs 7 curve was 
observed in the neighborhood of 380°C. As the curves in 
‘ig. 3 show, there was some variation in shape and 
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F1G. 2. Logarithmic decrement plotted against 1/7°K. Effect of 
temperature cycling in heavily doped (5X10'® impurity atoms/ 
cm) crystals. The indicated times are annealing periods within 
the indicated temperature range. 
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lic. 3. Decrement plotted against 7°C for four specimens cut from 
three different parent crystals 


height of the peaks obtained from different specimens, 
even if these originated from the same parent crystal 
It was found, however, that when several of these 


peaks were referred to a base line, as outlined above, 


and when a plot of logé vs 1/7’ was made, the low-tem 
perature side of the curve was nearly straight, the slope 
leading to an apparent activation energy. This energy 
was found to agree rather well with an energy //,, 
derived from the width of the peak at half-maximum, 
under the assumption that the peak obeys the usual 
anelastic relaxation equation, 


6= Awr/[ 1+ (wr)? |, (2) 
where 
rH nd 
H,, is given by 
2:63R 
IH, 
A(1/T) smas 


3(b), 
this analysis could not be performed due to the high 
background. The obtained values of //,, as well as the 
height of the peak, the temperature at the maximum, 
and the high-temperature slope, //,, are summarized in 
Table I. It that a 


n-type crystal, having low 


In several cases, such as that shown in Fig 


should also be noted 5 ohm-cm 


boat-grown and edge 


dislocation density, showed a 6 us 7 curve rather 
similar to the atypical one of Fig. 3(b 
The data suggest that a relaxation peak obeying 


Eqs. (2) and (3) is located at 382°C. It may be seen 
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TABLE 1. Observed temperatures, magnitudes, and half-width 
activation energies of the peak in the curve of logarithmic decre 
ment vs temperature, as well as activation energy derived from the 
curve in the high temperature region, for all high resistivity 
specimens. F, D. R. [111] is the edge-dislocation-free specimen 
The plastically deformed specimen is not included. 


Hw (kcal/ 
mole) 


Hn (kcal/ 


T (peak)* (°C) mole) 


3854-15 
(one run only) 
[100] 2 386 
379 
380 


Specimen No 10° X4(max) 


T745N 1 


1675N 386 


[111] 23.8 
1597? 382 50-70» 
[111] 


F.D.R $82 23.4 


iit] 


*ach temperature given is the average temperature obtained from 
several runs with one specimen. 
» Background subtraction uncertain 


from Eqs. (2) and (3), and from the condition for the 
peak maximum, wr= 1, that a change in frequency from 
/; to fe should bring about a correlated change in the 
temperature of the peak maximum. The expected change 
is from 7 to 72, where 


Hi 1 fe 
( ) on( ) (5) 
RX\T, T, fi 


‘To check on this working hypothesis, one decrement vs 
temperature run was made at 60 kc/sec and several 
others at 120 kc/sec. The results, summarized in Table 
II, show that a shift in the peak position is indeed 
observed, corresponding to an activation energy of 
25-+3 kcal/mole. No accurate information regarding the 
peak shapes was obtainable at the higher frequencies, 
due to the severity of the matching conditions. The 
matching was arranged in such a way as to give mini- 
mum background at the peak temperature. A fairly 
accurate determination of that quantity was therefore 
possible (Table II). 

The question of the underlying cause of the relaxation 
effect now arose. As it was felt that dislocations might 
play a rather major role in the process, two further 
experiments were performed at 40 kc/sec, using speci- 
mens with abnormal dislocation densities. 

The first of these experiments employed an intrinsic 


rasie L. Shift in the temperature of the peak in the curve of 
logarithmic decrement os temperature with change in the vibra 
tional frequency.* 


Frequency (ke/sec) 40 60 120 
T (peak Jay °C 3824-2 406+8 420+6 


*® The 60-kc/sec data were taken with one specimen. The 120-kc/sec data 
were taken with four specimens, cut from the same parent crystals as the 
40-ke specimens, in [111] and [100) directions. Temperature calibration 
corrections have been made, 
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Ge crystal with an edge-dislocation density <10/cm’. 
This crystal, one of a series grown by Rosi of this labora- 
tory,’ became available only after much of the previ- 
ously described work had already been done. The dis- 
location density is obtained from a study of the pits 
observed upon etching a (111) face of the crystal in 
CP-4. It has previously been shown that these charac- 
teristic pits are associated with edge dislocation.”* A 
different type of pit, brought out by a different etching 
procedure, and sometimes associated with the presence 
of composite dislocations,* was found to be present in 
the normal concentration of > 10°/cm?. 

The low-edge-dislocation-density crystal was used in 
order to establish what effect the removal of a sub- 
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Fic. 4. Logarithmic decrement plotted against 1/T7°K. The 
successive runs were taken up to successively higher temperatures. 
This specimen had a very low density of etch pits of the kind 
usually associated with edge dislocations. 


stantial portion of the normally present pure edge 
dislocations would have on the observed phenomenon. 
The results of runs with this crystal are shown in Fig. 4. 
It is seen that the main effect of the reduction in dis- 
location density has been to lower the magnitude of 
the high-temperature portion of the 6 vs T curve. The 
slope of that part of the curve, and the 380°C peak 
position and magnitude remained invariant. Since, in 
effect, the background relative to the peak has been 
significantly lowered, the appearance of the peak is 
considerably more symmetric than before. The peak 
*F. D. Rosi, Acta Metallurgica (to be published). 


7 Vogel, Pfann, Corey, and Thomas, Phys. Rev. 90, 489 (1953). 
*S. G. Ellis, J. Appl. Phys. 26, 1140 (1955). 
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symmetry, the values of the energies derived from the 
slopes of the peak sides and of the width then lend 
further credence to the hypothesis that a relaxation 
effect is responsible for the peak. 

From this experiment, then, one may infer that some 
details, but not the characteristic features of the 
dependence of the decrement on temperature are in 
part determined by the general crystal perfection. 

The next, and final, experiment in this series was 
performed in order to test the effect of increasing, rather 
than reducing, the dislocation density. A germanium 
bar, cut approximately to sample shape from a 30 
ohm-cm n-type crystal, was severely deformed at a 
temperature of 875+ 25°C, in a vacuum of 10~ mm Hg. 
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Fic. 5. Logarithmic decrement plotted against 1/7°K. The 
open circles represent points taken with a plastically deformed 
specimen. The dashed line is the curve of Fig. 4, drawn in for 
comparison. 


The deformation was carried out by placing the 
specimen on quartz ledges, leaving the center free, and 
applying a force from above the center. The crystal was 
first bent to an angle of 13°, the bend being distributed 
over a length of approximately one cm. After the 
initial bend, the crystal was turned and bent essentially 
straight again. The cooling rate was of the order of 
100°C /minute. In order to establish the correct sample 
geometry and dimensions, the specimen was subse- 
quently surface ground and etched in the normal 
manner. It was found after this treatment that the 
crystal had not undergone thermal conversion, except 
at the very ends. 

The rather striking decrement vs temperature curve 
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obtained with this crystal is shown in Fig. 5. The 
normally present peak has almost entirely disappeared. 
In the high-temperature region, the dependence of 
6 on 1/T is unchanged, except for an increase in level by 
one order of magnitude. 

From this experiment, and from the immediately 
preceding one, it is apparent that the behavior of the 
decrement does not depend on the dislocation density in 
any simple way. In the next section, an attempt at a 
phenomenological theory will be presented. 


DISCUSSION 


It appears from the experiment that the most 
interesting feature in the curve of decrement vs tempera- 
ture, the peak observed at 380°C, is apparently due to 
an anelastic relaxation. The relaxation time, which is 
determined from the vibrational frequency and the 
peak position is given by r=79 exp(///RT), where 
ro= 10~#*! sec, and H=25+3 kcal/mole. The mag- 
nitude of 1/79, which corresponds to a jump frequency, 
is strongly suggestive of a stress-induced atomic dif 
fusion process. 

There exist in the literature several examples of well 
understood systems in which anelastic relaxation is 
caused by an atomic migration.? The basic mechanism 
in all these cases depends on the existance of impurity 
sites which are normally equivalent, but which, under 
uniaxial stress, become nonequivalent, thus inducing a 
rearrangement of impurity atoms until statistical 
equilibrium between high- and low-energy sites is 
established. Under these circumstances, if the tempera 
ture is such that the jump time for the diffusion is of the 
order of the inverse of the applied frequency, a relaxa 
tion effect will occur. 

Several difficulties present themselves if one attempts 
to interpret the present data in this way. It has been 
found empirically in a number of other cases that the 
constant A, which determines the height of the peak, 
Eq. (2), is of such a magnitude that the concentration 
of impurity atoms, in weight percent, is given approxi 
mately by the height of the relaxation peak.’ In the 
present instance, this would imply an impurity con 
concentration 2 10!*/cm*. In several of the specimens 
showing the peak, resistivity and lifetime were measured 
before and after the high-temperature experiment. The 
resistivity was found to be of the order of 40 ohm-cm, 
while the lifetime of minority carriers was 1 millisecond, 
Thus the presence of a high concentration of any im 
purity having normal characteristics may be ruled out. 
A further objection to the interpretation of the data in 
terms of a relaxation process which depends on the 
migration of impurities between sets of inequivalent 
lattice sites may be derived directly from the results of 
internal friction measurements. The symmetry of the 
available interstitial lattice sites, in conjunction with 


* For instance, W. Koster and L. Bangert, Acta Metallurgica 3, 
274 (1955). 
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the fact that the intensities of the relaxation peak 
observed for application of longitudinal stress in both 
the [111] and [100] directions are essentially the same, 
rules out the possibility that intersitials randomly 
distributed in an otherwise perfect lattice cause the 
observed effects. 

It is nevertheless possible to construct a model which 
explains the data and which is not inconsistent with the 
known properties of germanium, For this model, one 
may consider the stress-induced diffusion of impurity 
atoms located at sites which are inequivalent, not by 
virtue of the basic crystal structure, but by strains 
which are built into the crystal during growth. In 
particular, one may consider the strain field surrounding 
a dislocation with an edge component. Such a field 
attracts impurities in order to relieve the strain and 
hence to reduce the energy. Under equilibrium condi- 
tions, the impurities form a Maxwellian distribution, 
known as a Cottrell atmosphere, around the disloca- 
tion.” Any motion of the dislocation due to externally 
applied stress, subsequent to the establishment of the 
equilibrium, would then result in a concomitant motion 
of the impurities. The motion is in such a direction as to 
re-establish the equilibrium conditions." The magnitude 
and phase of the motion of the impurities is expected to 
depend on the amplitude of the applied stress moving 
the dislocations, on the frequency of the applied stress, 
and on the diffusion coefficient of the impurities. In 
this model, the energy dissipation implicit in the 
decrement is brought about by the effective force 
exerted by the 
“dragging” them from one equilibrium position to the 


dislocations on the impurities in 
next.’ 

It now again becomes necessary to inquire into the 
nature of the impurities taking part in the process. 
The magnitude of the impurity concentration for the 
newly proposed mechanism is not established. It is 
therefore possible that a very small impurity concentra- 
tion would suffice to give the observed effects, and that 
hence no particular impurities may be ruled out on 
account of the electrical properties of the germanium. 
There is, however, one “impurity” the choice of which 
is not only reasonable, but also allows a complete 
explanation of the relaxation peak as well as the 


exponential rise of the decrement which occurs at high 
temperatures, ‘This impurity is the lattice vacancy. 

It has been shown'®'® that the equilibrium con- 
centration of vacancies at a temperature T is given by 


ny(7') = noe *! #7, (6) 


where K is the activation energy for vacancy formation 


A. H. Cottrell, Report on Strength of Solids (The Physical 
Society, London, 1938), p. 30 

"A. H. Cottrell and M. A. Jaswon, Proc 
199, 104 (1949) 

This mechanism is similar to that proposed in reference 9 

4S. Mayburg, Phys. Rev. 95, 38 (1954). 

“R.A. Logan, Phys. Rev. 101, 1455 (1956). 

© N. F. Mott and R. W. Gurney, Electronic Processes in Ionic 
Crystals (Oxford University Press, Oxford, 1940), Chap. I. 


Roy. Soc, (London) 
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and mo is approximately equal to the number of Jattice 
sites. It may be assumed that there exists a temperature 
7’, below which the vacancies have insufficient mobility 
to come to equilibrium at the rates of cooling en- 
countered in normal crystal growth and in the present 
experiment. The vacancy concentration at low tempera- 
tures is then given by m(7T<7,)-~mn,(7T,). The con- 
centration of vacancies at an arbitrary temperature may 
therefore be written 


n(T)~n,(T,)4+-m(T), (7) 


the first term predominating at low temperatures, and 
the second at high temperatures. 

If one now further that the relaxation 
strength, A/m, is directly proportional to the number of 
defects present, the equation for the logarithmic decre- 


assumes 


ment becomes 


wroeH/ RT 
yn(T) : (8) 
1+ (w7o)%e? 4/82 


6(T) 


where w is the applied angular frequency, yn(T) = A(T), 
and [7 exp(H/RT) |" is the jump frequency for the 
diffusion of vacancies. Substituting Eqs. (6) and (7) 
in Eq. (8), it is found that, for 7<T,, 
wre! RI 
yni(7,) : 
1 { (wro)2e?# KT 


6( T) 

For high temperatures, where 
T>T, 
6(T) 


’ 


and 


wro exp(H/RT)<1, 


(K H)/KT. (10) 


YNWT oe 


Equation (9) is that of a characteristic relaxation peak 
of height 6(7°,,) =yn(T,)/2, for the position determined 
by the condition that wro exp(7/RT) = 1. Equation (10) 
gives an exponential rise, as observed. 

All but one of the constants entering into these 
relations are determined by the experiment. It has 
already been noted that ro=10~*! sec, and that 
H=25+3 kcal/mole. K—H was found to be 23+2 
kcal/mole, whence K = 48+4 kcal/mole. This activation 
energy is in very close agreement with that found by 
the direct quenching of vacancies." Moreover, it is 
expected that the activation energy for self-diffusion, if 
this proceeds by a vacancy mechanism, should be K+H. 
From the present experiment, K+ H = 73-+-5 kcal/mole, 
which again agrees well with the value of 68.5 kcal/mole 
found by Letaw et al.'® 

Three constants remain to be evaluated. As the 
experiment only gives two additional ratios amongst 
these, it is necessary to assume the value of one. The 
only quantity for which a theoretical estimate may be 
made is mo.'* It will be assumed that it is approximately 
10“/cm*, From the ratios of Eqs. (9) and (10), in the 
appropriate temperature ranges, and from the experi- 


'® Letaw, Portnoy, and Slifkin, Phys. Rev. 102, 636 (1956). 
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mental data, one may show that n(7',)/no~10™", 
which implies, together with the assumption for the 
value of mo, that n(7,)~10"/cm*, The “freezing in” 
temperature calculated from n(T,) and Eq. (6) is 
T ¢~550°C, which is quite reasonable. The value of the 
remaining constant, y, may be determined from no, from 
the definition of the decrement, and from some average 
value of the stored vibrational energy. Taking anaverage 
value of 1 erg/cm® for the latter, the derived value of y 
is approximately 10~'* (ergs dissipated/cycle) /defect. 

The explanation of the data observed with the plasti- 
cally deformed crystal follows from the present hy- 
pothesis. It is known that germanium crystals which 
have been subjected to severe bending exhibit inter- 
secting slip bands, which, in their turn, cause the forma- 
tion of many jogs in the dislocation lines. Vacancies 
precipitate on the jogs until these are essentially “grown 
out” of the dislocation line. If the plastic deformation 
results in the production of a large concentration of 
such jogs, it would be expected that the number of 
vacancies quenched into the crystal would be greatly 
reduced.'*"7 With the sensitivity of the present experi- 
ment, i.e., peak height above background, a tenfold 
reduction in the vacancy concentration could easily 
cause the apparent vanishing of the peak. 


17R. Maddin and A. H. Cottrell, Phil. Mag. 46, 735 (1955) 
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From the data obtained with the edge-dislocation 
free crystal it must be inferred that the postulated 
process takes place in the neighborhood of the composite 


dislocations* present in the crystals. Since the con 


centration of composites is nearly constant and generally 
as high or higher than the concentration of edge dis 
locations, one would expect a nearly constant peak 
height, as observed, even if the vacancies surrounding 
both types of dislocations contributed to the effect. In 
addition, it will be shown in the theoretical treatment 
which follows that the relaxation strength is propor 
tional to both the loop length and the dislocation 
density, and that one would therefore not expect a 
simple proportionality between the relaxation strength 
and the dislocation density. 

The reasonableness of the proposed model and of the 
numerical values derived from it have been investigated 
theoretically. The results of that investigation, upon 
which the validity of the model rests, will be presented 
in the succeeding paper. 
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A model has been constructed in which small vibrations of dislocation line segments cause displacements 
in the point-imperfection distributions surrounding the dislocations. The energy lost through the motions of 
the point imperfections is observed as mechanical damping. The motion of the dislocations is obtained 
from the theory of Koehler. The Cottrell potential is taken as the interaction between dislocations and 


point defects. 


It is shown from the high-frequency expansion of the theoretical energy dissipation that the dependence 
of the dissipation on strain, frequency, and temperature is essentially the same as that of the normal anelastic 
relaxation effect, in agreement with the experimental observations. It is further shown that the magnitude of 
the effect is such as to support the hypothesis that the lattice vacancy, present in a concentration of approxi- 
mately 10"/cm', is the point defect which interacts with dislocations, giving rise to the observed vibrational 
energy loss. In turn, using the numbers derived from the vacancy hypothesis, it is shown that the cutoff for 
the purely elastic dislocation potential is several atom spacings from the dislocation line. 


INTRODUCTION 


N anelastic relaxation effect has been observed in 

measurements of the internal friction (logarithmic 
decrement) of germanium single crystals subjected to 
high-frequency stress in the temperature range from 
250 to 750°C. The experimental results are reported in 
a previous paper,’ together with a tentative interpreta- 
tion in terms of the stress-induced migration of lattice 
vacancies. 

The interprétation in I is based on the observed 
temperature dependence of the logarithmic decrement, 
on the dependence of the decrement on the number of 
dislocations in the specimens, and, implicitly, on the 
assumption that the generally accepted mechanisms 
for the diffusion of substitutional impurities is the cor- 
rect one. It was brought out in I that, because of the 
high degree of symmetry of the diamond lattice, and 
because of the similarity of the experimental results for 
both [111] and [100] directions of propagation of the 
ultrasonic stress, stress-induced diffusion of point de- 
fects could take place only in anisotropically strained 
regions of the crystal. Such regions exist, for instance, 
in the vicinity of dislocations, Beyond this, no par- 
ticular mechanism was specified. In addition, the 
phenomenological interpretation implied that 10! va- 
cancies/cm* give rise to the effect at temperatures 
below 500°C. 

In the present paper a definite model is proposed for 
the energy dissipation caused by the stress induced 
change in the equilibrium distribution of relatively 
mobile impurities around dislocations. This model is 
used to derive numerical] results corresponding to those 
derived from the experiment. The dependence of the 
dissipated vibrational energy on the frequency and 
amplitude of the applied stress, on the temperature, 
on the concentration of dislocations and impurity 


atoms (or vacancies), and on the diffusion coefficient of 


' J. O. Kessler, Phys. Rev. 106, 640 (1957), preceding paper 
This paper will be referred to as I. 


the impurity atoms is derived in the limit of high 
frequencies. 


DERIVATION OF THE EQUATIONS 


The definition of the logarithmic decrement, 6, states 
that 


(vibrational energy dissipated/cycle)/cm* 
2X peak vibrational energy stored/cm* 


AW/2W. (1) 
For a bar in resonant longitudinal oscillation, one may 
write 


W=o07/2M, (2) 
where M is Young’s modulus and g is the peak stress. 

It is postulated that the energy dissipation, AW, 
arises from the simultaneous presence in the crystal of 
v dislocation segments/cm*, with an average free length 
of A cm, and of C point imperfections/cm*. The con- 
centration C is assumed to be sufficiently small that the 
pinning of the dislocations, leading to the free length \, 
is solely due to the crossing of dislocation lines, and not 
due to the interaction with the impurities. In addition, 
any particular point defect is assumed to interact with 
only the nearest dislocation segment. Then, if p ergs/sec 
is the average power dissipated by one point defect in 
the field of one dislocation, the power dissipated, per 
dislocation (| ), is 


a 
P,= f asf f p(x,9)C(a,y)dudy. 


The z axis is taken along the dislocation line, and the 
double integral is extended essentially over the cross 
section of influence of one dislocation segment. Since in 
a box of volume one cm* there are approximately v/A 
dislocation segments, one may write the energy dissipa- 


(3) 
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tion per cycle as 


nv 
AW= J fircaa. 
w 


The equation for 6 then becomes 


2rvM 
6= J frees. (5) 
wo? 


To find 6, the above integral must be evaluated. 
Furthermore, if the interpretation of the experimental 
results described in I is correct, it should be possible to 
express the resultant 6 in terms of the equation 


5= Awr/[1+ (wr)? ]. (6) 


This is the equation for the logarithmic decrement 
arising from an anelastic relaxation effect. In Eq. (6), 
w is the applied angular frequency and r is the relaxation 
time, which, in the present case, is of the order of atomic 
jump times. The proportionality factor A is r times the 
relaxation strength. The temperature variation of A 
must be small compared to the temperature variations 
of wrl1+ (wr)? J". 

It has been shown by Cottrell’ that in an elastic 
continuum the interaction potential between a unit edge 
dislocation and a point defect is given by 


U=-—A sin6/|r|, (7) 


where |r| is the magnitude of the radius vector from the 
dislocation line to the defect, @ is the angle between r 
and the Burgers vector of the dislocation, and A is a 
parameter depending on the elastic constants of the 
crystal, the lattice constant, and the relative degree of 
misfit of the defect. Equation (7) is valid only in the 
region of purely elastic interaction of the dislocation and 
impurity. The elastic force exerted by the dislocation on 
the defect is —VU. This force may be attractive or 
repulsive, depending on the size of the defect and on its 
location with respect to the dislocation. 

If the concentration of the point defects far from the 
dislocation is Co/cm’, then, for small Co, the concentra- 
tion near the dislocation is given by 


C= Coe ¥*7, (8) 


This equation may be derived* by considering the drift 
velocities of defects due to their concentration gradient 
and due to the interaction force. If D is the diffusion 
constant of the defects, then the concentration gradient 
induced drift velocity is 


v;= —DVC/C, (9) 


while the drift velocity due to the interaction force 
field is 
vo= —(D/RT)VU. (10) 


2A. H. Cottrell, Report on the Strength of Solids (The Physical 
Society, London, 1948), p. 30 

4A. H. Cottrell and M. A. Jaswon, Proc. Roy. Soc. (London) 
B199, 104 (1949). 
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The total drift velocity of the defects is given by 
v=Vi+ V2. The quantity v vanishes when equilibrium 
is attained, resulting in Eq. (8). 

It is proposed to account for the observed energy 
dissipation by the perturbation of the atmosphere of 
point defects normally surrounding dislocation lines 
through small vibrations of the line segments caused by 
the applied stress. It will be assumed that Koehler’s 
theory of small motions of edge-dislocation segments, 
pinned at the ends, is applicable. In this theory, the 
amplitude of vibration of the dislocation line is propor- 
tional to the applied shear stress and to the square of the 
free dislocation length. 

Under these assumptions, then, it is to be expected 
that the dislocation atmospheres will vibrate with the 
same frequency as the dislocation, but that the phases 
and amplitudes of the defect vibrations, relative to those 
of the dislocations, will depend strongly on the relation 
between the frequency of the externally applied stress 
(dislocation vibration frequency) and the jump time 
for diffusion of the defects, which may be varied, 
experimentally, by changing the temperature. 

Consider now an edge dislocation, having (x,y) as its 
slip plane, and x as the slip direction, The dislocation is 
assumed to undergo small oscillations in its slip plane, 
under the influence of an externally applied shear stress. 
The oscillatory amplitude, averaged over the length of 
the dislocation line, is assumed to be R(t) = Rot exp (tat), 
where i is the unit vector in the x direction. The point 
defects located within a small volume, a distance r from 
the dislocation, have concentration C(r,t) and drift 
velocity v. From Eqs. (9) and (10), one may write 
D 


VLU (r,t) +kT InC(r,0) J. 
kT 


(11) 


This equation gives a first relation between C and v. 
The second relation is given by the conservation of 
defects: 

0 


Cts). 
al 


V-[v(r,)C(r,t) | (12) 


When |r| >>| R(2)|, 


U(r,t)~U(r)— R()-VU (4), (13) 


where U/(r) is given by Eq. (7). Under static equilibrium 
conditions, i.e., when v=Oand Ro=0, the concentration 
is Cy(r), as given in Eq. (8). For small perturbations, 
one may write 


C(r,t)=Ci(r)[ 1+ (8,0) |, (14) 


where |¢|<<1. 
Inserting Eqs. (13) and (14) into Eqs. (11) and (12), 
one obtains 
0 
C\(r)—e(r,t) 
al 


V-Lv(rt)Ci(r) | (15) 
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D 


viri)« ORT (rt) —R(t)-VU(r) }. (16) 
k7 


The zeroth-order terms have been canceled, in virtue 
of the assumption that equilibriam conditions were 
established before the dislocation was made to vibrate. 

By using Eqs. (10) and (16), an effective force acting 
on a particle at r may be defined, 


Fe —V[kTe(r,t)— R(1)- VU (r) J. (17) 


The effective time-average power put into the particle 


motion 1s 


a[hv*- F+}v-F* | 


R-VU r 

kT ) ' 
where v(r,/) and e(r,t) have been assumed to vary 
sinusoidally with the time, due to the harmonic driving 
force, R= iky exp(iwt). The power dissipated per dis- 
location is then given by Eqs. (3) and (18). In order to 
perform the necessary integration it will first be neces- 
sary to obtain an expression for e(r,/) from Eqs. (15) 
and (16). 

To eliminate v(r,t), Eq. (16) is multiplied by C,(r) 
and the result is substituted in Eq. (15), the continuity 
equation. Then 


| (18) 
ADRT r(. 


a D{VU(4n) 
e(rl)+ | v| 
a kT kT 


‘UL RT (r,t) — R()-VU (8) J=0, (19) 
where VC,/C; has been replaced by —VU/kT, again 
making use of the equilibrium condition, Equation (19) 
may be simplified by setting e(r,t)=e(r) exp(twl), and 


noting that V?U/(r)=0, 
dD 


(VU)- (Ve) —we 
k7 


DV*« 


dD 
(VU-V)(R-VU). 
(kT)? 


(20) 


An approximate solution of this equation may be 
obtained by rewriting it in a coordinate system based on 
the equipotentials of U(r). If Y=r' cosé and y=1r~"' sind, 
then dA = (dxdy) = (+n) *dpdyn and l= — Ay. With 


the indicated substitutions, Eq. (20) is transformed into 


D 


me 
(y+ | 2ka( ) 
tw kT 


e(W,n) 


+ jw. (21) 
kT On 


| e a“ Ao 


t 
oy 2 On? 


By iterating this equation, ¢«(y,y) can be obtained as a 
series expansion in powers of 1/w. The first two terms of 
the expansion, which approximate the solution in the 
limit of small D/w, are given by 


DsAVN\? 
e(y,n) 2nr-(—) VV +n’)? 


Ww 


{ 4D A | 
KX 4it+ (y’ ta) (6+ ») oe ae 
kT 


l @ 


(22) 


With the aid of Eq. (22), the real and imaginary parts 
of Vie—R-VU/kT) may be constructed. The time- 
average power dissipated in the cylindrical volume 
element Adxdy is given by 


ADkT dndy 
)P+[Imv( )}} . (23) 


prdxdy 
2(V’+n’) 


{[ReV( 


Retaining terms to order (D/w)’, this equation becomes 
dxdy DkT /2AR, ‘| A sD? 
a Tg AD 
dydn 2\ a7 J | kT\ 
A 
x| (17 — S2y'n? — 162 — 100° — 75) 
kT 


— 48 (13y/"n + 27p'n? + 1 Syn*-+-7”) | (24) 

It is now possible to evaluate the integral appearing in 
Eq. (5) if a lower limit of integration can be found. For 
this it is necessary to assume that there exists a cut-off 
distance L such that the potential U(r)=Ar~™ sind 
becomes invalid for |r| <Z. This is reasonable if it is 
remembered that U(r) is derived from the strain 
interaction of a dislocation and an impurity in an 
elastic continuum. The continuum approximation 
clearly does not hold when |r| is of the order of only a 
few atomic spacings.‘ One may think of L as the distance 
from the dislocation line at which the potential becomes 
strongly repulsive. For the case when the impurity is a 
lattice vacancy, a further argument for the existence of 
such a cutoff distance may be made. Since a jog is 
formed when a vacancy condenses on a straight segment 
of edge dislocation, and since such a jog increases the 
strain energy of the dislocation, it is expected that the 
effective force between vacancy and dislocation be- 
comes repulsive at small |r|, regardless of the value of 
6. In terms of the variables (,n), then, the limits of 
integration become +1/L. 

The further assumption, that the radius of the 
impurity atmosphere is large compared to the cut-off 
distance, or that kT L/A1, may be made in evaluating 
the integral. This assumption is neither strictly correct, 


‘A. H. Cottrell, Dislocations and Plastic Flow in Crystals 
(Oxford University Press, Oxford, 1953), Chap. II. 
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nor is it essential to this development. It is introduced 
only in order to make the final expression for 6 more 
manageable. 

The integral to be evaluated, then, is 


2A Ro 3 
Pur f f pcaa = spi ( Joa 
kT 
WL WL | 
xf wf cavit| jm (25) 
W/L W/L 


where { } is the expression appearing in brackets in 
Eq. (24). The result is 
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To this approximation, according to Eq. (5), the 
logarithmic decrement is given by 
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The assumed expression for the decrement may be 
similarly expanded for the high-frequency case : 
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bl (28) 


Taking the corresponding terms of (30) and (29), one 


obtains 
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NUMERICAL RESULTS AND DISCUSSION 


(29) 


(30) 


In order to correlate Eqs. (29) and (30) with the 
experimentally obtained values for A and 7, it is 
necessary to make some reasonable choice of the con- 
stants appearing in these equations. Although the 
values of several of the constants are in some doubt, due 
to insufficient experimental evidence, it is believed that 
at least an order of magnitude may be calculated for 
the effect. 

Koehler® has given an expression for the amplitude 


5 J. S. Koehler, Imperfections in Nearly Perfect Crystals (John 
Wiley and Sons, Inc., New York, 1952 
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of deflection of an edge dislocation of free length \, 
due to resolved shear stress ¢. This amplitude will be 
used for the average deflection, Ro, which is required 
in the equations. For the case of germanium, one 
obtains 


Ro= 5X10 ®\2e cm. (31) 


Combining Eqs. (30) and (31), it is seen that the 
decrement is independent of the applied stress, as 
required for an anelastic relaxation effect. The average 
free length of a dislocation, X, 
micron.® Then Ro=5X10~* cm, or much less than one 
lattice distance, for a typical strain of 10-7, The density, 
v, of dislocations which lie in slip planes and hence are 
able to take part in the postulated mechanism, is put 
at 5 10'/cm?,’ 

The formula for the impurity-dislocation interaction 


471+n 
( ) wing’ $2) 
3N\1—n/ 


where 6 is the Burgers vector, M is Young’s modulus, 


is estimated to be 1 


constant is* 


n is Poisson’s ratio, p is the normal radius of an atomic 
site, and (1+-)p is the radius of a site with an impurity 
atom. The elastic constants of germanium are obtained 
from the data of Fine* and from the éxperiments 
described in [. It is further estimated that a vacancy 
site has an effective radius differing by 10% from that 
of a normal site. When one uses these values for the 
subsidiary constants, the derived value of A is 
10°"* erg cm. 

It is now possible to compare the expressions for A 
and r which were derived in this development with the 
values found in the experiments. This comparison, the 
outcome of which bears on both the validity of the 
model used in the calculations and on the estimates of 
the numerical constants, is accomplished in the form of 
a calculation of L, the cut-off parameter, and D, the 
diffusion coefficient. If the values of A, of Ro, and of the 
elastic moduli are inserted in Eq. (30), together with the 
measured value of A, which is 3% 10°, and the derived 
value of Co, which is approximately 10'°/cm’, a value 
of 5.4% 10-8 cm is found for L. The cut-off distance for 
the Cottrell potential is then approximately two lattice 
spacings, which is certainly quite reasonable, 

Equation (29) gives the relation between the diffusion 
coefficient and the relaxation time, the value of which 
was found to be 107+! sec.! Inserting L and A into that 
equation, one obtains the magnitude of Do. This mag 
nitude turns out to be 10°4*! cm?/sec, which is smaller 
by a factor of at least 1000 than the temperature 
independent part of the diffusion coefficient for va 


6S. G. Ellis (private communication 

7S. G. Ellis sored communication) and 5. G. Ellis, J. Appl 
Phys. 26, 1140 (1955). This density of short, mobile dislocation 
segments is derived from the apparent density of composite 
dislocations, most of which do not lie in slip planes 


*M. E. Fine, J. Appl. Phys. 24, 1331 (1953) 
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cancies derived by Letaw ef al.’ from experiments on 
the self diffusion of germanium and from data on the 
quenching-in of vacancies," 

The discrepancy between the value of Dy derived in 
this paper and in that of Letaw ef al. may be due 
either to a somewhat faulty estimation of some of the 
constants entering into Eqs. (29) and (30) or to the 
uncertainity of the vacancy quenching-in experiments, 
or to both of these. The latter possibility is of course the 
most likely. If, for instance, the number of quenched-in 
vacancies is ten times higher" than that reported by 
Mayburg, and if, in addition, small errors have been 
made in the estimates of 7 and X, leading to changes in 
A and L by no more than factors of two, a reasonable 
match in the two values of Do is obtained. 


SUMMARY 


A model has been proposed for the calculation of the 
vibrational energy dissipated in a crystal subjected to 
ultrasonic stress, which contains point defects and 
dislocations. In this model an equilibrium situation is 
visualized in which the point defects form dilute 
Cottrell atmospheres around short mobile dislocation 
segments having some edge component. Under the 
influence of externally applied stress, these dislocation 
segments are assumed to deflect in the manner de- 
scribed by Koehler. The impurity atom distribution 
within the potential of a given dislocation may thus, in 
a statistical sense, be visualized as “dragged” along by 
the interaction force, at a rate and to an extent which is 
determined by the diffusion coefficient and by the 
opposing force of the concentration gradient. The dis- 
sipated power is calculated from the product of the net 
force and the drift velocity due to the force. 

* Letaw, Portnoy, and Slifkin, Phys. Rev. 102, 636 (1956). 


S, Mayburg, Phys. Rev. 95, 38 (1954). 
"R.A. Logan, Phys. Rev. 101, 1455 (1956) 


KESSLER 


Several approximations are made, but only one of 
these is of fundamental physical significance. The others 
either reflect the present state of ignorance concerning 
the internal state of crystals, or permit simplifications 
in the mathematics. The fundamental assumption of a 
cutoff for the dislocation-impurity interaction potential 
is made in such a way that the numerical value of the 
cutoff distance is obtained from the calculation and 
from the experimental constants, rather than from a 
priori reasoning. The validity of the assumption has 
been discussed by Cottrell, and in itself is not in doubt. 

From the present calculations one may draw the 
general conclusions that very small concentrations of 
point defects, through their interactions with mobile 
portions of dislocation lines, may give rise to a measure- 
able effect, which, in the limit of high frequencies, is 
equivalent to an anelastic relaxation whose relaxation 
time depends on the diffusion coefficient of the point 
defects. It has also been shown that the magnitude of 
the effect is such as to support the hypothesis that the 
relaxation effect observed in pure germanium crystals 
is due to lattice vacancies. Furthermore, if the vacancy 
assumption is allowed, that is, if numerical values 
corresponding to the vacancy concentration derived in 
I are inserted into the equations, it is possible to esti- 
mate that the cutoff of the purely elastic defect-disloca- 
tion interaction potential occurs several atom spacings 
away from a dislocation. This result is rather interesting, 
since for covalent crystals a considerably larger cut-off 
distance might have been expected. 
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Magnetic measurements have been made on the superconducting properties of rhenium, ruthenium, and 
osmium, and the influence of various methods of specimen preparation and treatment has been studied. In 
particular the transition temperature of rhenium could be raised by about 1°K above the ideal value, 
1.699°K, by grinding or preparing the specimen as a powder. Although rhenium belongs to the transition 
elements, specimens of ideal superconducting behavior could also readily be prepared. This reinforces the 
conclusion of previous workers that the nonideal superconducting behavior frequently found in transition 
metal specimens is not a fundamental property of this group of elements, but a consequence of the metal 


lurgical history of the specimens 


I, INTRODUCTION 


HE superconducting elements form three separate 

groups in the Periodic System, comprising the 
“hard” superconductors in Columns 3A, 44, 5A, and 
6A, the “soft” superconductors in Columns 2B, 3B, 
and 4B and the four elements technetium, rhenium, 
ruthenium, and osmium of Columns 7 and 8, in which 
superconductivity was discovered quite recently.’* 
Since the elements of the last group are all hexagonal in 
structure and resemble each other chemically, one might 
expect some similarity in their superconducting prop- 
erties. However, very little detailed information on 
these properties has so far been published, and the 
present work was initiated to remedy this situation for 
the available elements rhenium, ruthenium, and 
osmium. 

In some of the early work on properties of the super 
conducting elements, emphasis was placed upon the 
low temperature rather than upon the metallurgical 
aspects of the problem, with a consequent neglect of 
the latter. It is well known that in some cases, e.g., 
vanadium,’ the superconducting behavior is very sen 
sitive to the physical and chemical impurity conditions 
in the specimen. In the present work it was considered 
important to compare the superconducting properties of 
specimens prepared by completely different methods. 
In the case of rhenium, special attention was devoted to 
the problem of producing strain-free, pure samples, and 
the metallurgical processes are described fully in the 
present paper. Full details are also given of the magnetic 
measurements on which were based the critical field and 
transition temperature data already briefly described.?° 


II. EXPERIMENTAL DETAILS 
A. Magnetic Measurements 


The magnetic measurements studies involved three 
different types of measurement, which are summarized 
as follows: 


t Part of this work was carried out at the Royal Society Mond 
Laboratory, Cambridge, England, and at the Institute for the 
Study of Metals, University of Chicago, Chicago, Illinois 

1G. Aschermann and E. Justi, Physik. Z. 43, 207 (1942) 

? B. B. Goodman, Nature 167, 111 (1951). 

3 J. G. Daunt and J. W. Cobble, Phys. Rev. 92, 507 (1953). 

‘ A. Wexler and W. Corak, Phys. Rev. 85, 85 (1952) 

*J. K. Hulm, Phys. Rev. 94, 1390 (1954) 


(1) ‘The change in total induction, B, of the specimen 
was observed on changing an applied field H:; ‘The 
apparatus for measurements above 1°K has already 
been described.* For measurements below 1°K a ballistic 
modification of the apparatus described by Goodman 
and Mendoza’ was sometimes used. 

(2) ‘The intensity of magnetization, M, was measured 
above 1°K as a function of applied field using the 
method due to Shoenberg.® 

(3) Below 1°K the magnetic susceptibility of the 
specimen in a small alternating measuring field was 
studied as a function of a superimposed steady magnetic 
field.? 


In the first two methods, the critical magnetic field 
was taken to be the field at the entry to the normal 
state; for the magnetization curves which showed a 
tail, a linear extrapolation of the intermediate state 
part of the curve was made. In the third method, 
entry to the intermediate state was characterized by 
a sharp increase in ac susceptibility. This occurred at a 
field (1—n)H., where 4an is the demagnetizing coeffi 
cient of the specimen. 

In the experiments above 1°K, temperatures were 
obtained from measured values of the vapor pressure of 
liquid helium, using the 1955 (Naval Research Labo 
ratory) international scale.” Measurements below 1°K 
were carried out using a technique already described,’ 
in which the superconductor was cooled by thermal 
contact with the salt pill through a copper rod 

Two possible sources of error in the measurement of 
the temperature of the superconductor must be con 
sidered. In the use of the ac technique below 1°K, the 
need to minimize eddy current heating in the copper 
connecting rod has already been discussed.’ In the 
induction measurements a superconductor may be 
heated or cooled when a change in magnetic field causes 
it to pass from the normal to the superconducting state 
or vice versa. This effect was unimportant in the 
experiments carried out above 1°K, since the specimens 


® G. F. Hardy and J. K. Hulm, Phys. Rev. 93, 1004 (1954) 

7B. B. Goodman and E. Mendoza, Phil. Mag. 42, 594 (1951) 

* 1). Shoenberg, Proceedings of the International Conference on 
Iundamental Particles and Low Temperatures, Cambridge, 1946 
(The Physical Society, London, 1947), Vol. 2, p. 85 

* Clement, Logan, and Gaffney, Phys. Rev. 100, 743 (195 
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Tas_e I, Characteristics of the rhenium specimens. 


imen Method of preparation Main chemical impurities 


melting of Re powder 1.5% W 


melting of Re powder <0,05Y% W, trace of Cu 


melting of Re powder Probably the same as Re 
2, since these specimens 
had identical chemical 
histories 

Re 3a ground to a cylinder Same note as for Re 3a 

Ellipsoid ground from an 
iodide crystal bar of Re» 


Fe 0,0011%, Si< 0.01% 


Re 4a, after annealing at 


1700°C for 14 hr in Hy 


Ke 0.0011%, Si< 0.01%" 


Fe 0.0011Y 


W 0.03% 


Arc melting of iodide de 
posited crystal bar” 


Si< 0.01%, 


’ 


Sintering of pure Re pow 
der, followed by alternate 
cold swaging and anneal 
ing in pure Hy at 

1000°C 


Not known for these par 
ticular specimens, but a 
typical analysis of spec 
imens prepared by this 
method is as follows.* 


Cu 0.001% Si 0.02 
Fe 0.03 Mg 0.03 
Al 0.06 Ca 0.01 


Mn 0.001 Mo 0.01 


Total 0.16% 


Re 5a ground to an ellipsoid Same note as for Re Sa 


Re 5b annealed in Same note as for Re 5a 
(p<10~* mm Hg) 
hours at 1500" 


vacho 


for 4 


Re Sc annealed in vacuo Same note as for Re 
(p< §<10°° mm Hy) for 
) hour at 2000°C 

6a! Sintering of pure Repowder Same note as for Re Sa 

by alternate 

cold swaging and anneal 

ing in H, at 

1600°C 


followed 


pure 


Re 6a ground toan ellipsoid Same note as for Re 5 


and then annealed in H, 
for } hour at 1700°C 


* Cylindrical specimen; m, taken to be the 
b These iodide-deposited crystal bars were kindly supplied by 
© The « 

of Re 4a and 4b. However, during the preparation of Re 4c by arc-melting, it 
4 This specimen was kindly supplied by Battelle Memorial Institute 
* See reference 12, p. 125, specimens (6) and (c) 
This specimen was kindly supplied by Battelle 


Mr 


Memorial Institute 


were immersed in liquid helium and returned to the 
bath temperature in a time short compared with the 
period of the ballistic galvanometer. However, below 
1°K, where the specimens were cooled by contact with 
a paramagnetic salt through a copper rod, somewhat 
longer times were required for the system to reach 
thermal equilibrium. While this effect could be impor- 
tant near 7, it is unimportant at very low temperatures 
where H, is practically independent of temperature. For 


Width of 

zero-field 

transition 
(°K) 


Demag. coeff. 
ne 


Frozen-in 


Te(°K) moment % 


1.729 


po /pima Nm 


0.023 0.04 


0.0165 


0.00068 1.698, 0.021 0.0234-0.002 


0.0007 1.699, 0.104 0.099+4-0.004 


0.0010 0.057" Very large 


0.00134 0.031 Very large 


0.00132 0,031 Very large 


0.026 0.028 0.07 ~50 


Probably 0.071" 0.08 20 


the same 
order ol 
magnitude 
as Re 6a 


0.039 Very large 


0.039 0.07 16 


0.039 Very large 


0.0028 1.701 0.015 0.083* 0.14 


0.009 0.027 Very large 


same as for an ellipsoid of the same axial ratio 
Harry Croft 
rystal-bar rhenium was deposited on a tungsten wire, but it is assumed that no diffusion of the tungsten into the rhenium took place In the case 


of the Kennecott Copper Corporation 


must be assumed that the tungsten dissolved in the rhenium 


bar No, 27 


bar No, 55 B-2, 


this reason the ballistic measurements on ruthenium 
were confined to one very low temperature, 0.09°K; 
here the error in H, due to this effect was estimated to 
be less than 3%. 


B. Specimen Preparation 


Samples of ruthenium and osmium and a few samples 
of rhenium were obtained from other laboratories as 
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will be indicated in the discussion of the results. How- 
ever, we prepared the rhenium samples which exhibited 
the most nearly ideal superconducting properties by 
melting in an arc furnace. Since these specimens were 
much purer than any described by previous workers, 
and in view of the very high melting point of rhenium 
(3180°C), it seems appropriate to discuss the prepara- 
tion technique in some detail. 

Rhenium is commercially available in the form of a 
very finely divided powder prepared at the University 
of Tennessee by the reduction of either ammonium or 
potassium perrhenate. The powder contained a few 
parts per thousand of silver, and of potassium when 
prepared from the potassium salt, plus a small amount 
of oil in some cases. Several five-gram samples prepared 
from potassium perrhenate compressed into slugs of 
diameter 6 mm and length 12 mm. These were placed 
end to end in a shallow groove milled in the flat top of a 
copper crucible in the electric arc furnace. By using a 
relatively small diameter electrode (6 mm) and low 
currents (about 60 amperes), it was possible to melt the 
rhenium slugs over a small region and to join them 
together. Surface tension caused the sample to contract 
somewhat and to thicken at its midpoint. This thicken 
ing was removed by cold-rolling down to the required 
5-mm diameter, and finally the cracks and strains due 
cold-work were removed by repeated local melting in 
the arc furnace. The resulting specimen was a uniform 
rod of length 5 cm and diameter 5 mm. 

A specimen Re 1 produced in this fashion, using a 
tungsten electrode, was found by spectrographic anal- 
ysis to be free of silver and potassium but contained 
about 1.5% of tungsten. Thus, although the volatile 
impurities were driven off during arc melting, a part of 
the electrode evidently entered the sample. After super- 
conducting studies had been carried out on Re 1, this 
sample was itself mounted as the arc furnace electrode” 
and used to prepare several other specimens, including 
Re 2, Re 3a, and Re 4c. Only traces of impurity could 
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be detected in Re 2, amounting to less than 0.05% 
tungsten and faint traces of copper. 

Since bulk rhenium metal is extremely tough and 
cannot readily be filed, drilled, or machined, even with 
the aid of tungsten carbide tools, the removal of a 
portion of the specimen rods for analysis was quite 
difficult. ‘To overcome this problem, the Spec trograph 
arc was struck directly to the end of the sample. It 
should be remarked that for the very pure sample Re 2 
the relative intensities of various tungsten lines indi 
cated that a difference of about a factor two between 
the tungsten contents at opposite ends of the sample. 


This may perhaps be due to the fact that movement 
along the sample of a region of local melting in the are 
furnace causes a type of zone purification of the metal 
There is, of course, little doubt that in the present 
work the main purification was due to boiling out of 
volatile impurities like potassium and silver, but it 
seems likely that this type of arc furnace preparation 
could readily be adapted to the zone-refining of high 
melting elements. 


III. RESULTS AND DISCUSSION 
A. Rhenium 


We investigated the superconducting properties of 
rhenium samples prepared by three completely different 
methods, viz., arc-melting, iodide deposition and powder 
metallurgy. The characteristics of the various samples 
are listed in Table I. In some cases the superconducting 
behavior was investigated before and after metallurgical 
treatment; successive stages in the treatment of these 
specimens are designated by small letters. We have 
included in the table values of n,, the demagnetizing 
coetlicient deduced from the shape of the specimen, and, 
for the better behaved specimens, n,, the demagnetizing 
coefhicient estimated from the slope of the B vs Hf o1 
4M vs H curves in the intermediate state. Good agree 
ment between these two quantities is evidence of ideal 
superconducting behavior, providing that the bound 
aries of the intermediate state are sharply defined and 


the frozen-in moment is negligible 


40 9) 86 
pplied Field, H (oersteds) 


lic, 2. Magnetization curves for Re 3a. Solid curves: increasing 


field, broken curve: decreasing field 
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1, Arc Melted Specimens 


Of all the rhenium specimens investigated, Re 2 and 
Re 3a came closest to exhibiting ideal superconducting 
behavior. Typical B vs H curves for Re 2 are shown in 
Fig. 1, and typical magnetization curves for Re 3a are 
shown in Fig. 2. For both specimens the intermediate 
state region was quite sharply defined, with good agree- 
ment between n, and n,,, while the frozen-in moments 
were only a few percent. The transition temperatures 
of the two specimens were both within a fraction of a 
millidegree of 1.699°K and the critical field results 
differed by only a percent or so; those for Re 2 are 
shown on an H/, vs T* plot in Fig. 3. It may be noted that 
the results do not quite lie on a perfect straight line, 
indicating that there is a departure from a parabolic 
temperature dependence of H,. 

Despite its 1.5% tungsten content the specimen Re 1 
also exhibited fairly sharp transitions from the super- 
conducting to the normal state in a magnetic field, as 
shown in Fig. 4. In this case, however, the intermediate 
state region was less well defined, particularly at the 
normal state end, while 1, was appreciably greater than 
n,. There seems little doubt that the tungsten content 
of this specimen can be held responsible for the depar 
tures from ideal superconducting behavior. Further 
more, as may be seen in Fig. 3, the transition tempera- 
ture of Re 1 was about 0.030°K higher than that 
of Re 2, and its critical magnetic field curve was raised 
correspondingly. 


2. lodide Deposited Spec imens 


Crystalline bars of iodide deposited rhenium were 
made available to us by Mr. H. Croft of the Kennacott 
Copper Company. These bars were about 5 mm in 
diameter and were made up of small dendritic crystals 
since this material was not of a suitable shape for a 
curate magnetic measurements, an ellipsoidal specimen, 
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3. H, vs T* for several rhenium specimens 
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Re 4a, was prepared by centerless grinding using 
carborundum wheels. 

The residual resistivity of this specimen was only 
about twice that of Re 2 and Re 3a. It was therefore 
somewhat surprising to find that the transition tempera- 
ture of this specimen was 2.4°K, while fields consider- 
ably higher than in the case of Re 2 and Re 3a were 
necessary to initiate the destruction of superconduc- 
tivity. Furthermore, the destruction of superconduc- 
tivity by the field was extremely gradual, so that, even 
in fields of five times the initial penetration field, the 
magnetization had only been reduced to the order of 
one quarter of the maximum value. The nonideal 
magnetic behavior of this specimen is reminiscent of 
the behavior of impure or strained superconductors. 
Since it seems unlikely that chemical impurities (see 
footnote 2, Table I) could be held responsible for the 
poor magnetic properties of Re 4a, we are inclined to 
attribute the behavior to internal strains introduced 
during the grinding process. 
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Fic. 4. B vs H curves for Re 1. 


In order to further investigate this idea, another 
ground sample Re 36 was prepared by grinding the 
good arc-melted sample Re 3a into cylindrical form. 
As expected, the superconducting properties of the arc- 
melted sample were also greatly modified by grinding. 
Thus, the transition temperature was increased from 
1.699°K to 2.75°K, the modified transition being 
spread over a region between 2.6° and 2.9°K. More- 
over, at 1.1°K more than 10% of the superconducting 
magnetic moment still remained in a field of 800 oersteds 
and nearly 1600 oersteds were required to remove the 
last traces of superconductivity. The electrical resis- 
tivity of the sample in the normal state was increased 
by about 50%. 

It should be pointed out that if the concentration of 
physical defects introduced into the lattice by grinding 
is high near the surface of the sample and tapers off in 
the interior, one might expect the magnetic properties 
to be much more greatly affected by grinding than the 


electrical resistivity in the normal state. Thus, if the 
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specimen is regarded as consisting of a strained outer 
layer, with elevated transition temperature and critical 
field values, surrounding an unstrained core, it is clear 
that the outer layer would dominate the magnetic 
properties by shielding the inner core. On the other 
hand, the high electrical resistivity of the outer layer 
due to the high defect concentration would be largely 
ineffective owing to the presence of the low-resistivity, 
unstrained core in parallel with it. 

The iodide deposited sample, Re 4a, was annealed for 
14 hours at 1700°C in pure hydrogen in an attempt to 
remove the strains introduced by grinding. The re- 
sulting specimen, Re 46, had essentially the same 
properties as Re 4a. In contrast, the sample, Re 4c, 
obtained by arc melting another piece of the iodide 
crystal bar from which Re 4a was taken, had greatly 
improved superconducting properties. Nevertheless, the 
magnetization curves of this specimen, shown in Fig. 5, 
indicate that the departure from ideal behavior was 
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Fic. 5. Magnetization curves for Re 5e¢ (field increasing). Open 
symbols: specimen initially in the virgin state; solid symbols 
after several reversals of the field. 


more pronounced than for the very pure arc melted 
specimens Re 2 and Re 3a. Furthermore, from Fig. 3 it 
may be seen that the critical field curve of Re 4 
was displaced upwards with respect to those of Re 1 
and Re 2. 

The behavior of Re 4c should in particular be com- 
pared with that of Re 1. Consistent indications of the 
poorer quality of Re 4c¢ are provided by its higher 
residual resistivity, its broader intermediate state region 
and its higher frozen-in moment. It may also be noted 
that its transition temperature is appreciably higher 
than that of Re 1. It is not possible to attribute the 
poor behavior of Re 4c to its known chemical impurities, 
since the total chemical impurity content is only a 
fraction of that of Re 1; furthermore, on considering 
the individual impurities, the iron and silicon content 
of Re 4c seems to be less than the relatively good 
specimens Re Sc and Re 6a. The most reasonable 
conclusion seems to be that the arc melting did not 
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Fic. 6. Magnetization curves for Re 6a 


extend completely through this sample and some regions 
of strained iodide deposited material were left in the 
interior. 

3. Powder Metallurgy Specimens 


‘Two powder metallurgy specimens of rhenium, Re 5a 
and Re 6a, prepared by sintering compressed rhenium 
powder at high temperatures, were supplied by Battelle 
Memorial Institute. These specimens had been formed 
into cylinders by alternate cold swaging and annealing 
in pure hydrogen at 1700°C, This method of preparation 
was known to yield specimens whose density was within 
about 0.1% of the x-ray value." Both samples became 
superconducting in the neighborhood of 1.7°K and their 
magnetization curves, which were quite similar, are 
typified by these shown in Fig. 6 for Re 6a. The ob- 
served values of H, were only a few percent higher 
than for Re 2 and Re 3a, and the results for Re 6a are 
plotted in Fig. 3. While Re 6a exhibited the much more 
sharply defined transition, its frozen-in moment values 
were about twice those of Re 5a. 

The specimens Re 56 and Re 6b were prepared by 
grinding the two powder metallurgy cylinders into 
ellipsoidal form. Just as in the case of the two are 
melted and iodide deposited samples, this treatment 
produced very poor materials with anomalously high 
critical field and transition temperature values. The 
properties of Re 6b were hardly improved by annealing 
this sample in hydrogen for about } hour at 1700°C. 
However, the sample Re 5c produced by annealing 
Re 56 at 1500°C in vacuum for four hours showed 
greatly improved magnetic behavior, slightly better 
than that of Re 5a. This treatment restored the transi 
tion temperature to the vicinity of 1.7°K. 

Since one might expect that annealing rhenium 
metal at temperatures above its recrystallization tem 
perature (circa 1300°C) would remove internal strains 
due to grinding, it is somewhat puzzling that our 
hydrogen-annealing treatment did not improve the 
superconducting properties of Re 4b and Re 6b, espe 
cially since hydrogen annealing has proved successful in 
producing strain-free samples at the Battelle Memorial 


4“ Wright Air Development Center, Technical Report 54-371, 
1954 (unpublished), pp. 30-33, 
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hic. 7. Permeability of rhenium powder after successive stages 
of treatment: (1) as received, (2) after compressing under 10 tons 
per square inch, (3) after annealing in vacuo for 12 hours at 
1460°C,, and (4) after arc melting. 


Institute. One possible explanation of this discrepancy 
is that carbon may have been introduced into samples 
Re 4b and Re 6b during the hydrogen anneal. In our 
furnace the specimens were held between rhenium 
supports in a graphite crucible, and it is possible that 
carbon was transferred to the specimens through the 
formation of gaseous hydrocarbons. In a separate series 
of experiments involving the preparation of rhenium 
compounds it was observed that although graphite is 
only slightly soluble in rhenium, probably less than 
0.1%, 
I’, to 


the surface regions of the specimen might account for 


the small amount which may be dissolved raises 
2.7°K. A minute amount of carbon dissolved in 


the poor superconducting properties observed after 
hydrogen annealing in the present work. 

In an effort to further improve the superconducting 
behavior of Re 5c, this sample was subjected to a 
vacuum anneal for 4 hour at 2000°C, The resulting 
sample, Re 5d, had a high residual resistivity and very 
poor superconducting properties akin to those of ground 
samples. The deterioration of the properties is thought 
to be due to the formation of voids in the sample due to 
the vaporization of low-boiling-point impurities (e.g., 
My and Ca) at the grain boundaries. Battelle workers! 
have observed such voids in similar powder metal 
lurgical samples tested to 2200°C, and have noted that 
such samples are usually embrittled after treatment in 
this temperature region. Although no metallurgical 


examination of Re 5d was performed, in view of the 


high sensitivity of superconducting properties to in 
ternal strain, is reasonable to assume that some em 
brittlement occurred in the present case. 

It is interesting to compare the above results with 
those of Aschermann and Justi,’ who first reported 
superconductivity in rhenium, Working with a sintered 
bar with residual resistance equal to 0.017 of the ice 
point value, these workers found a transition tempera 
ture of 0.95°K. Since the present work suggests that 
when rhenium is cold-worked, the transition tempera 


"Wright Air Development Center, Technical Report 54-371, 
1954, (unpublished), pp. 118 128, 
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ture is raised above the value 1.7°K for a pure, strain- 
free sample, it seems an inevitable conclusion that the 
rather high residual resistance of Aschermann and 
Justi’s sample was due to chemical impurities which 
also acted to depress the superconducting transition 
temperature. 


4. Unsintered Powder Specimens 


In measurements on unsintered, finely-divided pow- 
der samples of rhenium obtained from the University of 
‘Tennessee, Goodman" and Daunt and Smith" observed 
superconducting transitions in the vicinity of 2.2° and 
2.4°K respectively. Since these samples were of quite 
high chemical purity, the anomalously high transition 
temperatures cannot be attributed to dissolved im- 
purities, but are evidently in some way connected with 
the physical constitution of the powder. 

In order to throw further light on the anomalous 
superconducting behavior of rhenium powder, a single 
powder sample prepared from ammonium perrhenate 
was tested for superconductivity under the following 
successive conditions: (1) as a loose powder, (2) as a 
compressed slug formed under 10 tons per square inch, 
(3) annealed in vacuo for 12 hours at 1464°C, and 
(4) melted in the arc furnace. In each case the induction 
B for a constant applied field of 13 oersteds was meas- 
ured as a function of temperature. Figure 7 shows the 
temperature variation of the initial permeability B/H 
under these conditions. The variations of the limiting 
permeability uo as T approaches zero, from one condi- 
tion of the specimen to another, is simply due to vari- 
ations in the leakage flux through the gap between the 
specimen and the detector coil windings. 

Curve 1 for the loose powder indicates that, in agree- 
ment with the work of Goodman and Daunt and Smith, 
the superconducting transition is smeared out over 
the range 1.8° to 2.5°K, although from the steepness 
of the curve at its lower end it appears that the bulk of 
the powder becomes superconducting close to 1.8°K. 
However, from curve 2, although the transition of the 
compressed powder still extends from 1.8° to 2.5°K, the 
main expulsion of flux occurs at the upper end of the 
range, near 2.5°K. One possible explanation of this 
behavior is that in the compressed material the powder 
grains of high transition temperature shield those of 
low transition temperatures and prevent flux penetra- 
tion into the latter. Alternatively, the strains in the 
compressed material may be such as to elevate the 
transition, as was believed to be the case for the earlier 
specimens just after grinding. If the second explanation 
were correct, one might expect an over-all shift of the 
transition curve, which not occur. Thus the 
magnetic-shielding mechanism seems more likely in 


does 


this case. 


’ B. B. Goodman, National Bureau of Standards Circular 519 
U. S. Gov. Printing Office, Washington, D. C. (1952), p. 72. 
J. G. Daunt and T. S. Smith, Phys. Rev. 88, 309 (1952). 
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On annealing the powder sample at 1464°C, the 
transition curve was shifted down to about 1.76°K and 
was sharpened considerably (Curve 3). The further step 
of melting the specimen depressed the curve again by 
0.14°K (Curve 4). It should be remarked that owing to 
the finite measuring field the midpoint of Curve 4 lies 
about 0.08°K below 7, for pure, bulk rhenium (Re 2 
and Re 3a). 

It is clear that before heat treatment the rhenium 
powder contains regions of anomalously high transition 
temperature, but that these regions may be removed by 
a suitable annealing procedure. In considering the 
nature of the anomalous regions, it has to be borne 
in mind that the powder is prepared by the reduction 
of ammonium perrherate crystals at about 300°C. Since 
this temperature lies well below the recrystallization 
temperature of rhenium metal (~1300°C), many of 
the rhenium crystallites produced in the reduction 
process may be expected to be small, very imperfect 
crystals. This raises the possibility that the elevated 
transition temperatures of such crystallites may be due 
either to imperfections or to their small size. 

Now it was shown in our experiments on bulk rhenium 
specimens that surface grinding without subsequent 
annealing may raise the transition temperature to the 
value shown by the powder. Thus it seems unnecessary 
to postulate that the transition temperature of the 
powder crystallites is connected with their small size, 
and we are inclined, instead, to attribute the effect to 
imperfections in the crystallites. ‘This conclusion is 
consistent with Shoenberg’s'® observations on colloidal 
particles of mercury. These particles were only a few 
hundred angstroms in diameter and were presumably 
quite strain-free, since they were cooled slowly through 
the freezing point of mercury. They became super 
conducting at a temperature close to the transition tem 
perature of ideal macroscopic specimens of mercury. 
On the other hand, Buckel and Hilsch'® have shown that 
small (~100 A edge) crystals of soft superconductors 
formed by condensing the metal on to a quartz plate at 
liquid helium temperatures have transition tempera 
tures higher than those of the bulk metal. These 
authors also concluded that 
temperatures were due to imperfections in the crystal 
lites rather than to their small size. 

It is interesting to mention that Goodman" and 


the elevated transition 


Daunt and Smith’s'* measurements on the magnetiza 
tion curves of rhenium powder both showed that the 
fields required to quench superconductivity completely 
were several times the initial penetration fields, as was 
the case of poorer bulk specimens in the present work, 
It is probably somewhat coincidental that Daunt and 
Smith’s value for (dH,/dT)7,., which was obtained by 
measuring the fields required for the complete quench 
ing of superconductivity in the powder, agrees quite 
well with the data for pure, bulk rhenium. In the 


16 1), Shoenberg, Proc. Roy. Soc. (London) A175, 49 (1940). 
16W. Buckel and R. Hilsch, Z. Physik 131, 420 (1952). 
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Fic. 8, Reduced deviations from a parabolic //, vs T relationship 
for rhenium, tin, and vanadium 


measurements of Goodman at 1.1°K, it was found that 
even at 500 oersteds the magnetization was still 20% 
of the maximum value. The magnetic behavior of this 
powder specimen was in fact similar to that found for 
Re 36, thus providing further evidence that powder 
specimens of rhenium are likely to be made up of very 
imperfect crystals. Since it is clear that the magnetiza 
tion curves of powder samples may be influenced by 
such factors as the imperfections in the constituent 
crystallites, their shape and size and also the distribu 
tion of these properties among the crystallites in the 
samples, the precise interpretation of such measure 
ments is very dithcult. 


5. The H,vs T Relationship for Pure Rhenium 


Since the specimens Re 2 and Re 3a showed the most 
nearly ideal superconducting behavior, they afford the 
most reliable values for the true critical field of rhenium. 
While these values of 7, 
to the tungsten impurity content of the specimens, the 


may be somewhat high owing 


uncertainty in 7, may be estimated from the effect of 
this impurity on the transition temperature of Re 1 
1.699-+-0,001°K 

it is clear that the temperature de 


Thus we find for pure rhenium: 7, 

From Fig. 3 
pendence of H, for Re 2 cannot be represented suffi 
ciently accurately by a simple parabolic law of the type 
H.= Hf 1A—(T/T,)* |; this is equally true of the results 
for Re 3a. Clear departures from this type of relation 
ship have already been noted for indium," thallium," 
7! and vanadium.” In fact, for these four supercon 
(T/T .)?— (./ Ho), 
Sn and V are 
reproduced in Fig. 8, while the deviations for In and ‘T], 


tin, 
ductors the reduced deviations, 1 


were very similar.’ The deviations for 


which are not shown, lay between these two curve 


17. Maxwell, Phys. Rev. 86, 235 (1952); Ek. Maxwell and O. S 
Lutes, Phys. Rev. 95, 333 (1954 

16 Lock, Pippard, and Shoenberg, Proc. Cambridge Phil. Soc 
47, 811 (1951); Serin, Reynolds, and Lohman, Phys. Rev. $6, 162 
(1952 

WW. S. Corak 
(1956) 

*” Corak, Goodman, Satterthwaite 
656 (1956). 


and CC, B. Satterthwaite, Phys. Rev. 102, 662 
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K. HULM AND 








K 


F1G. 9, The low-temperature resistivity of Re 2 


It therefore occurred to us to inquire whether, by 
means of a suitable choice of Ho, the results for rhenium 
could be made to result in a similar deviation curve. 
This proved possible and the resulting deviations are 
also plotted in Fig. 8; here the nonlinear relation be- 
tween 7, and 7? is shown more clearly. It was, however, 
necessary to choose slightly differing values of Ho for 
the two specimens; for Re 2: H o=199.6 oersteds, for 
Re 3a: Hy= 202.1 oersteds. Since the transition tem 
peratures of the two specimens agreed to within less 
than 0.1%, no difference in the values of Hy) was ex- 
pected. Nor was such a difference expected to arise 
from the use of two different experimental arrangements 
for investigating the respective specimens, especially 
since in each case H, was the field at the entry to the 
normal state, and thus no precise knowledge about the 
shapes of the specimens was necessary. Indeed the 
difference of 1.2% between the results may not be 
significant at all in view of the scatter of about 0.5% in 
the results for each specimen. 

It seems, therefore, that the critical field of rhenium 
above 1°K can best be represented by the deviation 
curve in Fig. 8 with 7.=1.6994+-0.001°K, Ho= 2014-2 
versteds. Furthermore, it is possible that over the whole 
temperature range down to O°K the deviations of the 
critical field from a parabolic temperature dependence 
may be quite similar to those found for In, Tl, Sn, and 
V. But in the absence of measurements below 1°K, and 
in view of the quite different behavior shown by one 


TABLE IT. Electrical resistivity of Re 2 at various temperatures. 


p e p 
micro-olhm micro-ohm micro-olim 
cm em A cm 


1.64 
0.0270 
0.0161 


0.0130 
0.0126 
0.0126 


19.50 64 
18.58 20 
2.02 15 
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superconductor, mercury,” this is still not certain; thus 
the above extrapolated value for Ho may differ from the 
true value by perhaps 5 oersteds. 

For a superconductor whose electronic specific heat, 
C.,, is proportional to 7*: 

VH?/8"=}yT 2, (1) 

where V is the atomic volume. For the present results, 
with V=8.84 cm*® mole at 0°K, this gives y= 1.97 
millijoule mole deg~*, whereas calorimetric measure- 
ments on rhenium* gave y=2.45 millijoule mole 
deg’ *. However, from the deviations of the critical field 
from a parabolic temperature dependence, it is clear that 
C,, does not follow a 7* law, and the consequent 
failure of Eq. (1) for rhenium, together with the 
uncertainty in Ho, might be sufficient to account for 
the discrepance between the present estimate of y and 
the calorimetric value. Alternatively there may be a 
genuine difference between the value of y for our best 
specimens and the value for the calorimetric specimen, 
arising from possible differences in the quality of the 
specimens. 


TABLE III. Characteristics of the ruthenium specimens. 


Width of 
zero-field 
Main transi- 
chemical Te tion 
Source impurities po/pma (°K) (°K) m 


Form and 
method of 
preparation 


Sample 
No. 
0.01% 0.07 OA7 0.01 0.005 
sintering of Ru Prof, (Ca+Mg) 

powder in Hs E. Justi trace of 
at 1150°C, and Cu 
then in vacuo 

at 2200°C, 


Rul 


Rod prepared by Lent by 
f 


Ru 2 Fused button Hereaus AAN 0.06 O0A7 0.01 0.26 


6. Electrical Resistivity of Rhenium 


The electrical resistivity of the purest rhenium 
sample, Re 2, was determined at various temperatures 
from room temperature down to the liquid helium 
range. Figure 9 shows the temperature variation of 
resistivity below 21°K, while Table II contains the 
mean values of resistivity at various selected tempera- 
tures. Owing to the slightly irregular shape of the 
specimen the absolute accuracy of these values may be 
no better than ~3%. 

To obtain the electrical resistivity, p;, due to scatter- 
ing by lattice vibrations, the residual value pp measured 
just above the superconducting transition point was 
subtracted from each of the total resistivity values. The 
resulting data below 21°K could be well represented by 
the formula 


pi=4.50K10-°T® pohm cm, (2) 
with an uncertainty of about 0.2 in the exponent of 
*=N. M. Wolcott, Conférence de Physique des Basses Tempéra 


tures (Centre National de la Recherche Scientifique and UNESCO, 
Paris, 1956), pp. 286-289. 
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T. By comparing Eq. (2) with the Bloch formula” 
and substituting the ice-point resistivity, a Debye 
temperature of 294°K was obtained. In addition, values 
of the resistivity at. liquid nitrogen temperatures 
estimated from the Grueneisen-Bloch formula” with 
@=294°K were in agreement with the experimental 
values of Table II to within 2%. In view of the complex 
electronic structure of rhenium, it is surprising to find 
behavior in such good agreement with the free-electron 
model. 

The present result may be compared with © values of 
283°K and 310°K estimated by Aschermann and 
Justi! and Meissner and Voigt,” respectively, from re- 
sistance measurements on rather impure samples. Since 
the purest specimen studied by these workers had a 
residual resistivity 28 times greater than that of Re 2, 
the agreement between the various © values may be 
considered quite good. 

While a single value @=294°K describes the vari- 
ation of the electrical resistivity from 11°K to room 
temperature, specific heat measurements suggest that 
© falls from 450°K at 0°K to 318°K at 20°K,” and that 
at liquid nitrogen temperatures, it has reached 262°K.™ 
In view of the well-known failure of the present theory 
to account for differences between the calorimetric and 
resistivity values of © in the monovalent metals, the 
present discrepancy is hardly surprising. 


B. Ruthenium 


In the course of measurements to determine whether 
various hitherto norma! metals became superconducting 
below 1°K, ruthenium was found to become super 
conducting at 0.47°K. The characteristics of the two 
specimens are given in ‘Table IIT. 

The observations on Ru 1 are 
the most significant ones because of the low demag- 
netizing coefficient of this sample. The sample was 
supplied by Justi, who had already described its 
preparation and measurements of its electrical prop- 
erties down to 1°K.”° Values of the critical field meas- 
ured by method 3 are shown in Fig. 10, where it is seen 
that H.=H of 1—(7/T,.)?| describes the results, with 
Hy=46 oersteds and T,=0.47°K. The specimen Ru 2 
was investigated in the same manner, but owing to the 
smaller volume and larger demagnetizing coefficient of 
this specimen the field at the entry to the intermediate 
state could not be determined as precisely as for Ru 1. 
Nevertheless there is quite good agreement between the 
results for the two specimens. 

In order to determine how close the superconducting 
behavior of Ru 1 was to being ideal, the complete 
magnetization curve shown in Fig. 11 was obtained at 
0.09°K, using a modification of method 1. Measure- 


considered to be 


2 A.H. Wilson, Theory of Metals (Cambridge University Press 
Cambridge, 1953), second edition, p. 278. 

23 W. Meissner and B. Voigt, Ann. Physik 7, 761 and 892 (1930). 

%M. Horowitz and J. G. Daunt, Phys. Rev. 91, 1099 (1953). 

35 FE. Justi, Z. Naturforsch. 4a, 472 (1949). 
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Fic. 10. H, vs T? for ruthenium and osmium 
Ru 1: @; Ru 2 ‘ei: O 


ments were not possible at appreciably higher tempera 
tures owing to the more rapid warming of the salt 

superconductor system. Because of the hysteresis shown 
by the specimen it is not possible to deduce H, a 

curately, but a linear extrapolation of the falling part 
of the magnetization curve suggests a value of 38 
oersteds. This figure should be compared with the value 
44 oersteds obtained by method 3. 

At first sight it may seem surprising that the ballistic 
method yields a lower value for the penetration field 
than the ac susceptibility method. However, it is 
believed** that in nonideally-behaved superconductors 
there may exist a network of superconducting filaments 
with critical fields higher than that of the bulk metal. 
Thus the specimen will continue to exhibit zero re 
sistance after a static field has begun to penetrate the 
specimen. So long as the specimen has zero electrical re 
sistance, an alternating field is prevented from pene 
trating the specimen by currents induced in such a 
network of superconducting filaments, and it thus 
exhibits the alternating field susceptibility of a bulk 
superconductor. At 0.09°K the ac susceptibility of Ru 1 
was found by method 3 to depart from the ideal super 


conducting state value at a field of 44 oersteds, and thus 


Field (oersteds) 


Fic. 11. Magnetization curve for Ru 1 at 0.09°K 


2701). Shoenberg, Superconductivity (Cambridge 
Press, Cambridge, 1952), second edition, pp. 37-47 
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TABLE IV. Characteristics of the osmium specimens 


Width of 
zero-field 
transition 


Te(°K) (°K Ne 


Form and 
method 


Purity po/ prs 


99.9%, 004 0.71 0.02 019 


<O1 see text 0.004 


0.2 


at this field the network of superconducting filaments was 
sufficiently broken up for the normal resistance to begin 
to reappear, From Fig. 9 it may be seen that this is also 
approximately the field at which the penetration by a 
static field approached completion, in qualitative agree 
ment with previous work*® on the restoration of the 
resistance in nonideally-behaved superconductors. 
While small alternating fields are unable to penetrate 
a nonideal superconductor until the superimposed 
steady field reaches the critical field of the filaments, the 
static field itself may penetrate the specimen at appreci- 
ably lower fields. This can probably be explained as 
follows." When the steady field is raised above the 
critical field of the bulk of the specimen, the shielding 
currents tend to concentrate in the superconducting 
filaments in such a way that their average field inside 
the specimen would continue to cancel the applied 
field. Since the filaments are believed to be extremely 
thin and to occupy only a small fraction of the volume 
of the specimen, the local fields at the filament bound 
aries would then become much greater than the applied 
field, possibly leading to the destruction of super 
conductivity in some of them. Thus the shielding field 
in the specimen produced by these currents can only be 
a very small fraction of the critical field of the filaments 
themselves. In the ac method an adequate shielding 
field was ensured since the alternating field to be 
small (~1 


excluded from the specimen was 


oersted), but the superconducting filaments evidently 


very 


cannot exclude a steady field which is appreciably 
yreater than the critical field of the bulk of the specimen 
Thus there is reason to believe that the critical field 
values for Ru 1 obtained by method 3 are too high. 

It is of interest to compare the behavior of Ru 1 with 
the rhenium specimens prepared by powder metallurgy, 
especially since these two elements are chemically 
) 


similar. Ru 1 may first be compared with a sintered 
rhenium specimen which we prepared ourselves [curve 
Fig. 7 |. This rhenium specimen was much less well 
compacted than Ru 1 and it exhibited correspondingly 
poorer superconducting behavior, with a transition 
temperature 0.15°K higher than the ideal value for 


rhenium. On the other hand the specimens Re 5a, Re 5c, 


(3), 


Re 6a, which each exhibited superconducting 
all 
exhibited transition temperatures which were within 
0.01°K of the ideal value for rhenium. It therefore seems 


and 
behavior only slightly better than that of Ru 1, 
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unlikely that the transition temperature of Ru 1 differs 
from the idea] value for this superconductor by more 
than a few hundredths of a degree. This conclusion is 
reinforced by the fact that Ru 2, which was prepared 
by quite a different method, exhibited a fairly sharply 
defined transition at the same temperature. 

With respect to the critical field of pure ruthenium 
the position is somewhat less satisfactory. The experi- 
ence gained with the rhenium specimens suggests that 
the critical fields measured for Ru 1 may be somewhat 
high, and, as has been pointed out above, the ac 
susceptibility method for determining H, is also 
likely to result in values which are too high. Thus 
despite the agreement between the results for Ru 1 and 
Ru 2, the true value of Hy) may be somewhat less than 
the value determined, 46 oersteds. 

On the other hand, according to Eq. (1) (which is 
unlikely to be in error by more than a few percent), 
the present results give y=1.2 millijoule mole! deg, 
which is substantially less than the calorimetric value,” 
! deg’, thus suggesting that 
field values may be low. 


3.35 millijoule mole 


the critical too 


present 


Clearly, further experiments are needed to resolve this 


discrepancy. 
C. Osmium 


Three specimens of osmium, whose characteristics 
are given in Table IV, were each found by method 3, 
to become superconducting below 1°K. Superconduc- 
tivity had not been observed previously in this element. 

The results for Os 1 are shown in Fig. 10 in an H, vs T? 
plot. It can be seen that the results may be described 
by H.=Hj1—(T/T,)?| with Ho=65 oersteds and 
T.=0.71°K. 

The sintered rod Os 2 was not fully compacted, and 
was rather fragile. This specimen was found to have a 
rather broad zero-field transition, beginning fairly 
sharply at 0.51°K, but extending down to about 0.3°K. 
At 0.15°K superconductivity was destroyed over the 
range of longitudinal fields extending from 30 to 40 
oersteds. Therefore both Ho and 7, were appreciably 
lower for Os 2 than for Os 1. 

In order to cool the powder specimen, Os 3, below 
1°K it was contained in a sealed-off german silver tube 
which was in thermal contact with the salt, and which 
contained enough helium to ensure the powder would be 
covered with liquid below 1°K. A correction was 
applied for the magnetic behavior of the empty tube. 
Detailed observations on Os 3 were difficult to make. 
However, the zero-field transition appeared to cover the 
same temperature range, 0.5 to 0.3°K, as for Os 2. The 
destruction of superconductivity by a magnetic field at 
0.15°K, while being half complete at 30 oersteds, 
(compare 35 oersteds for Os 2) was only 75°% complete 
at 100 oersteds. 

In attempting to understand the behavior of the 
osmium specimens it may be surprising, in view of the 
present work on rhenium powder and the work of 





SUPERCONDUCTING 


Buckel and Hilsch,’® that the transition temperatures 
of Os 2 and Os 3 are lower than that of Os 1. Although 
the low transition temperatures of Aschermann and 
Justi’s sintered rhenium specimen may be due to im- 
purities, there is no reason to believe that Os 2 and Os 3 
were less pure than Os 1. In fact the reverse may be the 
case, and in fact the possibility of the 0.1% unknown 
impurity content of Os 1 being responsible for its higher 
transition temperature cannot be ignored. For example, 
the addition of 1% rhodium to zirconium raised its 
transition temperature by about 2°K.2” Thus, while the 
superconductivity of osmium has definitely been 
established, magnetization measurements on specimens 
of osmium of more well established purity are necessary 
for more accurate information on its true critical field 
curve. The need for further experiments is confirmed by 
the discrepancy between the value of y deduced from 
the present results using Eq. (1), 1.1 millijoule mole”! 
deg’, and the calorimetric value,” 2.35 millijoule 
mole deg~. 
IV. CONCLUSION 


While previous experimenters working with impure 
samples of rhenium have reported superconducting 
transitions at 0.95°, 2.2°, and 2.4°K, the present work 
on pure, strain-free rhenium indicates that the correct 
superconducting transition temperature of the metal is 
1.699°+0.001°K. Measurements on samples of ruthe 
nium and osmium which were not as well characterized 
metallurgically as the rhenium samples suggest that 
these metals become superconducting at 0.47°K (Ru) 
and 0.71°K (Os). 

It has been customary** to classify the supercon 
ducting elements according to certain properties they 
exhibit and their position in the periodic table. Thus the 
“soft” superconductors, in groups 2B, 3B, and 4B, were 
mechanically soft and specimens showing nearly ideal 
superconducting behavior could readily be prepared; 
the initial slopes of their critical field curves lay between 
100 and 200 oersteds per degree. On the other hand, for 
the “hard” superconductors, in groups 3A, 4A, 5A, and 
6A, the specimens were generally mechanically hard 
and exhibited very nonideal magnetization curves; the 
initial slopes of their critical field curves were appreci- 
ably greater than for the soft superconductors. In addi 
tion, there are the four elements technetium, rhenium, 
ruthenium, and osmium, in groups 7A and 8, in which 
superconductivity was only recently discovered. 

Asa result of recent measurements, both calorimetric 
and magnetic, values of (dH,/dT)r, are now available 
for most of the superconducting elements, and it is 
therefore possible to see whether these values given in 
Table V are consistent with the classification described 
above. It is apparent that for many elements there 
remain significant discrepancies between the values 
obtained by different methods, possibly arising either 


27 B. T. Matthias, Phys. Rev. 97, 74 (1955) 
28 Reference 26, p. 9. 
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PaBLe V. (dH,/dT)7, for the superconducting elements in the 
periodic table given in the table 
footnotes. In view of the possible departures from a parabolic 


H,vs T relationship, the values obtained from 2/19/T, and (8ry/V)4 
may be slightly different from the true values of the initial slope 


The sources of these values are 


4A 5A 6A 7A 2B iB 4B 


Zn 
116* 


122» 


Cd 
103° 
116" 


Re . Hy 
214 197° 
260" 


217° 


Th 
191° 
242» 


* 211o/Te 


b (Sry/V)§, where V is the atomic volume 


° Direct measurement 
4 From the specific heat di 


continuity at Te, using Rutger's formula 
from the invalid assumption of a parabolic H, vs T 
relationship or from genuine differences in the qualities 
of the different specimens. However, since our interest 
is focused upon the broad features of the distribution 
of values of (dH/,./dT)7r, among the elements, a detailed 
discussion of these discrepancies will be omitted here 
Table V shows that while the values of (dH,/dT)7, 
o be higher for the transition metal supercon 
than for the 
it is no longer possible to maintain a clear 


tend 
ductors nontransition-metal supercon 
duc tors, 
division of the superconducting elements on the basis 
of this parameter. In particular, the recently discovered 
superconductors which form the subject of this paper 
have intermediate values of (d//,/dT)r, 

The suggestion that the classification into “hard” 
and “soft” superconductors might be open to question 


the 


was in fact made by Shoenberg,” who studied 
properties of a rather pure specimen of iodide-deposited' 
Whereas according to the periodic table 
thorium falls the “hard” superconductors, 


Shoenberg’s specimen was mechanically soft and ex 


thorium. 


among 


hibited nearly ideal magnetization curves, with a value 
of (di1,/dT)7r, of only 191 oersteds per degree. In the 
present work it has been found that arc-melted speck 
mens of rhenium, which are extremely hard, neverthe 
less exhibit nearly ideal superconducting behavior, akin 
to that of the “ 
tin and indium, On the other hand, extensive studies of 


soft”? superconducting elements such as 
other transition elements such as niobium and vanadium 
have failed to reveal any metallurgical treatment which 


produces superconducting properties even approaching 


ideality. Intermediate behavior is found in tantalum ; for 


% 7). Shoenberg, Proc. Cambridge Phil. Soc. 36, 84 (1940) 
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the best specimen of this element so far investigated,” 
nearly ideal magnetic behavior was found but the 
resistance was restored only at appreciably higher 
fields. Thus, the transition element superconductors 
exhibit a considerable range in the degree to which their 
superconducting properties approach ideality. 

Among the nontransition-element superconductors, 
similar differences in behavior are also found. Thus, tin 
and indium show almost perfect superconducting be 
havior, but the best specimens of lead so far investi- 
gated, while showing ideal magnetic transitions, require 
appreciably higher fields for the restoration of their 
normal resistance.” 

Thus, we feel that there are no strong grounds for 
retaining the classification of superconductors into two 
fundamentally distinct classes, “hard” and “soft,” at 
least in the previously accepted sense of this classi 
fication. Instead, we shall attempt to explain the 
differences in the degree of approach to ideal super 
conducting behavior among the elements in terms of 
their metallurgy and method of preparation. First we 
note that Wexler and Corak‘ attribute the poor super- 
conducting behavior of their vanadium specimens to 
small amounts (~0.05%) of nitrogen and oxygen 
dissolved in the crystal lattice. These residual impurities 
are supposed to set up inhomogeneous strains in the 
lattice, similar to the strains produced by cold work. 
Whereas the strains due to cold work can be removed by 
suitable annealing treatment, the relatively high solu- 
bility of gases in vanadium makes it practically im- 
possible to remove residual amounts in the neighbor 
hood of a few hundredths of one percent, even by an- 
nealing in very high vacuum. This difficulty is, however, 
not universally present for the transition elements since 
the solubility of nitrogen and oxygen in these elements 
decreases rapidly as one moves from left to right along 
a given row of the periodic table.” This is mainly due to 
a decrease in volume of the holes in the lattice, although 
other factors such as the strength of the lattice also 
enter the situation. If the change in solubility which 
occurs along a row for Group 44, 5A, and 6A elements” 
may be extrapolated to Group 7A, for which no data 
are available, it is not unreasonable to expect the 
solubility of oxygen in a Group 7A metal such as 
rhenium to be at least 1000 times lower than in a Group 
4A metal such as titanium and at least 100 times lower 
than in a Group 5A metal such as vanadium. Thus even 
when rhenium is melted in the argon arc furnace (where 
the impurity content is much larger than in a high 
vacuum furnace) the amounts of oxygen and other 
gaseous impurities dissolved in the sample are not large 
enough to produce poor superconducting behavior. 


This low impurity content is confirmed by the extremely 


*®H. Preston-Thomas, Phys. Rev. 88, 325 (1952) 

* DPD. K. C. MacDonald and K. Mendelssohn, Proc 
(London) A200, 66 (1949) 

®H. Preston-Thomas, Can. J. Phys. 30, 626 (1952). 

% A. U. Seybolt and R. L. Fullman, Trans. Am. Inst 
Met. Engrs. 200, 548 (1954). 
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low residual resistance ratio, 0.00068, found for a good 
arc-melted rhenium sample. In contrast, the best 
vanadium sample of Wexler and Corak, prepared by 
iodide decomposition, had a residual resistance ratio 
of 0.051. 

It seems probable that the behavior of the thorium 
specimens investigated by Shoenberg” may also be 
understood in terms of their dissolved gas content. 
Since nitrogen and oxygen dissolve readily in this metal, 
it is not surprising that Shoenberg found poor super- 
conducting behavior in a specimen which had been 
prepared‘ by calcium reduction of the oxide, followed 
by powder metallurgy. However, his nearly ideal 
specimen, referred to above, was prepared by iodide 
deposition,’ which it is safe to assume afforded little 
opportunity for the introduction of gaseous impurities 
into the lattice. Little is known about the history of 
the tantalum specimen measured by Preston-Thomas” 
beyond the fact that it was annealed im vacuo for 100 
hr at 2500°C, i.e., 350°C below its melting point. It is 
possible that at this very high temperature dissolved 
gases may be removed from tantalum, but unfortu- 
nately the thermodynamic data necessary to test this 
hypothesis do not seem to be available. 

Although our work indicates that dissolved gases are 
not troublesome as regards the superconducting prop- 
erties of rhenium, we have shown that cold work has an 
effect on these properties which is even more dramatic 
than in the case of other transition metals. Thus 
surface grinding rises the transition temperature of 
rhenium by nearly 1°K and raises the field required to 
quench superconductivity at a given temperature by 
almost an order of magnitude. However, these changes 
can be almost completely reversed by annealing the 
metal at temperatures between 1500° and 2000°C. It is 
worth noting that Lasarew and Galkin™ produced even 
larger changes of the above type in the properties of 
mechanically soft superconductors such as tin by 
severely straining the material at low temperatures; 
here the external forces were maintained during the 
superconducting measurements. Owing to the compara- 
tively low crystallization temperatures of soft super- 
conductors, it is apparently not possible to introduce 
enough cold work at room temperature to materially 
affect their superconducting behavior. However, it 
would be interesting to try to work harden these metals 
at low temperatures to see whether their supercon- 
ducting properties could be substantially altered with- 
out the continuous application of external forces. 

Finally, we conclude that the anomalous properties 
of rhenium powder prepared by the reduction of 
perrhenates is closely connected with the effects of cold 
work mentioned above. This method of preparation is 
believed to yield highly strained crystallites containing 
large numbers of lattice defects, since the transition 
temperature and critical field values for the powder are 


*“B. G. Lasarew and A. A. Galkin, J. Phys. (U.S.S.R.) 8, 371 
(1944). 
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raised to about the same extent as the corresponding 
quantities for the ground bulk samples. The assumption 
that the crystallites are highly strained is certainly 
plausible in view of the fact that the metal grains are 
formed at about 300°C, which is much too low a 
temperature for stress relief to occur in rhenium. The 
present work re-emphasizes the point that caution must 
be used in interpreting transition-temperature and 
critical-field data obtained on samples with a low degree 
of crystalline perfection, since such results may not 
reflect the ideal properties of the metal. Of course, such 
difficulties are likely to arise only for high melting 
materials such as the transition metals and their com- 
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pounds and alloys, and it is even possible that the 
production of highly strained specimens could be turned 
to advantage as a 
transition temperature than those at present available. 


means of attaining even higher 
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Photoelectric Emission from Single-Crystal KI 
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Photoelectric emission measurements were made on single crystals of KI. Yield curves, obtained after 
irradiation in the first fundamental absorption band, are similar to those observed on evaporated films and 
the features are attributed to direct ionization and exciton-induced emission from F centers of density 
~10!* cm, only 10 times lower than for films. At 80°K additional structure appears. A small yield for 
quantum energy below 2.5 ev is attributed to the presence of F’ centers. At 5.5 ev, the position of 6-band 
absorption, a small peak is observed. An inversion in the exciton-induced emission yield at 5.8 ev is associated 
with the sharply peaked surface reflectivity. While the ratio of exciton-induced to direct ionization is 
slightly higher in crystals than in films, the effective cross section for exciton-induced ionization is still 
<10™ cm?*; thus, the photoemission provides direct evidence for energy transfer from excitons but not 


necessarily for migration. 


INTRODUCTION 


HOTOELECTRIC emission from evaporated films 
of KI and RbI have been investigated by Apker 
and Taft in the energy region below 6 ev.' They ob- 
served emission from deliberately introduced F centers, 
of density about 10" cm~*, by the mechanisms of direct 
ionization and exciton-induced emission. In the latter 
process excitons are formed by radiation in the region 
of fundamental absorption and transfer energy to 
F-center electrons, causing their ejection to the vacuum. 
This paper reports photoelectric emission data on 
cleaved KI single crystals. These are of interest as they 
are free of the gross disorder inherent in evaporated 
films.? Yield curves are similar to those of evaporated 
films. F-center concentrations, produced by irradiation 
in the first fundamental absorption band, are only 10 
times lower. At 80°K several additional features are 
present which substantiate earlier observations on thin 
films. 


1L, Apker and E. Taft, Phys. Rev. 79, 964 (1950); 81, 698 
(1951); 49 814 (1951). 
21—D. L. Dexter and W. R. Heller, Phys. Rev. 84, 377 (1951). 


EXPERIMENTAL TECHNIQUES 


Photoelectric emission measurements were made in 
cylindrical diodes which have been described before.’ 
Crystals,‘ of general size 10%10%1 mm, were firmly 
held on a platinum disk by means of 4 platinum tabs 
lor 80°K larger phototubes in 
corporating a liquid nitrogen chamber were used. The 
crystals were clamped to a gold-plated copper extension 


measurements at 


from the coolant reservoir. Slight modifications in some 
of the tubes included the presence of a platinum filament 
evaporator for KI and a side arm containing a pellet of 
potassium. 

Crystals were freshly cleaved prior to mounting 
Standard vacuum procedures were employed with bake 
temperatures limited to 300°C, Several tubes contained 
crystals which had previously been heated at about 
500°C in the presence of either excess potassium or 
excess iodine in sealed quartz vessels. 
measured by observing the 


Photocurrents were 


transient response of a galvanometer upon application 
*Apker, Taft, and Dickey, J. Opt. Soc. Am, 43, 78 (1952) 


‘The KI was obtained in crystalline form from Harshaw 
Chemical Company 
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hic. 1. Spectral distribution of the photoelectric yield at 300°K 
for (a) KI evaporated film, (b) KI single crystal, (c) MgO single 
crystal 


of light to the crystal surface with 180 volts on the 
collector. Between data points, the interior of the tube 
was irradiated with a quartz-mercury lamp, the col 
lector being held at zero potential. Reverse photo 
electric emission discharged the crystal surface. Read- 
ings taken in this manner were entirely reproducible. 
Photocurrents were kept small, usually about 10°" 
ampere, to insure the linearity of emission with light 
intensity 


SPECTRAL DISTRIBUTION OF THE 
PHOTOELECTRIC YIELD 


The spectral distribution of the photoelectric yield 
for a single crystal of KI at 300°K is shown in Fig. 1 
and is compared to the yield from an evaporated film 
of KI and to a different insulating crystal, MgO.° 

All curves obtained on KI cry stals at 300°K showed 
a peak at about 5.7 ev with yields near 5X 10~ electron 
per incident quantum. ‘The shapes differed, 
however, especially in the region below 5 ev where other 


exact 


emission processes, perhaps associated with surface 
impurities (other than electrons in negative-ion va 
cancies), may be important. For example, crystals 


exposed to potassium vapor at elevated temperatures 


* [emission measurements were made on MgO crystals to check 
the method of observing currents. The yield curve obtained from 
a film of KI evaporated on MgO was almost identical in shape and 
magnitude to curve (a) of Fig. 1 
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Fic, 2. Spectral distribution of the photoelectric yield at 80°K 
for a KI single crystal. Measurements at 300°K for quantum 
energies below 4 ev are indicated by the dashed curve. The re 
flectance, R, of a KI crystal at 80°K is plotted as 1—R below the 
photoelectric data to indicate the expected extent of resultant 
structure in the spectral distribution. 


showed yields of greater than 10~ electron per quantum 
and observable photocurrents extending to 2 ev. Some 
of these crystals were blue in color, indicating the pres- 
ence of colloids, and it is likely that the relatively 
high yield is associated with this or similar impurity 
aggregates. Corresponding curves were obtained on 
thin films of KI exposed to potassium vapor at tem- 
peratures between 200° and 300°C. The lowest emission 
in this region was generally observed on samples cleaved 
from crystals previously heated in iodine vapor. 

The spectral distribution of the photoelectric yield at 
80°K is shown in Fig. 2. A small reproducible emission 
is observed for quantum energies extending below 1.6 ev 
which disappears when the crystal is warmed to room 
temperature. At higher quantum energies a peak is now 
resolved at 5.5 ev. The main maximum 
narrows at the lower temperature and is shifted toward 
higher energy. Structure appearing in this peak at 
slightly greater than 5.8 ev is probably an optical effect 
associated with the sharply peaked surface reflectivity. 
The reflectance reaches a value of 50% at an energy of 
5.82 ev.® These data are shown in an insert in Fig. 2. 


emission 


® For similar data on NaC] see Hartmen, Nelson, and Siegfried, 
Phys. Rev. 105, 123 (1957), whose general approach was followed 
in the present work. Reflectance data on KI at 300°K (not pre 
sented here) are in agreement with measurements of R. Hilsch 


and R. W. Pohl, Z. Physik 57, 145 (1929). 
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DISCUSSIONS AND CONCLUSIONS 


The photoelectric emission from single crystals shows 
features similar to the emission from thin films. For 
incident quantum energies below 5 ev the yield is 
attributed to direct ionization of impurities, mainly 
F centers, formed by irradiation in the first fundamental 
absorption band of the salt. Yields are about 10~° 
electron per incident quantum, only ten times lower 
than for films. One estimates that the irradiation 
produced /-center densities in excess of 10'° cm™* near 
the single-crystal surface. 

At 80°K new occupied levels are formed from which 
external photoelectrons may be ejected with photon 
energies as low as 1.6 ev. This emission is attributed to 
photoionization of F’ centers formed in the crystal 
during irradiation with the mercury are which emits 
some energy in the F-center absorption band.’ These 
centers are destroyed when the crystal is warmed to 
300°K, 

For quantum energies above 5 ev, the yield rises and 
at 80°K a peak is resolved at 5.5 ev. It is associated 
with B-band absorption and is a special kind of exciton 
induced emission from F centers. Here the exciton is 
initially trapped at its point of decay and thus differs 
from the process occurring at higher energy. This 
effect has been fully discussed in connection with the 
work of Taft and Apker on thin films of RbI and KI.* 
At 300°K, this emission is observed as a rather broad 
hump in the yield centered at about 5.4 ev. 

At a slightly higher energy fundamental absorption 
becomes dominant. Here excitons are formed which 
ionize F centers in a secondary process. At 300°K, the 
yield rises to a broad maximum at 5.7 ev. This peak 
narrows at the temperature of 80°K and shifts toward 
higher energy. The inversion occurring at slightly 
greater than 5.8 ev appears to be primarily associated 
with the sharply peaked surface reflectivity. It does not 
seem necessary to require a dead layer at the emitter 
surface as was postulated for more pronounced structure 
in thin film measurements.’ 


7 FE. Taft and L. Apker, Phys. Rev. 83, 479 (1951) 
* E. Taft and L. Apker, J. Chem. Phys. 20, 1648 (1952 
L. Apker and E. Taft, Phys. Rev. 81, 698 (1951). 
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The mechanism of energy transfer in exciton processes 
has been reviewed by Seitz."® It is quite possible that in 
the alkali halides this excitation is free to migrate 
through the crystal and is capable of traveling from ion 
to ion for many atomic dimensions eventually reaching 
some lattice impurity or imperfection, Alternatively, 
however, the exciton may become trapped as a result 
of lattice relaxation in the vicinity of the excited atom 
prior to the transfer process, ‘The relaxation produces a 
Stokes shift which may throw the excited ion out of 
resonance with neighboring ions. This localized excita 
tion sll with F centers by the 
process of dipole coupling used by and 
Dexter and Schulman to describe the transfer of energy 
from an isolated atom to another atom or complex 
separated by a distance of less than 50 A." For KI, 


can communicate 


loerster, 


the yield at the exciton-induced emission peak is less 
than one-hundredth of that from the 
valence band.” If we say that only ten percent of the 
excited electrons from exciton-stimulated /’-centers are 
able to cross the surface barrier, the yield is still low and 
the effective cross section for exciton-induced ionization 


for emission 


is less than 10° cm?.” The efficiency of this emission 
can be accounted for if the transfer were only by the 


Foerster process. Thus the photoemission from single 


crystals provides direct evidence for energy transfer 


but not necessarily for migration, 
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” KF. Seitz, Revs. Modern Phys. 26, 7 (1954 

'T. Foerster, Ann. Physik 2, 55 (1948); D 
Schulman, J. Chem. Phys. 22, 1063 (1954 

2 For incident quantum energy above 7.2 ev 
directly ejected from the occupied band of KI and the yield rises 
above 15%. In this region and in the first fundamental absorption 
band, all the light is absorbed within a few hundred angstroms 
of the surface. H. R. Philipp and E. A. Taft, J. Phys. Chem 
Solids 1, 159 (1956) 

48 This cross section pertains to /-center concentrations of 10" 
to 10% cm™*. It is quite possible that the cross section increases 
at lower densities. Experiments on this point can, in principle, 
throw light on the problem of migration. The practical difficulties 
are great however, and the work has not been attempted here 
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Electrical Resistivity of Au,Cu at Low Temperatures* 
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The electrical resistivity of Au,;Cu heat-treated for different lengths of time at 185°C was measured 
from liquid helium temperature to room temperature. Although this alloy is anomalous in that the ordered 
state has a higher electrical resistivity than the disordered one, it was found that the annealed state has 
actually a lower resistivity than the quenched one at liquid helium temperature. The Debye temperature 
of the ordered state is found to be lower than that of the disordered state and this fact is contrary to the 


case of CuygAu 


Hk alloy AusCu, an ordered phase of which was 

found by Hirabayashi,’ has lower electrical resis- 
tivity in the disordered state than in the ordered state 
at room temperature. The temperature coefficients of 
the resistivity of both alloys are, on the other hand, 
nearly the same in the room-temperature range. This 
anomalous behavior gives us the impression that even 
the residual resistance of the disordered state might be 
lower than that of the ordered state. Several possible 
explanations could be given for such an anomalous 
behavior; for example, (1) the decrease of the effective 
number of electrons by the splitting of the Brillouin 
zone during ordering, (2) the existence of antiphase do 
mains predominating in this alloy,’ (3) internal stress 
created by the ordering process, etc. However, since 
the low-temperature resistivity of this alloy has been 
only incompletely investigated,’ the above explanations 
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Fic. 1. The dependence of the electrical resistivity of AusCu 
at room and liquid helium temperatures and their ratio upon the 
annealing time at 185°C, The points corresponding to the anneal 
ing time of 654 hours actually refer to a specimen annealed at 
174°C for 72 hours after being annealed at 185°C for 582 hours. 


* The author was informed recently that similar experiments 
Hirabayashi and Y. Muto at the Research 
and Other Metals, T6hoku University, 


are being done by M 
Institute for Iron, Steel 
Sendai, Japan 

'M. Hirabayashi, J. Phys. Soc. Japan 6, 129 (1951) 

* B. Batterman, Bull. Am. Phys. Soc. Ser. I, 1, 146 (1956) 

3. Passaglia and W. F. Love, Phys. Rev. 98, 1006 (1955) 


remain only tentative. For this reason, the low-tempera- 
ture resistivity of this alloy was measured as one of a 
number of experiments to clarify the electronic structure 
of this alloy. 

The specimen used is a polycrystalline wire of 
approximately 0.5 mm in diameter and 40 mm in length. 
The alloy was first quenched from 600°C to obtain the 
disordered state and then annealed at 185°C to obtain 
the ordered state. Then the temperature-resistivity 
curves from liquid helium temperature to room temper- 
ature were measured on a quenched specimen as well 
as on specimens annealed for different lengths of time 
at 185°C. Since the critical temperature of this alloy 
is low, about 200°C,'? it is not only very difficult to 
obtain a highly ordered state, but also the time required 
to get it ordered by annealing is inevitably very long. 

As is shown in Fig. 1, the resistivity at room temper- 
ature increases monotonically with annealing time. On 
the other hand, the residual resistivity decreases with 
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Fic, 2. The temperature dependence of the electrical resistivity 
of Au;Cu with various times of annealing at 185°C. @—Quenched; 
annealed for 195 hours; @-—-annealed for 388 hours; X 
annealed for 582 hours 
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annealing time (Fig. 1) and thus the resistivity 
temperature curves for the quenched and annealed 
specimens cross each other as shown in Fig. 2. It is 
remarkable that the difference of temperature coefficient 
of resistivity between the annealed and the quenched 
sample is appreciable at low temperatures. On the other 
hand, the residual resistivity of the annealed specimen 
is only slightly lower than that of the quenched one 
and this fact is rather surprising. However, the heat 
treatment of the sample in this case might be still 
inadequate to obtain the state of highest possible order 
in this alloy. The present note is intended only to point 
out the fact that the annealed state of AugCu has lower 
residual resistivity and, therefore, that AusCu behaves 
normally in this sense. 

However, it is also of some interest to report that 
the estimated Debye temperature of the annealed state 


is lower than that of the quenched state by as much as 


RESISTIVI‘ 
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30°. The Debye temperatures determined from the 
resistivity curves are 150°K for the quenched state and 
119°K for the well-annealed state, though we cannot 
put too much weight on these absolute values. This 
behavior is just contrary to that of CugAu and is also 
rather exceptional. 

For the further understanding of this alloy, it is 


to find a method t} 


necessary of obtaining the state of 


highest possible order and then to determine the 
electronic structure and phonon spectrum of this sys 
tem. For the former, irradiation by electrons as well 
as more adequate heat treatment is being considered, 
and for the latter, the measurements of Hall effect, 
low-temperature specific heat, and elastic constants are 
Discussions with Dr. J. E. Goldman, Dr 


\. W 


under way 
B. R. Coles, and Dr 
appreciated 


Overhauser are greatly 


‘Adam, Green, and Dugdale, Phil. Mag. 43, 1216 (1952) 


Excess Noise in n-Type Germanium* 
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An experimental examination of excess noise in n-type single crystal germanium has confirmed that the 


phenomenon behaves like conductivity modulation caused by carrier density fluctuations 


The magnitude 


and frequency spectrum of the carrier density fluctuations, as measured by the Hall effect, yield good 


agreement with observed excess noise levels. Majority and minority carrier density fluctuations are corre 


lated in such a way that the density varies percentagewise. It is shown experimentally that noise sources 


are distributed uniformly along the specimen length and that statistically independent volume elements 


are smaller than 10 


which affect only the magnitude of the fluctuations. Results on samples with resistivities 


*cm*, These results are independent of sample shape, resistivity, and surface treatment, 


ranging from 1.5 


to 35 ohm-centimeters show an increase in fluctuations with resistivity 


I. INTRODUCTION 


XCESS noise in semiconductors is characterized 
by a noise power density having a 1//f spectrum. 
Although it is known to be generated at metal-semi 
conductor contacts!” or similar electrical disconti 
nuities, it may also be observed in apparently uniform 
In this 


inhomogeneities on an 


‘noiseless’ electrodes.’ 
that 


atomic scale, such as those produced by plastic defor 


single crystals having 


case there is evidence 


mation,'® exert considerable influence. Although surface 


conditions are known to be experimentally important 
the 
question of whether the phenomenon should be con 


in excess noise,’ recent papers are divided on 


sidered primarily a surface or volume effect.° 

* Work supported by the Office of Naval Research 

J. J. Brophy, J. Appl. Phys. 25, 222 (1954) 

R. E. Burgess, Brit. J. Appl. Phys. 6, 385 (1955). 

4H. C. Montgomery, Bell System Tech. J. 31, 950 (1952 
4]. J. Brophy, J. Appl. Phys. 27, 1383 (1956) 
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| he excess noise power! is observed to depend approxi 
mately upon the square of the average current. This 
has been interpreted in terms of conductivity modu 
the semiconductor, and the modulation is 
The Hall 


fluctuations 


lation of 
ascribed to fluctuations in carrier density 
effect 
directly,’ 
ations in carrier density have the proper frequency 


has been used to examine these 


* with the preliminary conclusion that fluctu 


spectrum and approximately the correct magnitude to 
account for excess noise 

This paper presents a more thorough investigation 
of excess noise as conductivity modulation, including a 
rigorous application of the Hall effect to the problem 
The conductivity modulation effect is critically exam 
ined experimentally and the Hall effect technique is 
extended to yield more reliable quantitative magnitudes 
of carrier density fluctuations than previously reported 
The 
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measurements have been extended to include 
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Vic. 1. Block diagram of apparatus used in excess noise work. 
Probes BB on the sample are used for standard noise studies and 
probes AA for Hall effect examination 


resistivities ranging from one to thirty ohm-centimeters. 
All of the work to be described has been carried out 
on single-crystal, arsenic-doped, germanium. 


Il, CONDUCTIVITY MODULATION 


Although the idea of a conductivity modulation 
mechanism for excess noise was suggested in even the 
first paper on the subject’ and is clearly implicit in 
most subsequent experimental investigations, a direct 
experimental study of its existence has not been pre 
sented. The technique is very simple and consists 
essentially of showing experimentally that excess noise 
is observed under constant current conditions. 

A block diagram of the apparatus used for this and 
subsequent noise studies is shown in Fig. 1. A battery 
and battery filter ReCyr supply sample current through 
a noiseless series resistor. Noise voltages are examined 
at probes BB of the sample for normal studies and at 
probes AA for Hall effect studies. The sample is fabri 
cated into the shape indicated by sandblasting and is 
The 


surface is either etched or sandblasted, as required. 


provided with ohmic, tin-soldered electrodes. 
The noise voltages are amplified by a modified” low- 
noise preamplifier, pass through a standard electronic 
filter, and are measured on a true rms vacuum-tube 
voltmeter, The amplifying system is calibrated by 
measuring Johnson noise of known resistors. 

‘rom elementary circuit analysis of the input circuit 
in Fig. 1, the noise voltage observed at probes BB due 


to current flow can be expressed as 
I{AR;?) (AV,* 


: (1) 
(14+-R,/R,)* 


AV? t 
(1+R,/R,)? 


where R, is the average resistance between probes BB, 
(AR,*) is the mean square fluctuation in this quantity, 
and (AV ¢*) represents extraneous noise voltages arising 
from current fluctuations, battery noise, contact noise, 
If (AV*) is observed for increasing values of Rs, 
it will approach the constant value /*(AR,?) if conduc- 
tivity fluctuations truly exist. The approach to this 
value may be either increasing or decreasing, depending 
upon the relative magnitudes of /*(AR,?) and (AV x’). 
°C, J. Christensen and G. L 


15, 197 (1936) 
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A comparison of the noise voltage observed at probes 
BB as a function of the series resistance with the 
behavior predicted by Eq. (1) is shown in Fig. 2. 
Clearly the agreement is satisfactory. Notice that a 
true plateau is not reached until the series resistor, 
which provides constant current conditions, is 30 times 
the sample resistance, somewhat larger than might be 
anticipated. Also, it is indicated that /*(AR,?) is larger 
than (AV ,”), a desirable situation. The alternate be- 
havior is occasionally observed and usually is indicative 
of a noisy current contact. Such samples are not 
investigated further. 

We take this data as experimental evidence that 
excess noise in single-crystal germanium behaves as 
expected from a conductivity modulation picture. 
Furthermore, the experimental technique described 
provides a direct way of demonstrating that extraneous 
noise sources, particularly contact noise, can be made 
negligible. We have made it standard practice to carry 
out such an examination on every sample used for 
excess noise studies. 


III. HALL EFFECT NOISE 


The previous report’ on noise voltages observed at 
the Hall probes, 4A, showed that two components are 
present. At zero magnetic field a noise voltage analogous 
to the usual “unbalance” voltage is observed, and the 
noise voltage increases linearly with magnetic field in 
complete agreement with what is expected from the 
Hall effect and carrier density fluctuations. Typical 
results of an examination of the noise at probes AA for 
a 20 ohm-centimeter sample are shown in Fig. 3. The 
magnetic field used for this work was supplied by a 
permanent magnet. The noise with magnetic field is 
independent of the magnetic field direction. The noise 
level at probes BB is negligibly affected by the addition 
of the magnetic field. 

The noise data in Fig. 3 show the usual 1/ f behavior 
for both values of magnetic field. Therefore, the Hall 
noise voltage, which is the difference between the curves, 
also has a 1/f spectrum. This particular sample had a 
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Fic. 2. Comparison of noise voltages observed at probes BB as 
a function of series resistance with the behavior predicted by 
Eq. (1). The approach to a plateau is expected for a conductivity 
modulation phenomenon. 
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chemically etched surface, but similar results are 
obtained with other surface conditions, such as sand- 
blasting. 


IV. CARRIER DENSITY FLUCTUATIONS 


Measurements such as those of Fig. 3 can be inter- 
preted in terms of carrier density fluctuations by the 
following analysis. The de voltage which appear at 
probes AA are the usual de potential drop and Hall 
voltage, 


Vi R,/, Vu RylB/t, (2) 


where Ry is the Hall constant, B is the magnetic field, 
and ¢ is the sample-thickness. Since the current is 
constant, voltage fluctuations are ascribed to variations 
in R, and Ry. These variations, in turn, are due to 
fluctuations in carrier densities. If we take the usual 
two-carrier expressions for R, and Ry and allow both 
hole and electron concentrations to vary, Eqs. (2) 
become, with the approximation for n-type samples, 
N->>N),: 


An,/n.+ (1/b)Anp/n., 


1+-2b (3) 
Jan, Ne, 
b? 


AV1/V1 


AVy Vi An,/n.4 


where 6 is the ratio of mobilities. 

Equations (3) may be used as independent measures 
of fluctuations in carrier densities if the correlation 
existing between An, and Am, is known. Three cases 
have been examined; (1) An, and Am, uncorrelated, 


Fic, 3. Excess noise voltages observed at probes AA with and 
without magnetic field for a 20 ohm-centimeter sample. 


JRRENT 
errect 








t wer 


Excess noise voltages observed as a function of sample 
rhe straight line represents the expected variation based 


Fic. 4 
length 
on statistically independent volume elements 


(2) An,= Any as in van der Ziel’s theory of shot noise," 
and (3) An,/n, An)/n,, as suggested by Bess for 
excess noise.* With these assumptions the expressions 
become : 

1. An,, An, uncorrelated 
An,*)/n.?+ (1/6) Any 
An,.*)/n?+{ (1+ 26)/6 


(AV ))/VP 
AV 1*)/V i? 
2. An.= Any, 

(1+-1/b)*(An 


(1+1/b)An, 


(AV ;’ V7 
Al Ww Vir 


3, An./n. An)/ 1) 


AV ?)/Vr=(An?Z)/n AVu Vy’. (0) 


rhe above analysis yields values of the magnitude of 
the carrier density fluctuations per unit volume, but 
in general experimental specimens are considerably 
smaller than this. Therefore, the observed noise voltages 
must be corrected to refer to unit volume. If it is as 
sumed that the fluctuations in each volume element are 


independent, leaving aside for a moment the size of 
is unknown, the correction is 


this element since it 
merely a multiplicative volume ratio. For the present 


work, this is conveniently done by using the expression 


(CAV 7*)/ V* )eor= ((AV?)/V? (V/Va)W, (7) 


where Vr is the total potential drop across the sample, 
W is the total sample volume, and V is the potential 
drop between probes, as used above 

A comparison of noise voltage observed between 
various pairs of probes, representing therefore different 
sample volumes, with the behavior predicted by Eq. 
(7) is shown in Fig. 4 for a 20 ohm-cm specimen. The 


"A. van der Ziel, J. Appl. Phys. 24, 1063 (1953 
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hic. 5. Frequency spectrum of carrier density fluctuations of 
the sample of Fig. 3 as computed from Hall and conductivity 
measurements 


Noise 
expected effect is reasonably well confirmed for vari 
ations in sample volume of two orders of magnitude 
This is good evidence for a uniform distribution of 
noise sources along the sample length. Also, since the 
minimum sample volume represented by probes AA is 
5.2K 10 the the 


fluctuation correlations must be 


volume element for 
kor 


cm’, size of 


smaller this 
particular sample cross section, this represents a length 
of 4.5 10 


Noise data similar to that of Fig 


‘om in the direction of current flow 

3 were taken on a 
number of samples with very similar results and carrier 
densities calculated from Eqs. (4)-(6). Table I sum 
marizes the results for three n-type specimens which 
range in resistivity from 1.5 to 35 ohm-centimeters, in 
1x10 
chemically etched (20 ohm-cm sample) and sandblasted 


volume from cm® to 0.2 em’, and for both 


(1.5 and 35 ohm-cm samples) surfaces. The measured 
potential fluctuations are given for a frequency of 100 
eps and are quite representative since 1// behavior 
was observed in all cases 

Using these data to compute carrier density fluctu 
ations by means of Eqs. (4) (6) results in negative 
values under the no-correlation assumption, which is 
physically meaningless. It appears, therefore, that this 
assumption 1s not correct, The shot-noise assumption 
results in a disparity of a factor of three between the 
from the 
The agree 


carrier density fluctuations obtained two 


measurements, as illustrated in the table 


ment is considerably better when one uses the third 
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assumption, which confirms the findings of Bess.* The 
residual error in this case may be attributed in part to 
simplifications in the derivation of Eqs. (4)-(6) and 
the usual experimental difficulties in measurements of 
random noise. However, these factors do not seem 
large enough to completely account for the disagree- 
ment and a small unknown effect must be present in 
addition to those considered. One possibility is the 
change in carrier trajectories in the presence of the 
magnetic field, which may alter the noise character- 
istics slightly. 

By using the data of Fig. 3, the assumption of Eq. 
(6), and the volume correction of Eq. (7), the carrier 
density fluctuations for a 20 ohm-centimeter specimen 
are plotted in Fig. 5. These show the expected 1// 
behavior over the frequency interval examined. Similar 


TABLE I. Carrier density fluctuations. 


si Ge. 


(AVun*)/Vut 
(cps)! 


(f =100 cps 


3.8 X 10-'% 
0.77 KX 107% 
0.71 * 107-" 


results are obtained with other crystals, with the magni- 
tude of the fluctuations increasing with resistivity as 
illustrated in the table. 


V. SUMMARY 


This experimental examination of excess noise in 
n-type germanium crystals has shown explicitly that 
the phenomenon behaves as a conductivity modulation 
caused by fluctuations in carrier density. The experi- 
mental technique used eliminates contributions from 
extraneous noise sources and shows when this condition 
is obtained. The Hall effect technique has been extended 
to account for various types of carrier density fluctu- 
ations and it has been confirmed that equal percentage 
fluctuations of majority and minority carriers provide 
the most satisfactory description of excess noise. Noise 
sources are uniformly distributed throughout the vol 
ume (or length) of these single crystal samples and the 
fluctuations per volume element must be independent 
cm*. For future work, it is 
now possible to obtain reliable measures of the magni 
tude of carrier density fluctuations by using /R-drop 
noise voltages alone without the necessity of resorting 
to Hall studies. These general conclusions are inde 
pendent of sample shape, volume, resistivity, and 
surface treatments, although each of these influence 
the magnitude of the fluctuations observed. 


in volumes as small as 10~° 





PHYSICAITI REVIEW VOLUMI 106, NUMBER 4 


The g Value in Conduction Electron Spin Resonance 


Y. YAFE1 


Westinghouse Research Laboratories, Pittsburgh, Pennsylvania 


Received April 27, 1956; revised manuscript received January 14, 1957 


The departure of the g factor from the free-spin value due to spin-orbit interaction is calculated for 
conduction electrons in a nondegenerate band. The Kohn-Luttinger representation is used and the result 
is obtained to second order in the wave-vector of the electron at the Fermi surface. The result is expressed 
in two forms, one of these being a sum of volume and surface integrals over the unit cell. The orders of 
magnitude of these are discussed but no numerical calculations are made 


1. INTRODUCTION In this paper, by using the Luttinger-Kohn represen 
tation (henceforth abbreviated as the L.-K. representa 
tion), it is found that the g shift is given by the average 
at the top of the Fermi distribution (or over the 


HE purpose of this paper is to calculate the g 
value (spec tros¢ opi splitting factor) of a conduc- 
tion electron, more specifically to calculate the shift, 
due to spin-orbit interaction, from the free-spin value 
of the g factor in a spin-resonance experiment on 


Boltzmann distribution if the band is almost empty) 
of the orbital magnetic moment induced by the spin 
, . ‘bit inter: é viated ¢ e ri ) 
electrons in a nondegenerate band. Only simple lattices = interaction ( rong . d is the s. o. inte | ul _ 

possessing a center of space inversion will be considered ; Phe expression for this is 0 tained as a trace which can 
the alkali metals, which are the easiest to understand be developed in a power series in the even powers of 


theoretically, and for which experimental data exist! kpy*, the components of the wave-vector at the top of 


belong to this class the Fermi distribution, Only the first two terms, of 


This problem had already been treated by the 
author,’ but the result obtained there, although being 
of the right order of magnitude, is not quite correct. 
The source of the error lay in the improper treatment 
of the interaction of the electrons with the applied 
magnetic field. The lack of lattice periodicity of this 
interaction (due to the dependence of the vector 
potential on the particle coordinate) is a source of 
difficulty for problems involving the motion of electrons 
under the simultaneous effect of a periodic potential 
and a magnetic field; namely that since an exact 
solution for the energy levels is in general impossible, 
and since the magnetic fields used are small on an 
atomic scale, it is desirable to treat the effect of the 
field as a perturbation.’ However, if the stationary 
states of the system (in the absence of the field) are 
extended in space, as the Bloch states are, then the 
effect of the field on these states cannot be viewed as a 
perturbation as the interaction term can be made 
arbitrarily large by going to large enough distances 
from the origin of the vector potential. The manner in 
which perturbation theory can be used in this case has 
been given by Peierls’ for the limiting cases of free 
electrons and tightly bound electrons. Further progress 
in removing these restrictions has been made recently, 
in particular through the work of Adams‘ on magnetic 
susceptibilities, of Luttinger and Kohn® on the per 
turbed periodic lattice, and of Kjeldaas and Kohn® on 


orders zero and two in kp*, are evaluated, The result is 
expressed in two different forms, both being in terms of 
operations performed on the Bloch states of the band 
under consideration and averaged over the Fermi 
surface 

(a) In the first form, it is proportional to the sum 
of the components along the field (taken in the Z 
direction) of the periodic part of the magnetic moment 
as defined by Adams’? and of the vector product of the 
periodic part’ of the coordinate by the wave vector 

(b) In the second form, which is obtained by manip 
ulation from the preceding one, the result is the sum 
of three terms: (1) a volume integral of the Z component 
of the magnetic moment, (2) a product involving the 
volume integral of the electron coordinate and the 
departure of the effective mass from the free-electron 
mass, and (3) a surface integral proportional to the 
normal component of the velocity evaluated over the 
wave function and certain combinations of its deriva 
tives with respect to &*. In the limit of infinite lattice 
onstant, only the first of these terms survives and it 
reduces to the correct expression ior tree atoms The 
motivation for expressing the result in the second form 
was to make a comparison with the result of reference 2 
which is essentially given by the first term in (b) 
That result was used by Brooks* who, using the method 
of quantum defects, was able to obtain numerical 
answers without calculations involving wave functions 
magnetic susceptibilities. and potentials. It is therefore interesting to see whether 
the second and third terms of (b) can be neglected 
1G, Feher and A, F. Kip, Phys. Rev. 98, 337 (1955 For the alkali metals with the exception ol lithium, the 
2Y. Yafet, Phys. Rev. 85, 478 (1952) second term is negligible; the third term is not neces 
+R. Peierls, Z. Physik 80, 763 (1933) 
‘FE. N. Adams, Phys. Rev. 89, 633 (1953) 7. N. Adams, J. Chem. Phys. 21, 2013 (1953 
‘J. M. Luttinger and W. Kohn, Phys. Rev. 97, $69 (1955) *H. Brooks, Phys. Rev. 94, 1411(A) (1954) and unpublished 
°'T. Kjeldaas and W. Kohn, Phys. Rev. 105, 806 (1957 work 


679 





680 


sarily so for sodium (numerical calculations of terms 
have number 
increases, it is expected that, because of the localization 
of the s.o, interaction near the nucleus, the relative 
contribution of the surface integral will become less 
important. A rough estimate indicates that for sodium 
the third term may be of the order of 50% of the first 
when the boundary of the domain of integration is the 
sphere equivalent to the cellular polyhedron. 

The details of the g-shift calculation are given in the 
next two sections. 


not been made), but, as the atomic 


Il. THE g VALUE BY THE TRACE METHOD 


The conduction electrons are treated in the one- 
electron approximation and the periodic potential is 
assumed, for simplicity, to contain no exchange term. 
The complete Hamiltonian of an electron under the 
influence of an external magnetic field H in the Z 
direction can be split into two parts: Rr=KH+KHz. 
The first term 4 is the sum of the kinetic and potential 
energies, including the 8.0. interaction given by: 


h eA 
sxev-(n4 ) (1) 


2m'*c? Cc 


here S is the spin operator, V the periodic potential, 
and A the vector potential of the applied field. The 
second term Kz is the Zeeman energy of the spin, 
Kz=gs8HSz, where 6 is the Bohr magnetron and 
gs= 2[ 14+ (a/2m) |= 2.0023. 

Spin resonance is induced by a small alternating 
magnetic field at a right angle to H. The g factor as 
measured experimentally is given by the value of the 
energy quantum at the maximum of power absorption. 
The quantity calculated in this paper is the mean of 
the energy in the absorption spectrum. The difference 
negligible 
since exchange interactions’ between conduction elec- 
trons and lattice scattering will tend to peak the line 
at the average absorption energy. The g factor is given 
therefore by the ratio of the first moment to the 
zeroth moment of the energy in the absorption spec- 
trum. Since it is not practicable to obtain the eigenfunc- 
tions of the electron in the presence of the magnetic 
field, the moments will be expressed in the form of 
traces which evaluated in convenient 


representation. The moments are given by": 


between these two quantities should be 


can be some 


ny Pr{p(K r)[S2,[r,S, 1}, 
7 r{p(i7 Sz} 4 


(2) 
Nig 


where p is the Fermi distribution function. Upon 
writing Hp=5IC+Hz in the commutator of Hy, the 
contributions of the two terms can be separated into 


S,,[ @z,S,]], which contributes gs8H to the ratio 
£ 


P. W. Anderson, J. Phys. Soc. Japan 9, 316 (1954) 
"K. Kambe and T. Usui, Progr. Theoret. Phys 
$02 (1952) 


Japan 8, 
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IM1/Mo, and [S,,[5,S,]], which gives the shift in 
the g factor due to s.0. interaction: 


Tr{o(Hr)LS,,[K,S.]}) 
—~Tr{p(Kr)S.) 


6¢8H (3) 


This expression, wanted only to first order in the 
s.0. interaction, will be computed in the L.-K. represen- 
tation as developed in reference 6 (especially Sec. II) 
to which the reader is referred for an account of method 
and notation. That notation will be followed here 
except for a minor change: it is shown in reference 6 
that the matrix element (mk! ©|nk’) of an operator © 
depending on the vector potential only through the 
combination ~*+eA%/c is given by a sum of terms, 
each of these being the product of two matrix elements: 
one of these involves only periodic operators and is to 
be taken between the Bloch states m and n at k=0; 
the other depends only on powers of ~*+eA*/c and is 
to be taken between the plane waves k and k’. In this 
paper, the matrix element with respect to the plane 
waves will not be taken and p*+eA*/c, left as an 
operator, will be labeled k*. (From here on, we shall 
use atomic units for which h=m=e=1.) Accordingly 
the notation (m| 0(k*)|n) will replace (mk! 0| nk’). 

The commutation properties of the k* are: [k*, k*] 

—15bagz, where the parameter s= H/c and the symbol 
basz has the values: +1 for a=x, 8=y; —1 for a=y, 
B=x; 0 otherwise 

Let n refer hence forth to the nondegenerate band 
under consideration. Then since the expectation value 
of the s.o. interaction over L.-K. functions determined 
with neglect of s.o. interaction vanishes it is possible 
to take for the states |n,k) spinors having a large and 
a small component. The spin will be quantized along 
the applied field and the two spin states will be denoted 
by |n, +, k) or |n, —, k) depending on whether the 
spin is predominantly parallel or antiparallel to H. 

To evaluate (3), the interband matrix elements of 
p(Kr) will be eliminated to the desired order in ke. As 
will be seen below, to obtain 6g to order kp’ it is necessary 
to have 3Cr diagonal to order (k*)*. Since it is sufficient 
to have p(3Cr) to zero order in s.0. interaction and as 
there are no interband matrix elements of iz to this 
order, it is sufficient to diagonalize 5 to order (k+)‘, 
Let T be the transformation which accomplishes this 
and let S,=e°7S,e7. It can be shown by explicit calcula- 
tion that the only part of S, which contributes to the 
trace is S,. The expression for the g shift becomes: 


sig Treal{[p(2+3,) n-—p(1+5,) ny (Any —An_)} 


2 Trial p(1+%,) » —p(1+5,) ny} 


(4) 


Here in H=e-TKe’, the notation A7,, is short for 
(n+ |f7(k*)|n+-), and the subscript &* on Tr indicates 
that the summation over the two states of spin has 
been performed and that the bands have been decoupled 





g VALUE IN CONDUCTION 

to the desired order in k*. It remains to calculate 
H,,(ke) and A7,,(k*)—A7,_(k). The expression for the 
first of these has been given by Kjeldaas and Kohn 
under neglect of s.o. interaction. To include this, it is 
necessary® only to replace the matrix elements of the 
momentum (*)m» by those of the velocity operator in 


the presence of s.o. interaction, (3%) ma, With we given by: 
w= i[ H,x7 |= p+ (1/2c?) (SK VV). (5) 


Here Ho is the Hamiltonian 3 for zero magnetic field. 
The parts of /7, of order 2 and 4 in k are: 


A= ¥ E,atkeke4 


af 


~ E,bkeko ky, (6) 
apy 
with the coefficients given by®: 
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p> 
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nj 


njwn 


Tne nob 
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. Wn 


(8) 


nOpy tm, | 


Here the w,, are interband energies at k= 0, and in order 
to avoid too many indices, the spin quantum number 
has been included in n, m, etc.--+; the notation m+, 
n— will also be used below but no confusion should 
arise from the double usage of n. 

The parts in the expressions that are odd in 3.0. 
interaction will give 4(7,,—A,_). This is found as 
follows: 

By Kramers’ theorem,"! the Bloch states for each k in 
a nondegenerate band are spin-degenerate. In the 
expansion of the energy in powers of k* (at zero field), 
the coefficients are even under spin reversal and real. 
In (8), the coefficient of a specific term kek*k7k* is not 
necessarily real; the sum of these coefficients over all 
the permutations of the given a, 8, y, 6 must be real 
and even under spin reversal, since in the absence of a 
field the k* commute with one another. Therefore the 
part of AY, that is odd under s.o. interaction is due 
entirely to the imaginary part of each coefficient, and 
since 3C is Hermitian, this contributes only with the 
anti-Hermitian part of kek®kyk’, From the commutation 
relations, this is found to be: 


Anti-Hermitian part of (keh*®krk’) 
(s/4i)({ k=, PY 5,524 (he, ky 5 g5.+ (keh hig, 
+ {KER Sass t {MPR bay t+ (RR Ybap2), (9) 
where 


{ hehe) — Keo k + be he, 


4R. J. Elliott, Phys. Rev. 96, 266 (1954). 
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Similarly the anti-Hermitian part of k*k* is 
One obtains: 


A.4-A,= 


af 


[En — (Ey 


,08)* J(s 21) 


[En — (Ey 


ay) ) * } 


41) 


(§ 


— 


SS ‘Dy 


a v6 


XK ({ hk WPvb net + (RA bape) 4 (10) 

In accordance with the van Leeuwen theorem, which 
states that a classical particle Hamiltonian can show 
no orbital magnetic effects, all of the contribution to 
the g shift arises from the noncommutativity of the 
ke. After substituting (6) and (10) into (4), the trace 
can be taken by the method of Peierls, since the 
vector potential enters only through the k* which have 
the same properties as the corresponding Components 
of the velocity of free electrons. Because H,,, H,, 
is already of the first order in H, the trace of (4) is 
obtained by replacing everywhere k* with the numbers 
k, It is seen from (10) that if dg is needed to order k’, 
the energy must be known to order (k*)‘, 

The physical interpretation of (4) is the following: 
the statistical factor pay—pn- gives the average at the 
top of the Fermi distribution; the quantity being 
averaged, A..—A, , ils not, because of the dependence 
of k* on H, twice the orbital magnetic moment inter- 
action, 2H(0/7,,/0H) no. It is easily seen, however, 
that the statistical averages of these two quantities 
are the same so that the g shift is given by the orbital 
magnetic moment. Finally it follows from reference 6 
for instance, that the average of (O/7,,/0H)y20 in 
the absence of s.0. interaction is zero. This fact is the 
generalization for a nondegenerate band of the quench 
ing of orbital momentum occurring in isolated atoms 
subjected to a crystalline field. (The fact that the 
expectation value of Lz over a Bloch state can be made 
zero by choosing the shape of the unit cell to have 
inversion symmetry is not very useful since one cannot 
do perturbation theory on the Bloch states when #0.) 

With k« replaced by &, the summation over the 
bands necessary for the evaluation of the coefficients 
E,e4 — (E,e")*, 
components of k can be performed; let 1,(k,r) be the 
periodic part of the Bloch function at k and let 5¢(p+k) 

ec -9Ce"™", Then by consilering u,(k,r) expanded 
to order k',!? and after lengthy manipulation, it is 
found that to order k*, (10) is equal to the real part of 


vk) 


nk (d Ok*) ky (d ORY) R? nk), (11) 


and the summation over the three 


the following expression : 


is( (rk 


AK(p+k) 0 dK(p+k) A 


Okv Ok? Ok? ORY 


2 Actually it is sufficient to know uy, to order k® but then the 
result is not expressible in the simple form (11) 
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Here the basis functions |mk) are the periodic parts 
u,(k,r) of the Bloch functions for band n, spin up, and 
wave vector k; in the following, matrix elements with 
subscripts n, m, etc., are to be taken between the Bloch 
states ¥,u(r) for spin up. In the notation of Adams,’ 
(11) can be rewritten as: 

s[ (X4¥— Va") ant X nak” 


(12) 


Y anak” 


where x” is the velocity operator defined above and the 
matrix elements of X (and similarly for Y) are given by: 


, J erdnic Ok*)u,,(kr)dr, (13) 


the integration being over the unit cell 2 with the 
Um Normalized over it. 

In the derivation of (11), the k dependence of the 
phases of the u,, has been taken such that in the 
expansion of “4, in terms of the complete set un 
the coefficient of 4,9 is real. This same choice is implied 
in (13) although it can be shown that an arbitrary 
change in the phase which adds to the X,, and YV,,, 
the corresponding components of the gradient of a 
function of k does not change the trace of (4). 

The g shift is given by the average of (12) at the 
Fermi surface so that (12) can be interpreted as the 
product by 2H of the expectation value of the orbital 
magnetic moment over the Bloch state y,,. Notice 
that this is different from the nw representative of the 
moment which is given by only the first 
(12). Notice also that the shift 
entirely to the departure of the Bloch function, s.o. 


magnet 


two terms ol is due 
interaction excluded, from a plane wave. This is because 


in (6) the a,“ for n#m are zero for plane waves. 


Ill. ALTERNATIVE FORM FOR THE g SHIFT 


Although numerical calculations can be made with 
(12), this result will now be expressed in another form 
Xnm=Xamt (X 


ordinate measured from the nucleus) and substituting 


by writing C)nm (here x is the co 
this into (12), The reason for making this transforma 
tion is that, among other terms, the average value 
over Wax in the unit cell of the magnetic moment 
operator (e/2c)rXv will appear in the answer, This 
part is just the incorrect result of reference 2. Besides 
providing a more physical presentation for the answer 
obtained here, the new form makes possible a compar- 
the 


comparison of the values that can be obtained from the 


ison of new result with the former one and a 
two results in specific cases by the quantum defect 
method.* 

(12). By the use” of 
m matrix element of the 


1 nm X nms 


the first term of 


Green’s theorem on the n, 


Consider 


commutator | 5C,x | and of the relation" z,,,, 


18 See, for instance, | Seitz, Phys. Rev. 46, 509 
(1934), Eq. (14 

“This is a straightforward generalization for a Hamiltonian 
including 8.0. interaction of I q (2.81.5) in A. H. Wilson, Theory 
of Metals (Cambridge University 1953), second 


edition. 


Wigner and F 


Press, London, 


YAFET 


n¥m, one obtains: 


f bMtbedls 
2 


1 
X nm 


2a nm 


f [av n*e'PmtWm(r'apn)* dS, 


nx¥m. (14) 


Here w,» is the energy difference at k between bands 
n and m, the surface integral is taken over the cellular 
polyhedron (or the equivalent sphere), and v is the 
outward direction normal to it. It follows that: 


Xnntant >, | f vetsy mT |Y mn 
mrn 2 


ij > | f Covate Yat oa(are)* HS} Vn (15) 


m 


(Xe) an 


Use of Green’s theorem on the nn matrix element of 


[4C,x | gives: 


if Covatev, ty, (m'’ay,)* |dS. (16) 
and subtracting the term m=n to the 


Adding 


right-hand side of (15), and using (16) gives: 


(Xm) nn=X nnW ant V nak ant J vetervad 


Wy J Yn xpndt — 4 Do | f Cove 


+Wn(m'ay,)* us| Faas CAD 


Finally by using the completeness property for periodic 
functions of the u,,, the last summation over m can 
be performed and gives a single surface integral. The 
first two terms on the right-hand side of (17) are 
identical terms with opposite signs 
contributed by —(¥m*),,. Leaving them out, one has 
(Xar"),,, in the desired form: 


(XR) nn [ vetemvad ran f Votivatr 
ON, 
si f natee( . ) 
s ORY 


On,, 
Hwrava)*(e* . ) dS. (18) 
ORY 


A symmetrical expression with x and y interchanged 
is obtained for (Vx*),». In the spherical approximation 


cancelled by 





¢ VALUE IN CONDU 
the part of w’ depending on s.o. interaction, (1/2c*) 
(SXVV)’ is zero and r’= —id/dv. 
In order to transform the last 
we use the identity: 


X nn f Vn*xp,dt 4 if Wr* (OW, Ok? dr. ( 19) 
a i 


transformed to 


two terms of (12), 


The second term on the right can be 
a surface integral by considering the expression for 
SM nc*H nedr, where k’=k+6k,i. Integration by 
parts of the differential operators in 3% and use of 


Green’s theorem gives: 


(Ean Pas) f Wank Wnt 


(20) 


| 
[ atrvn + (Wank) Wink’ ldS 
2id s 


Expansion of both sides in 6k, to the second order gives: 


Op e l ° Ow a * Oy ‘ 
y i ° ( )e T J | Tr’ 
0 Ok* 40K, /OR7) Fob OR* Ok? 
( OWn ) *ow . 
ri’ 
Ok* 


Okt 
Upon substituting (21) and (18) into 


again ordinary units, the complete expression for 6g 
by the the Fermi 


(21) 


(12) and using 


to order ky’ is given 


surface of 


| 10 
Lol C-C Db 
| a 1 Ox 1 OX 
| OV 
fo Cope 
2med o OX ay 
| y,*( rky 
a 
mi 0 OU, 
| x ut )( 
8 Ov ORY 
OU», 
+ 2ik’xu ‘f ) fos 
ORY 
OW n 0 Oy ™, Tag 
gaa 
Ok? \idv OR* 
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the last two by interchanging x and Yf 


average at 


k? y Mike 
OU, 0 
) ( )( ) ru,” 
ORY Ov 
{| on ,”™ OY, 
mk? Ok* 


idv Ok? 
dS+terms obtained from 





CTION £z 


LECTRON SPIN RESONANCI O83 


the relative contributions of these 
terms in the alkali metals will now be given 

(a) Volume The first of 
the orbital 
coincides with the result of reference 2. It contributes 
in orders k*, k*, etc., and to order k* 
the p part in the wave function. Its order of magnitude® 


is roughly the ratio of the lowest p doublet splitting 


A discussion of 


lerms. these is given by 


z component of angular momentum and 


is determined by 


in the free atom to an interband energy in the metal 


The fact that the wave function is only partly of p 
by the the 
free atom) amplitude of the p part near the nucleus 


character is counteracted increased (over 


resulting from the ne¢ essity lor the p part to vanish 
The value cited is thus reasonable 


(22) arises from the contribution 


at the cell boundary. 

The second term in 
to the velocity operator of s.o. interaction, In the limit 
of infinite lattice constant only this term survives and 
the 


atoms In an 5 


isolated 
or | V 
order ’ 


lor 
ro\ 
only of 


correct, nonzero contribution 


rhe 


assumed spherically symmetric) is 


vives 


state singularity of 


i 


as compared with the r* singularity of s.o, interaction 
so that the contribution of this term is expected to be 
much less than that of the preceding one. In fact one 
can express it through quantities determined for the 


Thus, t 
the 


metal under neglect of s.o. interaction 
the 


wave function Wo « 


al 
fo 
or 


where r, is the radius of the 
the total kinetic 
The resulting shift is of order 10 


”y partial 


integration, contribution with s part of the 


an be shown to be given by 


23) 


vat Wor(r,)r,*[ V(r.) — Eo |42¢7 


and ky and (7 


respectively, at 


unit cell 
are and 
k=0 
pletely negligible except possibly in lithium 
The tl 
because of closeness'” of 
the Of the 
the first need be retained. 
(b) No 
made without numerical calculation 
the with 


from 


enerpies 


yand is com 


except in lithium 
lo 


also negligible 
the effective 


volume 


iird term is 
the 


Mass 


mass m* 


tree three inteyrals then only 


can be 
\ rough 


which ) 


Surface lerms. clear-cut estimate 
of these 
argument depending 
falls off away 
ufficiently 


to the 


rapidity 
the 


steep rate ol 


on 
indicates 
the s.o 


cell boundary 


interaction nucleu 
that 


admixture 


de reust 
the 
tob 


numerical 


lor a 
wave lunction at 
may be small enough for these terms 


whether 


unimportant 


‘To see this 1s $0, a calculation of 


one of the surface terms has been made for sodium using 
\W Kohn 
contributes a 
* and the 
the 


experimentally 


wave functions kindly supplied by Professor 
The bf xu, Ok dS 
shift of zero order in & through the s part in u, 
p part in du, Ok,. This has been found to be of 
order 0.5%10°%, or 50% of the 
(No other term in the 
a contribution of zero order in k 


term *(0/dv) (Ou, 


6g . 
urface integral 


It} 


observed value 


gives Cel that 


Ham 
York, 195 Vol 


H $rOOKS 
olid State Physic 
1, p. 185 


Phys. Rev. 93, 1027 (1953); also J 
Academic Pre Inc., New 
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this is not small. Although s.0. interaction falls off 
faster in the heavier alkalis, neglect of the surface 
terms cannot be justified for them without further 
examination, 

It is to be noticed that the shift just found arises 
from the difference between the operators X, Y and 
x, y. Thus an electron at k=0 in an s band can exhibit 
a g shift orders of magnitude larger than when in the 
same atom in the isolated state. 

The estimate just given of the various terms of (22) 
summarizes the results of this calculation. In closing, 
it is perhaps worth while toremind oneself that there is no 
reason why the contributions of the higher orders in 
k should be insignificant. It is also important not to 


ICAL REVIEW VOLUME 


YAFET 


forget the limitations of the one-electron approximation. 
In the present problem it is the interaction with the 
core electrons (polarization, exchange) which is most 
likely to affect the result rather than the interaction 
between conduction electrons. 
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A study has been made of the luminescent emission of , 4, and 
R centers in NaCl, KCI, and Lif, When such centers are excited by 
polarized light, the resulting emission can be analyzed for polariza 
tion. This yields information on the symmetry properties of the 
emitting center. In the case of M centers and of F centers made at 
77°K the results obtained are consistent with the models widely 
used for these centers 

In the case of the RK; and R», centers the situation is more 
complex and it appears that as far as optical properties are con 
cerned some relationship exists between these centers. Excitation 
in either band yields the same emission band with very similar 
polarization properties. This has been interpreted in terms of an 
energy transfer process between R, and R, centers 


INTRODUCTION 

* EVERAL experiments have been reported in recent 
years that deal with the symmetry properties of 
M centers in KCl. The work of Ueta! clearly demon- 
strated the anisotropic nature of the M center, This 
was done by bleaching in the M band with polarized 
light. This had the effect of removing M centers whose 
major absorption was along the direction of polarization 
while leaving behind M centers whose major absorption 
was in a different direction. Ueta was then able to ob- 
serve a dichrosim in the M-band absorption. This 
anisotropy of the M center was also demonstrated in the 
work of van Doorn and Haven.’ In their work a re 
orientation of M centers was induced by irradiation 
with polarized F-band light. They then found that 

both the M- and F-band absorptions were dichroic. 
Another type of experiment which deals with the 


* This work was presented in part at the Color Center Sympo 
sium, Argonne National Laboratory (October, 1956). 
'M. Veta, J. Phys. Soc. Japan 7, 107 (1952) 


?C. Z. van Doorn and Y. Haven, Phys. Rey. 100, 753 (1955) 


When crystals containing /, M, and RK centers are investigated, 
the behavior of the ¥-band emission is markedly changed from the 
case where only F centers are present. The characteristic F-center 
emission disappears and instead F-band excitation gives the 
emissions characteristic of either the R; or M centers. Under these 
conditions the emission excited by polarized F-band light is 
polarized. Experiments were conducted to test whether these 
effects might be ascribable to the presence of ‘“higher’’ excited 
states of the M and R centers in the region of the F band. This 
does not appear to be the case. It is therefore concluded that 
energy transfer processes can occur between the / center and the 
Vand R centers. The observed dichrosim of the / band is ascribed 
to an interaction of F centers with nearby M and R, centers 


symmetry properties of color centers has been reported 
by Feofilov’ on NaF and LiF. Feofilov utilized the 
emission of color centers to obtain information on their 
symmetry properties. This method is based upon the 
idea that an anisotropic absorber should be an aniso- 
tropic emitter. Thus excitation of such centers with 
polarized light leads to emission that is polarized. 
By studying the relation between polarization of the 
excitation and emission one can determine some of the 
symmetry properties of the emitter. 

In the present work we have essentially utilized the 
technique of Feofilov and extended it to study two 
types of problems. The first part is a study of individual 
centers in KC] and NaCl; namely, the F, M, Rj, and 
R, centers. The second part is a study of interactions 
between these various centers. 

In order to carry out the above program it was first 
necessary to study the M- and R-center luminescence, 
since no information was available on this aspect of 


‘P. P. Feofilov, Doklady Akad. Nauk 92, 743 (1953). 
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these centers in NaCl and KCl. A study of spectral 
emission and excitation properties was therefore carried 
out in the course of this work. 


EXPERIMENTAL METHODS 


Since several different experiments were carried out, 
important experimental details will be noted in the 
sections to which they apply. In general, however, the 
experiments consisted of a study of excitation spectra, 
emission spectra, and polarization of emission and 
absorption. 

Emission spectra were made using a quartz prism 
monochromator and either an RCA 6217 photomulti- 
plier or a lead sulfide cell detector depending upon the 
spectral location of the emission. Excitation spectra 
were made with a grating monochromator using a 
tungsten lamp, mercury lamp, or hydrogen lamp, 
again depending on the spectra being studied. 

Polarization studies were made with the apparatus 
shown in Fig. 1. This permitted excitation of the 
crystals with polarized light and the measurement of 
the polarization of the emission. The data obtained in 
this way will be given in terms of a parameter P, the 
degree of polarization. To obtain P, the emission 
intensity was measured with the analyzer parallel to 
the polarizer (/,), and then with the axis of the analyzer 
crossed with respect to the polarizer (/2). Then P is 
defined by 


P (I; I») (1,;+].). 


Thus P is a positive number when the maxima in the 
emission and excitation are parallel, but negative when 
these two maxima are crossed. In case of unpolarized 
emission P is equal to zero. All of these cases are 
encountered in this work. 

Synthetic crystals of Lif, NaCl, and KCl were 
obtained from Harshaw Chemical Company. Natural 
NaC! crystals from Baden, Germany,‘ were also used. 
Most of the work here was done on crystals in which 
F, M, R,, and R, centers had been produced by irradi 
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Fic. 1. Apparatus used for studying polarization of emission, 
Crystal could be kept at room temperature or liquid nitrogen 
temperature 


‘Natural sodium chloride crystals from Germany were made 
available by the Smithsonian Institution, Washington, D. ¢ 
(Sample Catalog No. 62946) 
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Fic. 2. F-band emission spectra for KCl and NaCl. These 


crystals were colored by high energy irradiation at 77°K and kept 
at 77°K until emission spectra were taken. No M or R centers 
were present in these crystals. The ordinate, the number of quanta 
emitted per unit wavelength, is not corrected for changes in 
dispersion of the quartz prism monochromator 


ation with 2-Mev electrons. Some work was also done 
on additively colored KCI, but no essential differences 
were found between the radiation-damaged KC] and the 
additively colored material. 


I. PROPERTIES OF CENTERS 
Experimental Results 
A. F Centers 


Consider first the F center and its emission. In order 
to observe the true emission of / centers, the crystals 
must be prepared in special ways. This is evident from 
previous studies which have been reported.’ In the 
present work F centers were made in KCI and NaCl 
by bombarding these crystals with 2-Mev electrons at 
77°K. The crystals were then maintained at 77°K until 
the study of their luminescence had been made 

Measurements were made of the emission spectra of 
these crystals when they were excited by F’-band light. 
These are shown in Fig. 2. ‘The emission peak is at 
1.01 w for KCl and 1.20 4 for NaCl. The results for KCI 
are in agreement with results reported for additively 
colored KCI made by quenching the crystals from high 
temperatures to liquid nitrogen temperature and then 
measuring at 77°K. For NaCl, previously reported 
results® were not consistent. This probably resulted 
from the difficulty in obtaining additively colored NaCl 
crystals that contained only F centers. 

Excitation spectra were also taken and are shown in 
Fig. 3. These spectra show that the emission is indeed 
due to F-band excitation. 

As a check on results to be cited later, measurements 
were made on possible polarization effects of the /-band 
emission when excited by polarized light. No polariza 
tion was found. This is reasonable for / centers, since 


Botden, van Doorn, and Haven, Philips Research Repts. 9, 


469 (1954 
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same crystals as used for the measurements of Fig 


Excitation spectra for F-band emission. These were the 
) 


they have cubic symmetry. Thus, / centers made at 
77°K and kept at that temperature behave as one would 
expect. It must be noted that no M or K centers were 
present in these crystals. 

The efficiency of #-center emission was not accurately 
determined, but it appeared to be at least of the order 
of 10%. 


B. M Centers 


We now discuss crystals which contain not only F 
centers, but also M, R,, and R, centers, Such crystals 
were made by subjecting KCI, NaCl, and LiF to 2-Mev 
electron bombardment at 300°K. In this section we 
shall consider the M center. 

M-center emission has been reported to be at 6700 A 
for Lif’. Emission peaks were found at 1.08 yw for KC! 
and 1,07 » for NaCl when these crystals were excited in 
te77zK! OCT 
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Fic. 4. Emission spectra for M7, Ry, and Ry centers in KCl at 77°K 
The crystal was colored by high-energy irradiation at 300°K 


*(. C. Klick, Phys. Rev. 79, 894 (1950), 


W. D. COMPTON 

their respective M bands at 77°K. Figures 4 and 5 
show these emissions. Excitation spectra are shown in 
Figs. 6 and 7. These show a peak corresponding to the 
M band in each material. 

Polarization measurements were made on all of these 
crystals at 300°K and 77°K. For comparison with 
theory’ the polarization of the emission was measured 
as follows. Light was incident on the (100) face of the 
crystal. This light was polarized, first, in the [011 } 
direction and then in the [001 | direction. The polariza- 
tion of the emission was then analyzed for each of these 
polarizations of exciting light. The emission was ob- 
served with the detector located on the [100] axis. In 
Table I is shown the ratio of emission intensities ob- 
served as the analyzer was rotated. In each case the 
maximum in the emission was parallel to the direction 
of the polarization of the exciting light. 

No strong temperature dependence was found for 
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iG. 5. Emission spectra for M, R,, and R2 centers in NaCl at 77°K. 
rhe crystal was colored by high-energy irradiation at 300°K. 


M-band emission, and no changes in polarization could 
be found as a function of temperature between 300°K 
and 77°K. 


C. R, Centers 


The Rj-band emission was studied in KC] and NaC]. 
This emission peaks at 1.244 for KCI and 1.18 uw for 
NaCl as shown in Figs. 4 and 5. Its intensity was much 
less at 300°K than 77°K so that all measurements were 
made at 77°K. Figures 6 and 7 show the peak in excita- 
tion spectra corresponding to the R; band in KC! and 
NaCl, respectively. 

Polarization measurements were carried out as for 
the M center. The results are shown in Table II. When 
the exciting light was polarized along the [001 } direc- 
tion, the emission showed such a small polarization that 
the value reported is quite uncertain and could be in 
error by nearly a factor of 2. 


’ F. Seitz, Revs. Modern Phys. 26, 7 (1954 
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D. Re Centers 


In KCI and NaCl, the emission properties of the R» 
center were so similar to the R; center that one could 
not distinguish between R,- and R»-center emission. 
These emission spectra are shown in Figs. 4 and 5 
Excitation spectra are shown in Figs. 6 and 7. These 
clearly show a peak corresponding to the R, band. The 
efficiency of R:-emission was also much lower at 300°K 
than at 77°K. 

Polarization the 
results are shown in Table III. These results are also 
essentially the same as the data given for the R, center. 


measurements were made, and 


Discussion 

A. F Centers 
The results reported here indicate that F centers 
that have been made at 77°K by high-energy irradiation 
give efficient isotropic emission, For KCI, at least, the 





spectra for emission at 77 from 


WR and R 


Fic. 6. Excitation 
KC] crystal containing / 


centers 


results are in good agreement with emission obtained 
from additively colored crystals. The value of efficiency 


reported here is only approximate, but it appears to be 


5 


appreciable. This is consistent with the work of Becker 
on KCl, where accurate measurement of efficiency on 
additively colored KCI yielded efficiencies of about 50°. 


B. M Centers 


The results on the M center will be considered in 
terms of the mode] that Seitz’ proposed for this center. 
On this model, the M center is represented as an electron 
trapped at a site consisting of two negative ion vacancies 
with an adjacent positive ion vacancy. On the basis of 
wave functions that have been used in energy calcula 
tions,’ the M center is represented by a simple dipole 
oscillator whose optical absorption properties give rise 
Pich \kad. Wiss 


Nachr Gottingen, p. 7 


®K. Becker and H 
1956 
Inui, Uemura 


8, 355 (1952 


Progr. Theoret. Phys. (Japan 


and Toyozawa 


OF 


Excitation spectra for emission at 77°K from 


WV, Ri, and R 


Fic. 7 
NaCl crystal containing / centers 

to the M-band absorption. This dipole is oriented along 
the line joining the two negative ion vacancies, that is 
along a line corresponding to a face diagonal. A crystal 
containing M centers will thus have an array of such 
dipoles oriented along various face diagonals, of which 
there are six independent possible orientations. If such 
an array is excited with polarized light, one can easily 
compute the degree of polarization that would be 
expected in the emission, Such calculations were made 
and are also shown in ‘Table I along with the experi 
mental results. 

Phe agreement between the computed and observed 
degree of polarization is reasonably good. These results 
imply that any M-center model that does not have a 
face diagonal as an axis of symmetry is not possible. 
This agrees with the conclusion reached by Ueta! and 
van Doorn and Haven? from absorption measurements 
rom these results, however, one can only confirm the 
expected symmetry of the M center. Specific details, 
such as the existence of the neighboring positive-ion 
vacancy, Cannot be deduced from these observed 
symmetry properties. The measurements reported here 
do indicate, however, that the M center can be repre 
sented with a good degree of accuracy as a simple optical 


dipole oriented along a face diagonal 
R, and R» Centers 


Ihe results obtained for these centers will also be 
discussed in terms of the models that Seitz’ suggested 


Paste I. The observed degree of polarization of M-band 
emission for M-band excitation. The M-band exciting light 
polarized first along [011] and then along [001 |. The bottom line 


s the degree of polarization expected on the basis of Seitz’s* 


Was 


show 


model for this center 


Old Oo 


+-0.334-0.02 
+-0.334-0.02 
+0.354-0.02 
+O.43 


+ 0.600+0.02 
+ 0.60+0.02 
+ O.6004+-0.02 
+-().66 


KC] 
NaCl 
Lil 


Calculates 


ce reference 7 
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TaBLe II. The observed degree of polarization of R,-band 
emission for R,-band excitation. The R,-band exciting light was 
polarized first along [011] and then along [001]. The bottom line 
shows the degree of polarization expected on the basis of Seitz’s* 
model for this center 


(O11) [001 ) 
+-0.02+0.01 
+-0.024-0.01 
+-0.33 


+-0.204-0.02 
+-0.204+0.02 
+-0.66 


KC] 
NaC] 
Calculated 


* See reference 7 


for them. The R, center is represented as an electron 
trapped at a pair of negative-ion vacancies. The R, 


center is made up of two electrons trapped at a pair of 
negative-ion vacancies. Just as for the M center, 
theoretical considerations indicate that the lowest 
energy optical dipole transition for the R centers should 
lie along the face diagonal connecting the two negative 
ion vacancies. Thus, the same calculations should apply 
to the polarization of the emission. In fact, it must be 
noted that from a theoretical basis, the models for the 
R,, Ry, and M centers should all give the same polariza- 
tion, and thus polarization measurements cannot dis- 
tinguish between these various models. 

Examination of the experimental results show that 
the R, and R, centers are quite different than the 
M centers. The results indicate that the R; and R, 
centers have a twofold axis of symmetry (i.e., a face 
diagonal axis) and to this extent the results agree with 
the proposed models. However, the emission shows 
much lower polarization than expected, The reason for 
this small degree of polarization is not known, but it 
appears that the simple theoretical considerations pre 
sented here do not afford an adequate basis for de 
scribing the behavior of these centers. 

The striking similarity between the behavior of the 
R, and R, centers is particularly interesting. Both show 
essentially the same emission and degree of polarization. 
This warrants further consideration and will be ex 
amined in Part II. 

Vote added in proof.—While this paper was in press, 
excitation and emission measurements on NaCl and 
KCI were published by van Doorn and Haven. [C. Z. 
van Doorn and Y. Haven, Philips Research Repts. 11, 
479 (1956). | The results of this paper are in substantial 
agreement with theirs on KCl, but disagree on NaCl. 


autre Ill. The observed degree of polarization of emission 
excited by R»yband excitation. The R»-band exciting light was 
polarized first along [011] and then along [001 |. The bottom line 
shows the degree of polarization expected on the basis of Seitz’s* 
model for this center 
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* See reference 7 
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The conclusions presented by van Doorn and Haven 
are not in agreement with those of this paper. 


II. INTERACTION BETWEEN DIFFERENT CENTERS 
A. R,- and R,-Center Interaction 
Experimental Results 


In view of the similarity between the emission 
properties of R; and R, centers noted in Part I, experi- 
ments were carried out to investigate the significance 
of this fact. The principal experiments were based on a 
property of the R; band that was found in the course 
of this work. It was found that in NaCl at 77°K the 
R; band displayed a temporary instability under the 
action of fairly intense R,-band light. Specifically, if 
one measures the absorption of the R; band, it is found 
that this absorption can be decreased by intense R)- 
band excitation. This effect might be termed a tem- 
porary bleaching. The experimental setup used to 
detect this effect is shown in Fig. 8. The light used for 
measuring the absorption is chopped at 10 cps and the 
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Fic, 8. Apparatus used to detect bleaching effects 
on R, band in NaCl. Crystal was at 77°K. 


detector is tuned for this frequency. This permits the 
use of a steady auxiliary light without affecting the 
absorption measurement. The results are shown in 
Fig. 9. It is noted the R;-band absorption, as measured 
at 5450 A, decreases immediately upon application of 
the auxiliary source, and regains its former value when 
the auxiliary light is removed. A measurement was 
made of absorption at different wavelengths in the 
R,-band region and it was found that it was indeed the 
R, band that was decreased and not, for example, an 
effect due to the tail of the F band under the R, band. 

Absorption measurements were also made of the 
absorption in the R, band at 6100 A and also of the R;- 
and R»-band emission. The results are shown in Fig. 9. 
It is seen that, although there is a temporary reduction 
in the R,-band absorption, the R»-band absorption is 
unaffected. However, the emissions due to R,-band 
excitation and R»-band excitation both decrease with 
the application of auxiliary Rj-band light. 

A similar experiment was carried out with an auxiliary 
source that gave light in the R, band rather than the 
R, band. This was done by filtering a tungsten lamp to 
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give light in a band around 6100 A with essentially no 
light of wavelength shorter than 6000 A or longer than 
6500 A. When the crystal was irradiated with such 
light a decrease in R, absorption (5450 A) was found, 
but Ry absorption (at 6100 A) did not decrease. If the 
auxiliary light was filtered to give light outside of the 
R,- and R»-band absorption regions no decrease of the 
R, band was found. A decrease in the emission of the R, 
and R, centers was found when the auxiliary R» light 
was turned on. 

Thus, it was found that a temporary decrease in the 
R,-band absorption could be induced by irradiation in 
the R,; or Ry bands, that the R»-band absorption was 
unaffected by irradiation in the R, or Ry bands, and 
that the emission of the R,; or Rk» centers was decreased 
by irradiation in either the R; or R2 bands. 


Discussion 


It appears that some interaction or relationship exists 
between the R; and R» center. The first point to be 


TRANSMISSION 


4 


z 
2 
a] 
” 
= 
WwW 
oO 
2 
a 





TRANSMISSION 





Arie 
LATIVE 


REL 


| 
MEASURED AT 
5450 A | 

| 


! 


4 





é 3 
TIME (MINUT 


Fic. 9. Effect of intense auxiliary R, band light (5461 A) on the 
transmission and emission of the R; band and R» band in NaC] 
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considered is the similarity of emission properties. Why 
should two different centers yield emissions that are 
identical within experimental error? A simple answer to 
such a question is that only one center exists here and 
that the two absorption bands represent two different 
excited states of the same center.'® On this basis the 
R, band would represent a transition to a first excited 
state and the R,; band a transition to a second excited 
state. However, the emission in both cases would be 
assigned to a transition from the first excited state to 
the ground state. This viewpoint, though attractive, 
is not consistent with the observed polarization effect. 
On the basis of the wave functions used in discussing 
this model'® the second excited state absorption should 
be represented by two dipoles that are perpendicular to 


Herman, Wallis, and Wallis, Phys. Rev. 103, 87 (1956). 
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each other and to the dipole representing the first 
excited state absorption. Thus, the emission would be 
froma dipole at right angles to the absorbing dipoles. An 
analysis of this situation shows that the degree of 
polarization of the emission would be negative for 
excitation polarized along [011]. Thus it appears that 
the R,-band absorption cannot be interpreted as an 
excited state of a center that has the R» band as its 
first excited state, at least on the basis of a simple 
picture. Since these arguments may depend somewhat 
on specific details, it will be shown that the experiments 
on R, band instability are consistent with this 
conclusion, 

Is is noted from the results in Fig. 9, that Ry-band 
absorption can be decreased while Ry-band absorption 
remains unchanged. Presumably the reduction in the 
R, band is due to a reduction in the number of centers 
responsible for this absorption, Thus, if the Ry and Ry 
absorptions arise from the same center, a reduction in 
R, absorption must accompany any reduction in R, 
absorption. Since this is not the case, it appears that an 
interpretation based on first and second excited states 
is not consistent with these observations. 

An alternative explanation of the similarity of R; and 
R; emissions is that energy transfer can occur between 
these two centers. In this case, energy absorbed by an 
R, center could transfer to an R, center with the re 
sulting emission being the same as if the R, center had 
been excited directly. If the Ry, center transfers its 
energy to the R, center, then the emission with either 
R, or Re excitation should decrease if the number of 
emitters (R, centers) is lowered while the number of 
R, centers is left unchanged. This is seen to be the 
result of Fig. 9. 

It is also of interest to note that intense irradiation 
in the Ry band induced a temporary reduction in the 
R, band. This is also consistent with the view that 
energy can be transferred from Ry to R, centers. 

Since we are led to postulate an energy transfer, the 
question arises as to the nature of such a process, One 
possibility is that a form of resonant transfer or sen 
sitized luminescence occurs. Such processes have been 
studied experimentally and theoretically for numerous 
systems. Actually it seems unusual that a center such as 
the R, center could transfer energy to a center whose 
principal absorption lies at higher energy. It is likely, 
however, that the tail of the R,; band extends into the 
R, band sufficiently to make resonant transfer possible 
Thus the Ry band would excite the R, centers at energies 
lower than the absorption peak of the R, band. Until 
more experimental information is available, 
specific explanations cannot be given, For example, it is 
not established that the R, and KR, centers are really 
randomly distributed with respect to each other. If 


more 


some association should exist between these centers the 
possibilities of transfer might be greatly enhanced. In 
this connection the work of Herman, Wallis, and Wallis!” 
is of special interest since it emphasizes that the ratio 
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Imission vhen KCI crystals 
and R centers were excited in the 
1 contained only F and M 
Crystal for curve 2 contained WV centers and some 
R centers. Cry 


of R centers 


hic, 10 pectra obtained 
ing varying amounts of /, M 
I’ band at 77°K 


centers 


contain 


Crystal for curve 
more 


tal for curve 3 had a much higher concentratior 


of absorption of the R, to the Ry is nearly constant over 
a wide range of absorption. Their interpretation was 
based on first and second excited states of the same 
center but one might also imply a close association 
between RK, and R, centers without one actually being 
a higher excited state of the other 

In addition to the above observations it may be 
worthwhile to discuss briefly what we have termed the 
instability of the R, center in NaCl. Such an effect could 
be due simply to the ejection of electrons from R, 
centers and their subsequent return to the R, centers 
after the removal of the bleaching light. This requires 
that about 10" electrons/ce be “stored” temporarily in 
the R, band was 


reduced by the intense auxiliary light, it was noted that 


some manner. Furthermore, when 
the optical absorption in the F band increased, It is 
possible that the RK, center is broken up into an F center 
and next nearest neighbor anion vacancy and_ that 
these can recombine to re-form the original AR, center. 
Che limited experimental observations presented here 
are not sufficient to support any firm conclusion on this 


aspect of the R, center 


B. F-, M-, and R-Center Interaction 
Experimental Results 


It was emphasized in the section on F centers that the 
characteristic /-center luminescence was observed only 
when M or R centers were absent. If this precaution was 
not maintained, it was found that excitation in the 
F band gave an emission that was shifted in peak 
location and was less efficient. It was also found that 
this new emission was the same as was obtained by 
exciting direc tly in the M or R centers 
KC! 


Figure 10 shows the emission resulting from F-band 


These effects were particularly studied in 
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excitation on crystals that contained varying amounts 
of M and R centers. 

The crystals were irradiated with 2-Mev electrons 
from a Van de Graaff generator at 300°K. A brief 
irradiation produced F and a few M centers, and the 
(curve 1) at 77°K contained both F- and 
M-center emission. A longer electron irradiation pro- 
duced Ff, M, and a few R centers. The emission at 77°K 
(curve 2) M- and R-center emission 
but no F-center emission. A still longer electron bom- 
bardment produced F, M, and an appreciable number 
of R centers. At 77°K the emission was now all R-center 
emission (curve 3). In all of the above cases the emission 
at 300°K was only that of the M center. 

Weakly x-rayed KCI gave both F- and M-center 
emission at 77°K. Additively colored KC] that had 
been quenched to remove all R centers and most 
M centers also gave a mixture of F- and M-center 
emission at 77°K. Mixtures of M- and R-center emis- 
sion with #-band excitation were obtained on electron 
bombarded NaCl at 77°K. As was reported by Klick,® 
VW -center emission was obtained by F-band excitation 
in x-rayed Lif. 


Botden, van Doorn, and Haven® have also studied 


emission 


now contained 


the emission arising from F-band excitation in addi- 
tively colored alkali halide crystals. They give results 
on crystals that had been annealed at high temperatures 
and quenched to 77°K in the dark to remove all M and 
R centers. The emission was then measured at 77°K. 
Phese crystals were then warmed to 300°K and allowed 
the dark hours. ‘The emission 


to stand in for a few 


was then remeasured at 77°K. They found that crystals 
that had been initially quenched to 77°K gave an 
emission that agrees with the /-center emission reported 


here. The emission that was obtained on the crystals 
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hic. 11. M-center emission in KCI as a function of the concen 
tration of Ff and M centers. The two curves 
that was obtained with excitation in the F band and then in the 
WV band. During the first 10 min the F band decreased and the 
WV band increased. After 12 min both bands decreased. The height 
of the bands was altered by bleaching with /-band light 


indicate the emission 
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that had stood at 300°K prior to measurement at 77°K 
agrees with the M- and R-center emission that we have 
obtained, Their results, then, are in agreement with 
those obtained on radiation damaged crystals as 
reported here. 

Thus the coagulation of F centers to form M or 
R centers reduces the /-center emission and produces 
M- or R-center emission although the excitation is still 
in the F-band. 

Since only the M center emits efficiently at 300°K, 
the study of F-band excitation of the M center was 
made at 300°K in KC! by looking at the total emission. 
Figures 11 and 12 give the results of this study. Figure 
11 gives the emission of this crystal as a function of 
time. One curve is the emission with #-band excitation, 
while the other is the result with M-band excitation. 
The absorption measurements of Fig. 12 were made on 
the same crystal. Curve 1 was the initial absorption 


prior to exposure with F light. Curve 2 was taken after 


exposure to F light at about the time that the emission 
for M band excitation was a maximum. Curve 3 was 
taken after the emission measurements were completed. 
Consider the first 10 min of Figure 11. As the M-band 
absorption increased with time, the emission with 
M-band increased with time while the 
M-band with #-band 
with time. Simultaneously the R bands had grown. 
Emission 77°K showed that the 
F band was now exciting the R centers. Thus, it is 
concluded that F light excites M centers only if the 
number of & centers is small. 

The emission with /- or M-band excitation decreased 
with time after the first 
curves 2 and 3 of Fig. 12, it is seen that the M band had 


excitation 


emission excitation decreased 


measurements at 


sy comparing 


12 minutes. | 
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Fic. 12. Absorption curves for a KCI crystal as it was bleached 
with #-band light. Curve 1 is for a freshly colored crystal. Curve 2 
after 10 minutes of bleaching. Curve 3 after 40 minutes of bleach 
ing. This was the same crystal as was used for the measurements 
of Fig. 11, 
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observed degree of polarization of M-center 
hand excitation. The light exciting the / 
ilong the [O11 ] direction and then along 


Paste IV. The 
xcited by / 
band was polarized first 
the | OO1 


emission ¢ 


direction 


Oll Oo1 } 


0.10-40.04 
0.10+40,04 
0.20-+40.060 


0.30-+40.04 
0.304-0.04 
0.30-4+0.06 


bleac hed and thus the emis Slon would bn exper ted to 
decrease. This does not contribute to the initial drop in 
emission with /-band excitation, for the M7 band grows 
initially. 

An approximate quantum efficiency measurement for 
the /-band excitation of M centers was made for the 
case of no R centers. It was found that the efficiency was 
a few percent and that this efficiency was essentially 
temperature independent. 

It was previously noted that excitation with polarized 
F-light gave unpolarized emission if M or & centers were 
absent. This was interpreted as evidence that such 
F centers are isotropic absorbers and emitters. However, 
if M or R centers were present, it was that 
excitation with polarized F light gave polarized emis 


found 


sion. Thus, both the energy and symmetry properties 
of the emission due to /-band excitation are radically 
altered by the presence of either M or R centers 

This effect was studied at 300°K in KCI, NaCl, and 
Lil’ since /’-band excitation gave only M-center emis 
Che results are given in ‘Table 
It should be 


sion at this temperature 
IV for F light of two different polarizations 
espe ially noted that the degree of polarization was 
negative. That is, the plane of polarization for maximum 
emission was rotated 90° relative to the plane ol polari 
zation of the excitation s 

An analogous dichroic behavior of the / band was 
observed by van Doorn and Haven.’ ‘They irradiated 
additively-colored KCI] with F light polarized along 
[O11 | at 77°K. The absorption of the / and M bands 
was then measured with polarized light. They found 
that the / band had a higher absorbance for light that 
was polarized along [011] while the M band had a 
higher absorbance for light that was polarized along 
[011 |. This clearly demonstrated that the # band can 
influence the M band. It 
dichroism in the M band by irradiation with polarized 
M light at these temperatures, however 

We have found that polarized Ie light 
dichroism in the Rk bands. In NaCl thi 
duced at 300°K or 77°K by 
polarized F light. A much longer time wa 
obtain the effect at 77°K. Figure 13 shows the absorp 
tion of the Ry, Re, and M bands in NaCl after a brief 
irradiation at 300°K with /-light polarized along [O11 | 


along the 


was hol pos ible to induce 


also induces 
could be pro 
with 
required to 


either irradiation 


The resulting #-band absorption was le 
[O11 } dire tion than alony the | O11 


Figure 14 shows the #-band absorption spectrum and 


| direction, 
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Fic. 13. Absorption of polarized light by an NaCl crystal that 
had been irradiated at 300°K by F-band light polarized along 
{011}. The measurement was then made at 77°K. The F band 
absorption was smaller along [011] than along [011] 


the excitation spectrum of M-center emission by F-band 
light for NaCl at 300°K. Similar data were found for 
KC]. It should be noted that the F-absorption coincides 
with the excitation of M-band emission. 


Discussion 


Five experimental observations have been given that 
indicate that F, M, and R centers strongly interact. 
‘These are: (1) emission characteristic of the F center 
disappears when an appreciable number of M or R 
centers are present; (2) if an appreciable number of 
R centers are present, then /-band excitation gives only 
R,-center emission, although the M centers emit their 
characteristic radiation when excited with M light; 
(3) the excitation spectrum of M-center luminescence 
by F-band light and the F-band absorption agree in 
peak position and half-width; (4) M- and R-center 
emission is polarized if the #-band excitation is polar 
ized; and (5) dichroic absorption can be introduced in 
the /, M, and R bands by irradiation in the # band 
with polarized light 

The nature of the interaction process will now be 
discussed. One explanation of the above effects is that 
second excited states of the M and R, centers are 
hidden beneath the F band. The other possibility is 
that energy 
energy absorbed by / centers can be transferred to M 
and R centers. Thus, we have a problem very similar to 
that encountered in the case of the R; and R, centers 

First, the higher excited state explanation will be 
considered, If it is assumed that the optical dipole 


an transfer mechanism exists whereby 


moments associated with transitions from the ground 
state to the first and second excited states of the M 
centers are at right angles to each other, then the pres 
ence of these second excited states hidden beneath the 
F band could explain the dichroic 
emission effects. It should be noted that a calculation 
has been made for a second excited state of the M 
center in NaCl.’ The optical transition to this state can 
be represented by a dipole oriented along a cubic axis. 


absorption and 


W. D. COMPTON 

Thus, it is not possible for these dipoles to produce the 
observed dichroism between the directions [011] and 
{011 |. However, a third excited state of the M center 
should exist that could explain observations (4) and 
(5) above. 

As a result of the similarity of the absorption spec- 
trum of the F center and excitation spectrum of 
M-center luminescence by F light, as shown in Fig. (14), 
it would be concluded that the F-band absorption and 
the absorption of the second M-center excited state 
have the same peak position and nearly the same 
half-width. These observations were found for both 
KC! and NaCl. Thus, the # band and the second- 
excited-state band of the M center must coincide in 
both NaCl and KCl. 

The assumption that excited states of the M and 
R, centers are hidden beneath the F band does not 
explain the loss of F center emission when these other 
centers are present in the crystal. For the F centers 
should absorb a greater fraction of the incident light 
than any excited states that are small enough to be 
hidden beneath the F band. Thus, emission charac- 
teristic of the F center should always be present. 

Perhaps the most serious objection to the second 
excited state model arises from the observation that as 
the M-band absorption increases, the emission with 
M-band excitation increases but the emission with 
F-band excitation decreases during the initial period 
of Fig. 11. If the excitation of the M center with F light 
arises from the absorption of energy by a second 
excited state of the M center, then one should expect 
F and M band excitation to vary in the same way. 
This is not found. 

Thus, it is concluded that the above results do not 
arise from excited states of the M and R, centers that 
are hidden beneath the F band. It is necessary, then, to 
conclude that an interaction between these centers 
exists of such a nature that the excited F center transfers 





t N 
Fic. 14. The excitation spectrum of M-center emission in NaCl. 
This excitation measurement was confined to the /-band region. 
rhe corresponding absorption spectrum is also given. The meas- 
urements were made at 300°K. Absorption is in terms of the 
number of incident quanta absorbed per unit wavelength. 
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its energy to M or R, centers before it relaxes by 
luminescing. 

This transfer process may be a modified resonance 
transfer or sensitized luminescence process between the 
F and M or R, centers. Consider the F center in NaCl. It 
absorbs about 2.8 ev and emits about 1.0-ev radiation 
after a Stokes’ shift of about 1.8 ev. This energy is lost 
to the lattice in a time of the order of 10~” sec. As the 
F center loses this energy by emitting phonons, it 
attains an energy equal to that necessary to excite the 
R, center. The F center can transfer its energy to the 
R, center by dipole-dipole interaction if the centers 
are sufficiently close and if the time during which the 
centers are in resonance is sufficiently long. It can be 
estimated that the centers are in resonance for a time 
of the order of 10~" sec. Thus, the transfer must occur 
in times of this order. Calculations by Dexter" on 
systems in which dipole-dipole transfer is possible 
indicates that the two centers involved in the transfer 
must be quite close if the transfer is to occur in these 
times. Even if the relaxation time of the center is 
longer by a factor of 10°, the range only increases by a 
factor of 3. 

Since the F center becomes resonant with the R, 
center first and then the M center, it is seen that this 
transfer process can explain the loss of M-center 
luminescence and the appearance of R,-center lumines- 
cence as the number of R; centers increases. According 
to this model it should transfer to the R; center before 
it can transfer to and excite the M center. 

In addition to the transfer of energy, any proposed 
model must explain such facts as the induced dichroism 
of the F band. If the F band arises solely from F centers, 
which have cubic symmetry such an effect can not 
occur. To explain this dichroism without employing 
higher excited states, it must be assumed that there is 
some type of interaction between F, M, and R, centers 
than can impart an anisotropy to the F center. ‘Two 
possibilities for accomplishing this can be suggested 
They are: (1) the action of electric fields on the F center, 
such as the permanent dipole field of the M center or 
the monopole field of the R; center or; (2) the action of 
mechanical stresses upon the F center arising from 
vacancies present in the M and R, centers. Such effects 
would be likely to be of very short range. Thus if the 
above interactions are to be important, it is essential 


'T). L. Dexter, J. Chem. Phys. 21, 836 (1953 
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that the F centers be fairly near the M or R, centers, 
that is within a few lattice sites. If F and M centers are 
randomly distributed, however, then for the concentra 
tions encountered in this work the average spacing is 
of the order of 20 lattice spaces apart. Thus if such 
interaction is to be significant one must assume that 
F, M, and R, centers are not randomly distributed with 
respect to each other. 

As an example of the above points consider an 
F center located near an M center whose negative ion 
vacancies lie along the [011] direction. Assume that 
the F center can transfer energy to this M center. In 
order to explain the observed polarization of M emission 
with F excitation and also the induced dichroism, it is 
that 
absorption for light polarized along the [011 | direction 
than along the [011]. The major question then is 
whether an M center can impart such properties to a 
nearby F center. In order to give a definite answer to 


necessary the # center should have a larger 


this a fairly detailed theoretical analysis of the situation 
would be required. 

It must be noted that the F-band excitation not only 
excites M-center luminescence, but also can produce a 
reorientation of M centers at low temperatures. Such 
reorientation is not produced by direct excitation in the 
M band at these temperatures.’ This result cannot be 
explained in terms of a simple resonance transfer, It is 
the 
M center be able to change its orientation by utilizing 


necessary, on the model proposed here, that 


the energy that the / center loses by phonon emission, 
of the lattice. 

Clearly the viewpoint that these so called transfer 
effects arise from an interaction between centers, rather 


1.e., a local “heating’ 


than hidden excited states, has several complicated 


aspects. We have therefore stressed the fact that this 


’ 


viewpoint is one which is largely dictated by experiment 
rather than based on any extensive theoretical con 
siderations, ‘Thus, the description that has been given 


here is essentially phenomenological. 
5 ¥ 


ACKNOWLEDGMENTS 


The authors would like to acknowledge the stimula 
tion given this work by Dr. C. C. Klick and the many 
fruitful discussions with Dr. D. L. Dexter and Dr. A. W 
Overhauser. We would also like to express our appreci 
ation for the Van de Graaff irradiations of the crystals 


by Mr. J. Allard 





4L REVIEW VOLUMI 


106, 


NUMBER 4 MAY 15, 1557 


Electron-Bombardment-Induced Dissociation of Alkaline Earth Oxides* 


P. Warcot 


l'niversil 


AND W. G 
of Minesota, Minneapolis, Minnesota 


SHEPHERD 


(Received December 14, 1956) 


The oxygen evolution induced by electron bombardment of alkaline earth oxides has been directly 


observed by means of an omegatron mass spectrometer. Threshold energies for the process have been 
determined as 9.5+0.5 ev, 14.04-0.5 ev, and 16.9+0.5 ev for BaO, SrO, and MgO, respectively. It is found 


that the efficiency 


of the process is in all cases proportional to the square of the current density at the target 


It is suggested that a two-step electron excitation in the solid is involved. In the case of SrO the use of a 


radioactive isotope of strontium provided a monitor for the release of the metal from the target. The energy 


dependence of the evolution of oxygen and strontium suggests that there are two processes, one predomi 


nating at low energies and the other at higher energies. An evolution of oxygen at a threshold energy of 


approximately 5 ev was observed for a variety of targets. The behavior of this evolution suggested that a 


desorption process was involved 


INTRODUCTION 


IX’ TURES of BaO, Sré ), and CaO are commonly 
used as the emitting material of the cathodes of 
tubes. It 
by many investigators! * that during operation these 


thermionic vacuum has been established 
materials sublime from the hot oxide-coated cathode 
onto other electrodes, and it has been inferred that 
they 


bardment. 


subsequently under electron bom 
Other 


and MgQ are commonly used as the emitting surfaces 


decompose 


alkaline earth oxides such as BeO 


of secondary emission dynodes. That the decomposition 
of the oxide may be a limiting factor in the life of the 
dynodes has been established by Woods and Wright® 
and by Wargo, Haxby, and Shepherd.® 

In the course of studies in which radioactive tracer 
techniques were used to determine the nature of the 
from oxide-coated cathodes, 


evaporation products 


Leverton and Shepherd? found that strontium which 
had evaporated from the cathode to an anode dis 
appeared when the anode was subjected to electron 
bombardment. This effect was later verified by Ander 
son® and Yoshida, Shibata, Igarashi, and Arata.’ 
Jacobs® concluded that the threshold 
dissociation under electron bombardment of FeO, CuO, 
NiO, MoOs, and WQOs was equal to the heat of formation 
of the compound. He bombarded the particular oxide 


energy for 


with electrons from a cathode operating under tempera 
ture-limited conditions, and took for the threshold for 


dissociation the potential of the target at which a drop 
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in the cathode electron emission occurred. He assumed 
that the oxide was being decomposed by the bombard- 
ment and that the evolved oxygen “poisoned” the 
cathode. It the electron 
reached the “critical kinetic energy” equal to the heat 


was suggested that when 
of formation, the metallic oxide could be dissociated. 
Using similar techniques Metson’® gave 5.56 ev as the 
dissociation threshold of BaO under electron bombard 
ment and compared this to the heat of formation 
(5.78 ev/molecule). Metson found that the “poisoning” 
of the cathode, which he attributed to the apparent 
dissociation of the oxide, disappeared after prolonged 
bombardment of the oxide. At this point he assumed 
that he had completely dissociated the BaO that had 
been initially evaporated to the target. Upon raising 
the target potential, he found that “poisoning” could 
again be observed at a threshold of 9.4 ev, which he 
attributed to the dissociation of BaCl. (/7=8.92 ev 
molecule) which had evaporated from the cathode. 
Similar experiments by Wright and Woods’ showed 
no dependence of the threshold energy upon the heat of 
formation. They found thresholds of 4 ev and 5 ev for 
evaporated layers of BaO and BaCl,, respectively, 
which they ascribed to the energy of formation of 
excitons which subsequently dissociated thermally, 
releasing one or both constituents from the solid, 
Using the same technique, Amakasu ef al.,‘ also 
found a threshold of 4 ev which they attributed to the 
dissociation of BaO. Their data also showed that on 
8-€V 
immediate decay of the emission from the electron 


bombardment of the oxide with electrons an 
source was observed, but that after prolonged bombard 
ment the emission eventually recovered, 

All of the above work has a common limitation, 
namely, the lack of positive identification of the dis 
sociation products. 

In a simple two-body process, the kinetic energy 
transferred from an incident electron 


which can be 


directly to a molecule is insufficient to produce dis- 


sociation unless the electron energy is of the order of 


10 kev. Since reported thresholds are of the order of a 


°G. H. Metson, Proc. Phys. Soc. (London) B62, 589 (1949) 
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few electron volts, it appears necessary to postulate a 
process involving an energy exchange between the in- 
cident and lattice electrons, with a resultant dissoci 
ation and liberation from the solid. 

In the present work, a set of experimental! results are 
presented which, it is believed, shed new light on the 
nature of the mechanism of the dissociation of thin 
layers of SrO, BaO, and MgO under electron bombard 
ment. The evolution of oxygen from the oxide under 
bombardment has been detected by a modified omega 
tron as described by Alpert and Buritz."° In addition, in 
the case of SrO, a radioactive tracer, Sr® was included 
in the oxide in order that the evolution of metal could 


be observed. 


EXPERIMENTAL 
Apparatus 


A diagram of the experimental apparatus is shown in 
lig. 1. Five movable targets of DH 499 nickel were 
mounted on a wire as shown in the diagram. Three of 
the targets were coated with the oxides under investiga 
tion while two targets were left blank for purposes of 
control and calibration. By means of a magnet each 
the 
used for 


target could be moved over electron gun for 


bombardment. ‘The electron 
ment of the targets consisted of a disk-type triple oxide 


gun bombard 
coated cathode, a grid for current control, and an anode 
support ring to insure accurate duplication of the 
position of the targets over the cathode after radio 
activity measurements. For the latter measurements, 
the targets were moved to the end of the tube where 
the radioactivity of the target could be counted through 
a thin Kovar window thick 
and transmitted approximately 80% of the 1.5-Mev 6 


The window was 0.0015 in 


emission of Sr*’, 

The main tube was connected to an omegatron by 
means of a piece of glass tubing about 0.5 in. in diameter 
and about 7 in. long. The tubing was made long to 
separate the bombarding electron gun from the mag 
netic field of the omegatron, thus preventing serious 
curvature of the electron trajectories 

The targets with the 
prepared by methods dictated by necessity or con- 
was desired to include 
Because of the 


Was 


coated various oxides were 
venience. In the case of SrO, it 
radioactive Sr® (half-life of 55 days 
relatively low efficiency for the dissociation, it 
necessary to make the SrO films very thin so that small 
changes in the radioactivity of the sample could be 
easily detected. The SrO targets were prepared by 
placing a drop of Sr(OH), solution on a blank Ni target 
and evaporating to dryness. The radioactivity of the 
sample was measured and compared to the radioactivity 
of a standard sample prepared from the same batch and 
containing a known quantity of strontium. Additional 
Sr(OH)» could be added to the target until the radio 
activity indicated that the average thickness of the 
Albert and R. S$ Appl. Phys. 25, 202 (1954) 
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Schematic diagram of the experimental tube used to 
induced dissociation of 


hic. 1 
investigate the 
alkaline earth oxides 


electron bombardment 


Sr(OH)» layer was of the order of 100 to 200 A. Evapo 
rated films of SrO were not used, since there is evidence 
that the evaporation product from SrO under certain 
the the 


[he targets were inserted in the experimental 


conditions may be a mixture of metal and 
oxide!!! 
tube, and the Sr(OH)». was converted to the oxide by 
heating to 1000°C in vacuum 

The BaO 
suspension of BaCQOs in nitrocellulose onto the nickel 


backplate to a thickness of approximately 1000 A and 


targets were prepared by painting a 


subsequently converting to the oxide by heat treatment 
in vacuum 

The MgO targets were prepared by heating a 1.7% 
My-Ag alloy in an oxidizing atmosphere. ‘The thickness 
of the films formed in this fashion was also of the order 
of 1000 A 

All tube parts were carefully cleaned and fired in 
vacuum or hydrogen, and the glass envelope was sub 
jected to a rigorous cleaning procedure, The tubes were 
evacuated and outgassed by baking at 400°C for periods 
up to 20 hours. After bake-out the thorium-misch metal 
was outgassed, and the bombardment cathode 
was converted. The taryvet 


cathode during breakdown. All metal parts were sub- 


yetter 
were not exposed to this 


sequently outgassed by rf heating, and in particulat 
the targets were heated to 1000°( 
both to outgas the metal backing and to convert 


(brightness tempera 


ture 
the hydroxide or carbonate to the oxides. In the case of 
the MgO target the outgassing temperature was limited 


Klectron gun parts were outyassed by electron 


to 750°C i 
bombardment where po sible 
Phe getters employed in the tube were composed of 


80%, thorium, 5% aluminum, and 15% misch metal 


(a mixture of rare earths) sintered onto a molybdenum 
which could be heated by passage ol 
1100°C at 


nd thereafter could getter 


ribbon current 


This getter was outgassed at a pressure of 


approximately 1 10 


‘mm a 


4 R.H. Plumlee and L. P. Smith, J. Appl. Phys. 21, 411 (1950), 


IK 
2... T. Aldrich, J. Appl. Phys. 22, 1168 (1951 
I. Pelchowitch, Philips Research Repts. 9, 42 (1954 
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effectively, at 350 to 500°C, all the gases encountered 


in the tubes except helium. 


Method 


Before all tests the cathodes of the tubes were stabi- 
lized by drawing electron current to a plain nickel target 
for a period of four days, in order to activate the 
cathode and to allow any excess volatile materials to 
evaporate from the cathode prior to its use for bombard 
ment. The getters were operated at the gettering tem- 
perature during the aging period to prevent accumula- 


tion of gas 

The omegatron was operated under conditions similar 
to those described by Alpert and Buritz.!° The ion cur- 
rent was measured by a vibrating reed electrometer and 
recorded as a function of the oscillator frequency. The 
output ion current for the Ot peak was calibrated as a 
function of the oxygen pressure in the system and was 
found to be linear in the range from 5X 1077 to 5 10-8 
mm and to deviate slightly at higher pressures. It was 
found that an ion current of 310°" ampere corre- 
sponded to an oxygen pressure of 1X 10~* mm. It is felt 
that the calibration is good only to + 20%, since it was 
done against a type 1949 ionization gauge. The limit of 
detection of the over-all instrument was a pressure of the 
order of 5X 10°"! mm. The dispersion of the instrument 
was such that ions of HyOt, NH *t and OF could be 
separately detected, and the O2* peak was well sepa- 
rated from that of Not. 

Immediately after the tube and omegatron were 
sealed from the vacuum system and put to test, the 
total pressure in the tube was of the order of 1077 to 
10° mm, consisting primarily of oxygen and water 
vapor, with traces of CO, and N» or CO. These gases 
were removed by operating the getter until the pressure 
fell to less than 10°* mm, 

When the aging period of the cathode was completed, 
the getter was turned off, and the “background’’ rate 
of evolution of gas was measured, During this time the 
electron beam was allowed to bombard a blank target 





hic. 2. The change 
in pressure of oxygen 
as a function of time 
of bombardment for 
(A) a SrO layer 
bombarded at a cur 
rent density of 3 
ma/cm? and an en 
ergy of 500 ev and 
(B) a SrO layer 
bombarded at a cur 
rent density of 25 
ma/cm® and an en 
ergy of 25 ev. Curve 
C shows the pressure 
of oxygen which had 
bec n developed from 
a previous bombard 
ment as a function 
of time after bom 
bardment ceased. 
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at 30 v and 5 ma of current (a density of 25 ma/cm?). 
It was found that oxygen was evolved at a rate of 
approximately 10° atoms per sec which was sufficient to 
raise the pressure in the tube from 10~ mm to about 
10-* mm in from ten to thirty minutes. Substantially no 
increase was observed in the partial pressure of H,O or 
CO, which were present at pressures of approximately 
10°” mm. No other gases were observed so that if they 
were present, it could only be in quantities that were 
below the limit of detection. As time went on, the 
“background” evolution rate of oxygen decreased to a 
rate which was small compared to the rate of evolution 
of oxygen when an oxide was bombarded. 


Results 
Evolution of Adsorbed Gas 


When a fresh target was placed over the gun and 
bombarded with the getter cold, it was found that the 
pressure in the tube rose to a pressure of 10-° to 10° mm 
in a matter of a few minutes. This gas consisted mainly 
of oxygen and water vapor with CO» and CO also con- 
tributing. When the gas was gettered and the bombard- 
ment immediately repeated, it was found that the 
succeeding pressure increase was much smaller. After 
20 to 30 minutes of bombardment the evolution dis- 
appeared and could not be re-established until twenty- 
four hours or more had passed without bombardment 
of the target. The following points led to the deduction 
that the effect was due to adsorbed gas: 


(1) The effect was observed for both oxide-coated and 
plain nickel targets 

(2) After the initial evolution, the effect could not be 
reproduced quantitatively. 

(3) After twenty-four hours or more during which 
the target had not been bombarded, the effect could 
again be observed 


(Qualitative measurements showed the threshold bom- 
barding electron energy required to produce the effect 
lay somewhere between 4 and 5 ev. 


Evolution of Oxygen from SrO 


The evolution of oxygen as a function of time of 
bombardment of an SrO target is shown in Fig. 2. The 
target was bombarded for one hour with the getter hot 
to insure the removal of adsorbed gas. At the end of the 
period the getter was cooled, and the rate of buildup of 
gas pressure in the tube was monitored. The amplitude 
of the O2* peak measured after 75 minutes of bombard- 
ment at 500 v with a current of 0.6 ma (3.0 ma/cm’) 
indicated that the oxygen partial pressure had risen to 
nearly 10-7 mm from an initial reading of 10 mm. 
The increase in the pressure of water vapor was of the 
order of 10° mm and was nearly obscured by the 
increase in the omegatron response to Ot, whose peak 
height was approximately one-fifth that for Oot. No 
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Fic. 3. Oxygen evolution produced by electron bombardment 
plotted as a function of the bombardment energy. The ordinates 
are the O,* ion current from the omegatron, The upper curve was 
for a film of SrO and the lower curve for an uncoated nickel plate 
The data to the left of the dashed vertical line are for a constant 
density of 25 ma/cm?, those to the right for a constant bombard 
ment power. The data are not normalized for constant current 


increases were observed in the CO,*, COs*t+, CO*, or 
N.* peaks. A search over the higher mass region 
revealed nothing, and there was nothing between O,.* 
and CO,*. This was generally true throughout the 
experiments, 

After the completion of a run the gas was gettered 
and the process repeated with a bombardment current 
of 5 ma at 25 volts with results similar to those above. 
Both sets of data are shown in the two upper curves 
in Fig. 2. 

The effect of adsorption or desorption of gas by the 
glass walls of the tube or other surfaces was observed 
by allowing the oxygen pressure to build up to 1.3 10~% 
mm as a result of bombarding SrO at 500 v and 0.6 ma 
for 10 After the bombardment 
continued, the pressure in the tube was monitored for 75 
min with the getter cold. During the monitoring period 
the target was held at cathode potential, but cathode 
current was drawn to the grid at a low potential. The 
results are shown in the lower curve of Fig. 2. 

From these data it was deduced that for periods of 
time of less than one hour the effect of adsorption or 
desorption of gas by the tube walls, the cathode, and 
other components was negligible. In each subsequent 
tube this point was also checked. 

Since the increase in gas pressure was linear with 
bombardment for at least one hour, a bombardment 
time of less than one-half hour was used, allowing a 
maximum pressure increase of 5X10°* mm. This was 


minutes. was dis 


partly dictated by a need to avoid emission difficulties 
with the cathode. In the work to be described on the 


evolution of oxygen from SrO, the actual bombardment 
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periods were twelve minutes long with a maximum 
oxygen pressure increase of 2.2 107° mm 

The proc edure in observing the evolution of oxypren 
from SrO under electron bombardment was as follows 
The SrO target was initially bombarded at 30 v and § 
ma for one hour, with the getter hot, in order to remove 
adsorbed gas. At the end of this period the mass spe 
trum of the gas in the tube was recorded over the range 
from mass 4 to mass 44. The getter was then cooled, 
and at the end of 12 min of bombardment: under the 
same conditions, the mass spectrum was recorded. The 
getter was again heated until the mass spectrum showed 
that the evolved gas had been removed. With the gette1 
cold, the bombardment 
energy and current for twelve minutes, after which the 


was repeated at the same 
mass spectrum was recorded to check for reproducibil 
ity, Only when the data could be repeatedly reproduced 
to within 5%, was the target potential set to a new 
value and the procedure repeated. The range of poten 
Below 60 v the 
bombarding current was kept to 5.0 ma, while above 


tials covered was from zero to 700 v 


60 v the bombardment power was held at 0.30 w to 
maintain relatively constant target temperature." At 
the end of a run on each sample, several points were 
repeated as an over-all check on reproducibility. 

The increase in the oxygen peak height as a function 
of the bombarding energy for an SrO target is shown in 
Fig. 3. Also shown in the same figure are the results that 
were obtained when a typical blank nickel target was 
bombarded under the The 
peak height for this latter situation is a measure of the 


same condition oxygen 
residual oxygen. 

The reproducibility of the data for three different 
samples of SrO in the range of zero to 60 v is shown in a 


linear plot in Fig. 4. Similar agreement was found at 
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secause of its proximity to the cathode, the target operating 
temperature was approximately 240°C. An input power of 0.30 


watt raised the temperature to 300° 
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hic. 5. Oxygen evolution as a function of the square of the 
number of electrons incident per cm? per sec on a SrO film. The 
1, 400 ev; for curve B, 
In each case the bombardment 


energy of the incident electrons is, for curve 
150 ev; 


encrgy wa 


and for curve C, 25 ev 


limited to 4 maximum power of 0.3 w 


higher energies. The ordinate for these curves has been 
converted to number of atoms evolved per sec per cm? 
of bombarded area on the assumption that there is no 
readsorption or recombination of the liberated oxygen 
during the period of accumulation 

\ significant feature of the data is the indication of 
The 
energy process appears to have a threshold at approxi 
mately 14 ev. Below 14 ey 
relatively constant and comparable with the ultimate 


two distinct energy-dependent processes low 


the rate of evolution is 


evolution when a plain nickel target is bombarded for 
long periods. This “background” evolution may arise 
from the cathode or from bombardment of the control 
grid 

Phe current density dependence of the evolution rate 
of oxygen was examined at three different energies; 
5S ev, 150 ev, and 400 ev. In each case it was observed 
that the rate of evolution varied as the square of the 
bombarding current density. These data are shown in 


Pasir LL. Evolution of material from SrO 
bombarded with 200-volt electrons 
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hig. 5 where the number of oxygen atoms evolved per 
cm’ per sec is plotted as a function of the square of the 
number of incident electrons per cm? per sec. In these 
particular tests the maximum power input to the target 
was 0.30 w. It was subsequently found that the oxygen 
evolution rate followed the same curve when the plate 
input power was raised to 2.0 w and the target tempera- 
ture was 700°C, 


Evolution of Strontium from SrO 


The rates of evolution of strontium were studied 
using the radioactive tracer technique. For this investi- 
gation the getter was operated continuously to remove 
all gas evolved. The periods of bombardment required 
in studying the strontium evolution were much longer 
than required for the oxygen case because of the lower 
sensitivity of the method used for the detection of the 
strontium evolution. In the case of the evolution of 
oxygen, it was found that for bombardment at 25 v and 
5 ma (current density of 25 ma/cm* at the target), the 
rate of evolution of oxygen was approximately 1.3 10" 
atoms per cm? per sec. The surface density of oxygen or 
strontium ions in SrO is approximately 8 X 10" ions/cm?, 
and a sample of SrO 100 A thick contains approximately 
40 layers of SrO. The removal of 10" oxygen molecules 
(only 0.025% of the number of oxygen ions in a mono- 
layer covering 1 cm? of surface) results in an increase in 
the gas pressure in a tube whose volume is 300 cc from 
1«10-" to 1% 107% which can be detected to a high 
order of accuracy. In the case of the evolution of 
strontium, the activity of the Sr required counting 
times of the order of one hour to achieve a standard 
deviation of +1%. Hence, if 10% of the strontium is 
removed, the probable error in the difference between 
the initial and final measurements of the target activity 
is +10%. But 10% of 40 layers corresponds to 3.2 10" 
ions whose removal requires a bombardment time of 
2.5 10° seconds or approximately 60 hours. Hence, if 
practical periods of observation are to be used, the 
observations of the strontium evolution are of a con- 
siderably lower order of accuracy than the observations 
of the oxygen evolution. 

In Fig. 6 the rate of evolution of strontium is com- 
pared to the rate of evolution of oxygen from the same 
target. The data above 60 v were taken keeping the 
target input power to 0.30 w, and the evolution rate was 
subsequently corrected to a constant input current of 
5 ma. The two points for the rate of evolution of stron- 
tium at 200 v and 400 v are the maximum possible 
evolution rates at the limit of the probable error, so 
that the actual rate probably fell somewhere between 
the two dotted lines, as indicated on the curve. 

It can be seen that at low energies the rates of 
evolution for both constituents are in fairly good agree- 
ment. At higher energies, however, the rate of evolution 
for the metal is far less than for oxygen when the target 
is operating at low temperatures. 
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Table I shows the evolution rate of and 
strontium as a function of the bombarding current 
density and temperature of the target when it is bom 
barded at an energy of 200 ev. At this energy the rate of 
evolution of oxygen apparently follows the square of the 
current density, while the metal evolution apparently 
varies more rapidly suggesting that there is a very 
strong temperature dependence, possible exponential. 
At 25.0 ma/cm?’ the metal evolution is approximately 
10% of the oxygen evolution rate, while at 50 ma/cm? 
the ratio has increased to 0.6. A similar test at 30 
electron volts showed no such temperature effect, since 
the evolution rates varied as the square of the current 
density up to a temperature of 550°C. The metal 
evolution rate for this case was approximately 0.6 that 
of the oxygen. Although insufficient data were taken at 
elevated temperatures in the high bombardment energy 
range to show whether the strontium evolution at the 
highest temperature had saturated, it is possible that 
this may have been the case and that the factor of 0.6 is 
the result of errors in the calibration. The difference in 
the temperature dependence of the strontium evolution 
in the low- and high-energy ranges strengthens the 
hypothesis that two different processes are involved 


oxygen 


for these ranges. 


Evolution of Oxygen from BaO and MgO 


The rates of evolution of oxygen from BaO and MgO 
were measured in the same manner as from SrO. The 
data from BaO and MgO are compared in Fig. 7 with 
those from SrO. Again the data above 60 volts were 
taken keeping the target power input to 0.3 watt and 
correcting the data to a constant current input of 5 ma 
after the current dependence was established. It will be 
observed that the general character of all the curves is 
the same, showing high- and low-energy processes. The 
efficiency for the process at higher energies for MgO 
appears to be a factor of 50 greater than for BaO and a 
factor of 5 greater than for SrO. The first thresholds 
for BaO and MgO are approximately 10 v and 18 v, 
respectively. 

Figures 8 and 9 show the oxygen evolution rate as a 
function of the bombarding current density for BaO and 
MgO. The rates of evolution are also proportional to the 
square of the current density. 

Contact potential differences between the target and 
the cathode were determined by the method devised by 
Lange! for triodes which is applicable here. The results 
are shown in Table II in which are listed the contact 
potential differences between the oxide-coated cathode 
serving as an electron source and the indicated electrode 
In column 1 are given the target coatings; in column 2, 
the measured contact potential, V,, between the 
cathode and the target ; 
contact potential, V4, 
control grid. 


and in column 3, the measured 
between the cathode and the 
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as a function of the energy of the bombarding electrons at a 
current density of 25 ma/cm?* 

The grid wires in these tubes consisted of gold plated 
tungsten. The accepted value for the work function for 
a well-activated oxide-coated cathode!® is 1.0-electron 
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hic. & Oxygen evolution as a function of the square of the 
number of electrons incident per cm? per sec on a BaO film. The 


energy of the incident electrons is, for curve A, 200 ev; and for 


curve B, 16 ev 


The 
difference of —3.84-0.2 obtained from the data indicates 
the accuracy of the method. 


volt, while that for gold!’ is 4.8-electron volts 


DISCUSSION 
Method 


It will be realized that the technique employed for 
this study does not distinguish whether the oxygen and 
metal leave the surface as ions, atoms, or molecules. 
Since the oxygen was accumulated before measurement, 
it would be expected to be in molecular form at the time 
of measurement. The off-anode gradient during electron 
hombardment would be such as to prevent negative 
ions from leaving so that it is probable that the oxygen 
left in neutral form. 


Energy Threshold for Dissociation 
and Efficiency 


Without a physical understanding of the mechanism 
for the dissociation of oxides under electron bombard 
ment it is not clear how the data should be extrapolated 
to determine a threshold energy for dissociation. How 
ever, since the evolution rate drops very rapidly in the 
neighborhood of the threshold, an apparent threshold 
may be obtained by graphical means. 

The threshold was determined by noting the inter 
section of a straight line drawn through the the “back 
ground” evolution rate and a straight line through the 
initial six or seven points of the evolution curve on a 
log log plot. The results for BaO, SrO, and MgO are 
tabulated in Table [I] along with the values corrected 
for contact potentials and other pertinent data. 

In dissociation phenomena, the efficiency of the 
process is of interest. In the present case the efficiency 


'’ Reference 16, p. 98 


mae We 


SHEPHERD 


will depend on both the energy and the current density. 
From Figs. 5, 8, and 9 it can be seen that the evolution 
rate, Q, as a function of V, the number of incident 
electrons per cm’ per sec, can be described by an 
equation of the form: 


O=aN?+C, (1) 


where a, a function of the bombarding energy, is the 
slope of the curve, and the constant C is the background 
evolution rate. 


Mechanism for Dissociation under 
Electron Bombardment 


In proposing a possible mechanism for the dissociation 
phenomenon we shall consider first the data obtained 
for low bombarding energies. Since the oxygen evolved 
depends on the square of the bombarding current 
density, the dissociation process appears to require two 
successive electronic excitations, as may be deduced 
from the following reasoning. The probability per unit 
time for the excitation by electron bombardment of a 
particular particle on the surface of a solid is given by 


ple)= ja/e, (2) 


where j is the current density, o is the cross section for 
the interaction, and e is the electronic charge. If two 
independent events are required : 


Pips 


where the subscripts 1 and 2 refer to the two excitations 
of the same particle required to produce the event. That 
two excitations are required to dissociate the alkaline 
earth unreasonable in of their 
divalent ionic character'® if the dissociation produces 
neutral atoms. 


p(€1,€2) kja\o2 /e?, (3) 


oxides is not view 


The process proposed is as follows. At low energies, 
the electron penetration depth is very small, and it 
can be considered that the dissociation reaction takes 
place principally at the surface of the solid. It is 
proposed that dissociation may occur if both electrons 
on an oxygen ion are removed and placed on a neigh- 
boring strontium ion. In this way two neutral atoms are 
produced which may then escape. To show that such a 
surface effect is within the realm of possibility, we 
present the argument below.” 

Consider a solid that contains » surface ions per cm’. 
Under electron bombardment one eventually reaches an 


TaBLe IT. Contact potential difference. 


Vo (volts) 
3.8+0.2 


3.8+0.2 
3.8+0.2 


Vp (volts) 


0+0.2 
0.5-+0.2 
1.1+0.2 


Target 


SrO 
BaO 
MgO 


‘SF. Seitz, Modern Theory of Solids (McGraw-Hill Book 
Company, Inc., New York, 1940), p. 81. 


' We are indebted to Dr. A. J. Dekker for this suggestion. 
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equilibrium condition in which there are m, ions in the 
first excited state. Then, we may write 


dn;/dt= (n—n,)No,—,Nao— (N,/7)=0. (4) 


The first term on the right represents the rate of 
production of ions in the first excited state, where V is 
the number of incident electrons per cm* per sec and 
a, is the cross section for the first excitation. The second 
term represents the number of ions lost per second 
because of the second excitation, and the third term is 
the loss of ions due to the finite lifetime, 7, of the first 
excited state. From (4) we obtain 


nNo, 
ny ' (5) 
V (a, +a2)+(1/r) 


The rate of evolution of the atoms per cm* per sec is 
given by 
) ny Noo, (6) 
whence 
nN?*o\02 w 
a) (7) 
N(a,+02)+ (1/7) 


By (7) we see that a dependence on the square of the 
current density will occur if 


Vla,;ta)<Kl 2 (8) 


One may take as maximum values for the cross 
sections a, and o, the cross-sectional area of an oxygen 
ion which is of the order of 6 10~'® cm? and use for the 
lifetime, 7, the value of 10~* sec normally assumed for 
the optical lifetime of an exciton.” For a bombarding 
current density of 25 ma per cm? or 1.6 10" electrons 
per cm? per sec, 

V (a, +02)—~2.5X 10°, 


and it is seen that condition (8) is easily met in the 
experiment. Hence (7) may be very accurately written: 


n.V*a\oor. (9) 
Comparison of (9) with (1) shows that 


0\02>— ant. (10) 


TABLE ITI. Observed energy thresholds for dissociation, thresholds 
corrected for contact potentials, and other pertinent data. 


Observed Corrected Forbidden Heat of4 Lattice 
threshold threshold band gap formation constant 
Oxide eV ‘ ey ev/molecule \ 


4 4* 
5.6» 
10.0% 


5.78 
6.12 
6.34 


9.5+0.5 
14.0+0.5 
16.9+0.5 


BaO 
SrQ) 
MgO 


10.0+0.3 
14.0+0.3 
18.0+0.5 


*E, B. Hensley, University of Missouri (private co ation to be 
published ) 
»R. L. Sproull, Phys. Rev. 78, 630 (1950 
J. R. Nelson, Phys. Rev. 99, 1902 (1955 
1O. Kubachewski, and FE. Evar Metallurgical Therm 
worth-Springer, Ltd., London, 1951 
* Handbook of Chemistry and Physi (Chemical 


Company, Cleveland, 1949), thirty-first edition 


2” F, Seitz, Revs. Modern Phys. 26, 29 (1954) 
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Fic. 9. Oxygen evolution as a function of the square of the 
number of electrons incident per cm* per sec on a MgO tilm. The 
energy of the incident electrons is, for curve A, 200 ev; and for 
curve B, 30 ey 


Equation (10) can be used in conjunction with the 
experimental data to determine the value for the 
product of the cross sections for the two excitations 
The numerical value of a for 25-volt electrons bombard 
ing SrO is 4X10 
surface oxygen ions per cm* is 8X10". Taking 7 


*6/cem?/sec, while the number n of 
10° 
sec, we have 

0\02= 5X10" cm‘, (10b) 
a result which appears reasonable in terms of atomic 
dimensions. 

In the case of the process which becomes predomi 
nant in the higher energy range, a more complex 
situation exists. An important point to be kept in mind 
is that in this case the Sr is not liberated unless the 
surface is heated, in contrast to the case for the lower 
energy process. The depth of penetration of the pri 
the 


will occur at a 


maries varies approximately as the square of 
that 


rapidly increasing depth. Excitons so produced are very 


electron energy, so excitations 


mobile and can rapidly diffuse through the oxide.” 
These excitons, if they arrived at the external surface, 
could cooperate together or with a direct electron 
interaction to produce dissociation. Presumably such a 
process should be essentially similar to the surface 
reaction postulated earlier with the rapidly rising 
efficiency resulting from the increasing production of 
excitons. However, the fact that the Sr does not evolve 
that If the 
process occurs principally on internal surfaces, the 
effects can be given a qualitative explanation. Oxygen 
released in this way would be expected to migrate 


indicate: the situation is not so simple 


through pores by Knudsen flow to the surface. How- 
ever, since the vapor pressure of Sr at 300°C is low 
(10-7 mm Hg) it is likely that the Sr would condense 
in the pores and be liberated only when the temperature 
was increased. ‘This explanation implies that the effec 
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internal surfaces much the 


external surface 


live are greater than 

Phe effect cannot be explained by proposing that the 
dissociation takes place in the bulk material and that 
the dissociation products subsequently diffuse to the 
surface or to pores, since very low diffusion coefficients 
have been found for both oxygen and the metal in these 
substances (even at high temperatures) by Sproull, 
sever, and Libowitz” and Haxby.” The coefficients are 
too low to account for the rate of evolution of oxygen, 
if the 


mechanism, the oxygen evolution should have been 


and furthermore, diffusion were controlling 
strongly temperature dependent 

Until more experimental information on the process 
occurring at higher energies is available, additional 
speculation seems unprofitable 

It can be seen from ‘Table [LI that one cannot directly 
connect the threshold energy for dissociation with the 
heat of the forbidden-band gap 


energy. The energy required to produce an exciton is 


formation or with 
somewhat less than the forbidden-band gap energy, so 
that the threshold energy would not correspond to the 
exciton energy either. It is possible, however, that when 
an exciton is produced, the remaining electron on the 
oxygen may be bound somewhat more strongly, and in 
consequence the threshold energy would be determined 
by the energy required to excite the remaining electron 


to a strontium ton 


Comparison of the Results with the Literature 


the rates of evolution of 


dissociation products as a function of the bombarding 


(Quantitative results for 
electron energy or current density , In general, cannot be 
found in the literature. In 1954, Yoshida et al.” reported 
results in which they bombarded SrO containing Sr* 
and detected the evolution of Sr by the radioactive 
tracer technique. They noticed that the evolution of Sr 
increased exponentially with the target temperature 
when it was bombarded with 150-volt electrons. They 
also observed that at a target temperature of 450°C the 
strontium evolution was smaller when the oxide was 
bombarded with 500-volt electrons than was the case 
lor 150-volt Although 
they tabulated the bombarding currents, they did not 
provide data which would permit calculation of the 


bombardment with electrons. 


current densities, so that a direct comparison of their 
results cannot be made with those in this work. How 
it 
qualitative agreement. 


ever, can be seen that both sets of results are in 


More recently these same authors” have studied the 
dissociation of BaO under electron bombardment. They 
report that the Ba evolved from a target bombarded by 
electrons of 150-ev energy increases exponentially with 
9? 


* Sproull, Bever, and Libowitz, Phys. Rev , 77 (1953 


“2B. V. Haxby, Phys. Rev. 99, 1636 (1955 
*% Yoshida, Shibata, Igarashi, and Arata, J 
(1956) 


Appl Phys 27 497 
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the temperature over the range 600 to 710°K. They 
further reported a linear dependence on current for the 
rate of evolution of Ba and an exponentially decreasing 
root of the 
500 v. Their 
linear dependence of the evolution with current is in 
direct disagreement with the results reported here. Their 
data were obtained for bombarding voltages which 
would correspond to the range of the higher energy 
process for BaO if one is justified in assuming that 
processes for BaO and SrO are alike. Since the metallic 


dependence of the rate on the square 
bombarding voltage, in the range 90 to 


evolution of Ba was not observed in our case, no direct 
comparisons are warranted, but the exponential de- 
pendence of the barium evolution on temperature would 
be consistent with our observations on strontium. The 


exponentially decreasing evolution of barium as a func 


tion of the square root of voltage is in disagreement 
with our findings for the oxygen evolution from BaO 
over the same energy range and would require postu- 
lating different mechanisms for the release of Ba and O. 

Others who have investigated the problem, such as 
Jacobs, Metson, Wright, and Woods, and Amakasu, 
previously mentioned, did not show quantitative results, 
but measured only the threshold energy for dissociation 
In general, the 
results in this work are in disagreement with these 
observers. Jacobs and Metson found that the threshold 
was equal to the heat of formation, while in this work no 


using the cathode poisoning method 


apparent correlation has been found, as can be seen from 
Table IIT. Wright and Woods and Amakasu also found 
no correlation with the heat of formation, but observed 
a threshold of 4 ev for BaO. This value is in disagree- 
ment with the 9.5-ev dissociation energy found here. 
Since these observers could not make quantitative 
measurement and were not able to identify positively 
the dissociation products, it is felt that their results 
were subjec t to misinterpretation. Metson, for example, 
found a threshold of 5.56 ev which he attributed to 
BaQ, and a second threshold of 9.4 ev on the same 
target which he attributed to BaCl. or BaSO,g which 
may have evaporated from the cathode. In the work 
reported here it is observed that adsorbed gas was 
released in the vicinity of 5 ev and that true dissociation 
occurred at 9.5 ev. Consequently, it is possible that 
\Metson’s lower threshold was due to adsorbed gas and 
the higher value was due to dissociation of BaO, in 


which case the two results would be in agreement. 


CONCLUSIONS 


Oxygen is released from BaO, SrO, and MgO when 
thin films of these materials are subjected to electron 
bombardment at energies above 9.5+0.5, 14.0+-0.5, 


and 16.9+0.5 ev, respectively. The proportionality 
between the rate of oxygen evolution and the square 
of the current density indicates that a two-step elec- 


tronic excitation of the solid is required for dissociation. 
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In the case of SrO the temperature dependence of the 
evolution of Sr suggests that the dissociation at low 
energies is a surface reaction while at high energies a 
reaction within the solid occurs. Additional support for 
this suggestion is provided by the variation of the 
evolution the of the 


electrons. The release of oxygen from materials bom 


oxygen with energy incident 


barded with electrons having energies near 5-electron 


volts, which has frequently been ascribed to a dissoci 
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ation process, appears rather to result from a desorption 


of a gas film 
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The optical and photoelectrical properties of mer 
particularly as affected by the phase transformati 
rhombic (high-temperature form) which occurs at 4 
variation of any known material is found for the or 


of transmission, reflectivity, and photoconductivity 


phenomena are discussed location and temper: 


current; (3) electrode effects in photoconductivity ; 


the phase transformation; (5) thermally-stimulate 


light intensity, and temperature. Temperature-que 
deseribed by 


location of 0.5 ev above the valence band for the 


1, INTRODUCTION 


ERCURIC iodide was one of the earliest materials 
to be investigated for photoconductivity. In 
1903, it was shown! that HgI. could be used with gelatin 
to form a photographic emulsion. Other workers studied 
the spectral response and the mechanism of photo 
conductivity 
of HgI, crystals grown from ethyl alcohol solution was 


' Nix® reported that the photosensitivity 


lost after about a year, as the crystals became poly 
crystalline, but could be restored by the application of 
a field. Putseiko® studied photoconductivity and dye 
sensitization phenomena in Hgl,. Chepur’ discussed 
the formation of melted-and-recrystallized layers, crys 
tals grown from the melt, and crystals grown from 
acetone solution, together with their photo onductiy ity 
The existence of excitons in HgI, has been indicated by 
Nikitine® and by Gross’; Gross has also reported that 
the photosensitivity of the orthorhombic form of Hgl, 
1903 


1389 
1916 


p. 24 
1923 


' Luppo-Cramer Eeder’s Jahrbuch ) 
2G. Athanasiu, Compt. rend. 176 
*M. Volmer, Z. wiss. Phot. 16, 152 

Kampf, Physik. Z. 23, 420 (1922 

*, C. Nix. Phys. I 47, 72 (1935 
Putseiko, Izvest. Akad. Nauk 

- E. K. Putseiko and A. N. Terenin 

S.S.S.R. 70, 401 (1950) 
7D. V. Chepur, Zhur 
*S. Nikitine, Compt 
‘KE. F. Gross, Zhur 
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240, 1324 (1955 
Fiz. 25, 1661 (1955 
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1955 
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centers 


A study of 
the phase transformation kinetics has been reported by 
Newkirk" for the transformation of the‘ 
form of Hgl» to the orthorhombic form with 
increasing temperature at about 400°K; he has 
hift of the (100) 
plane in the tetragonal form to the (110) plane in the 
the | 001 


The present investivation was 
| 


is about 0.1% of that of the tetragonal form 


red”’ tetragonal 
yellow” 
shown 
that the transformation consists of a 


orthorhombic form ; direction 1s preserved 
motivated originally 
by interest in the effects of the phase transformation on 


of Hyly. A 


tivation a 


the optical and photoelectrical propertie 


thi 
broadened to include many of the semiconducting and 
of Hyl 


temperature 


the work progre ed, however Inve W 


photo onducting characteristi 


temperature 


depend nee of the band gap; low humane 


cence; electrode problems; temperature dependence of 
dark current; dependence of photocurrent on voltage 
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MATERIAL PREPARATION 


VOTE | 


(b 


Sample measured (a) In microcrysta 


line as sintered layers produced b 


vapor deposition as melted and recrystallized 


polycrystalline layer (d) as crysta yrown from the 


; 
, 


Kk. Newkirk, Acta Metallurgica 4, 316 (1956 
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Hgl, 
VAPOR 


N$ 6 


0 5 10 


Fic. 1 Photo 
graph of Hgl, crys 
- (7 Fm, tals grown from 
WV<é at « the vapor-phase and 
i] ~ 


SOLUTION 


v7 from acetone solu 
F tion 





vapor phase, and (e) as crystals grown from acetone 
solution. 


2.1. Microcrystalline (Powder) Form 


Kimer and Amend CP HglI, was used in measure 
ments of band gap by diffuse reflectivity. 


2.2. Sintered Layers 


Sintered layers of Hgl, were prepared by heating 
Hyl, powder in a platinum dish covered by a quartz 
plate to a temperature such that the powder vaporized 
and deposited on the quartz plate. The layer thus 
formed was separated from the quartz plate after 
cooling ; the surface of the layer next to the plate formed 
a smooth sintered layer. 


2.3. Melted and Recrystallized Layers 


Hyl, powder was placed between two quartz plates 
and heated to such a temperature that the powder 
melted. Upon cooling, the layer recrystallized; the 
plates were separated to leave the layer deposited 
predominantly on one of the plates. 


2.4. Vapor Phase Crystals 


Hyl, powder was heated in the bottom of a firing 


tube to between 500° and 600°C for about 10 min 


[001] 


Fic. 2. Schematic representation of a tetr.-Hgly 
from solution, showing the crystal directions of the major axes 


crystal grown 


' Preparations (c), (d), and (e) by S. M. Thomsen 
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Crystals deposited from the vapor phase formed in the 
upper unheated portion of the tube. 


2.5. Solution-Grown Crystals 


A saturated solution of HgI, powder in acetone was 
prepared. The solution was allowed to stand in lightly- 
covered tall cylindrical vessels for several weeks. As the 
acetone evaporated, crystals of HgI, deposited in the 
bottom of the vessels. One lot of crystals was prepared 
from a solution containing 75% Hgl, and 25% HgCl. 
by weight. 

The methods of preparation used are such that only 
the solution-grown crystals have not passed through a 
phase transformation. Several solution-grown crystals 
were heated above the transformation temperature and 
then recooled. 

Figure 1 is a photograph showing several typical 
vapor-phase-grown crystals and solution-grown crystals. 
The general morphology of the solution-grown crystals 
is indicated in Fig. 2. X-ray analysis” indicated the 
crystal directions shown in Fig. 2, and showed that the 
solution-grown HgI, crystals had some good crystalline 
portions ; definite evidence of x-ray spot breakup, how- 
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Fic. 3. Transmission spectra at room temperature for (1) a 
solution-grown crystal of tetr.-HglI,, (2) same as (1) after having 
passed through a transformation cycle, (3) melted-and-recrystal 
lized layer 


2 X-ray analysis by J. White. 
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ever, indicated lack of uniform crystallinity. Solution- 
grown crystals which had been heated above the trans- 
formation temperature and recooled showed only slight 
evidence of crystallinity by x-ray analysis. 


3. TRANSMISSION SPECTRA 


‘Transmission spectra were measured" for a solution 
grown crystal, a solution-grown crystal which had been 
heated above the transformation temperature and re 

rhe re 
sults are shown in Fig. 3. The exponential portion of the 


cooled, and a melted-and-recrystallized layer 


variation of absorption constant with energy sets in at 
about 2.11 ev at room temperature. This corresponds 
to an absorption-edge wavelength of 5870 A; calculation 
of the ratio of the fourth power of the geometric mean 
of the refractive indices (2.748 and 2.455; geometri: 
mean = 2.597) to the absorption-edge wavelength gives 
a value of 77.5 for Moss’s constant,!® which is almost 
exactly the average value of 77 proposed to hold for a 
variety of photoconductors. An additional absorption 
peak at 1.1 ev is found for the melted-and-recrystal 
lized layer; corresponding photoconductivity was not 
observed. 
4. REFLECTIVITY SPECTRA 

Diffuse-retlectivity spectra were measured on powder 
HglI, to determine the variation of the band-gap with 
temperature and transformation of crystal form. Figure 
4 shows the reflectivity spectra at room temperature 
obtained successively for the same sample before a 
transformation and after a transformation (the sample 
now being in sintered-layer form), together with the 
reflectivity of the orthorhombic form at 400°K. ‘The 
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lic. 4. Diffuse reflectivity spectra for (1) powder tetr.-Hgl), at 
room temperature, (2) sintered layer of tetr.-Hg], formed from the 
vapor-phase from material of (1), at room temperature, (3 
orthorhomb.-HglI, at 403°K 


'§ Measured by W. E. Spicer 
MN. A. Lange’s Handbook of Chemistry (Chemical Rubber P 
ishing Company, Cleveland, 1946), sixth edition, p. 872 
r. S. Moss, Proc. Phys. Sor London) B63, 167 (1950 
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WAVELENGTH 


reflectivity 


a funectior 
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Dittuse 
tetr.-Hgl, a 


diffuse-retlectivity 
spectra has been carried out according to the suggestion 
of | O-¢ hs!6- 


portion ol greatest slope, associated with the onset of 


determination — of band-gap Irom 


the wavelength for the onset of the linear 


an exponential drop of absorption coeflicient, is chosen 
as the absorption edge. Use of this criterion gives an 
absorption edge at 5840 A (2.12 ev) for tetr.-Hgl, at 
room temperature and an absorption edge at 5350 A 
(2.31 ev) for orthorhomb.-Hgl, at 400°K 
layer shows high wavelength-inde pendent reflec tivity at 


Ihe sintered 


low wavelengths (specular reflection component pre: 

ent) because of the shiny nature of the sintered surface 

Phe apparent absorption edge is 5920 A; the differenc 

between this value and that obtained previously for the 

powder IS probably not signiticant 

4.1. Temperature Dependence of Band Gap 
for Tetr.-Hgl, 


spectra for tetr.-Hgl, are given in 
hig. 5 for various temperatures between &7° and 480°K 


110A (2.29 ey) at 


The retlectivity 


hifts from 
380° K 


The absorption edge 
87°K to 6105 A (2.03 ev) at 


4.2. Temperature,Dependence of Band Gap 
for Orthorhomb.-Hgl 


letr.-Hyl, was heated 
temperature to convert it to the 


above the transformation 


orthorhombi lorm 


the latter was rapidly quenched in liquid nitrogen to 


preserve the orthorhombic farm at low temperature 
the reflectivity pectra for orthorhomb 
ind 204°K. ‘The edge lose harpnes 
above 204°K the 


to convert 


| lyvure 6 show 
Hyl. between 90 
very rapidly upon heating, and 
lorm start 
the tetragonal torm The 
orthorhomb.-Hygl, shifts from 407 


to 4440 A (2.80 ev) at 204°K 


orthorhombi pontanecously to 


absorption edge of the 


A (3.05 ev) at 90°K 


4.3. Reflectivity Spectra When Both Tetr.-Hgl 
and Orthorhomb.-Hgl, Are Present 


Vlou ection, the quenched 


As mentioned in the pre 


lorm a COnY to the tetrayona 


orthorhombic 


on) B69, 70 (1956 
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hic. 6. Diffuse reflectivity spectra for powder orthorhomb 
as a function of temperature 


form above 204°K. Reflectivity spectra taken in the 
range between 204° and 256°K, shown in Fig. 7, show 
the presence of both the orthorhombic edge and the 


’ 


tetragonal edge. The relative magnitude of the reflec 
tivity plateau between 4800 A and 5500 A is a measure 
of the relative proportions of the two phases present. 
rhe temperature dependence of band-gap, as deter 
mined from reflectivity spectra is summarized in Fig. 8. 
Curve 2 summarizes the data from Mg. 5, showing that 
the temperature coeflicient for variation of the band-gap 
in tetr.-Hgl, is about — 7 10 ev/degree between 100 
and 200°K and about — 1410 ev/degree between 
330° and 400°K. Curve 1 summarizes the data on the 
location of the absorption edge from Fig. 4 and Fig. 6 
for the orthorhomb.-Hgl,. The straight line indicated by 
the measured points at low temperatures extrapolates 
linearly to the measured point at 400°K, giving a 
24 10 ev/degree. 
These temperature coefficients are much larger than 


temperature coefficient of 


any that have been reported to date and present an 


interesting problem for theoretical investigation. Tem 


perature coeflicients for such materials as germanium 


silicon, cadmium sulfide, zinc sulfide, zinc selenide, 
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Ditiuse reflectivity spectra for powder Hgl,, showing the 
69° and —17% 


I it / 
presence of both crystalline forms between 
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cadmium selenide, and cadmium telluride!” ” are of the 
order of ~3X10~ to at most —8X10~ ev/degree. It 
has been shown for materials of this type that variation 
of band-gap because of crystal dilation can account for 
only a small fraction of the observed shift.” Theo- 
retical discussions, such as that by Fan,” indicate that 
consideration of temperature-excitation of lattice vibra- 
tions can give values of temperature coefficient which 
are of the same order of magnitude as those observed, 
but still in general somewhat smaller. 

A summary of the temperature dependence of band- 
gap in tabular form is given in Table I. 
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hic. 8. Width of the energy gap as a function of temperature 
for (1) orthorhomb.-Hgl,, from reflectivity; (2) tetr.-Hgls, from 
reflectivity; (3) tetr.-Hgl,, melted-and-recrystallized layer, from 
pectral response of photoconductivity; (4) tetr.-HglI., solution 
grown crystal, from spec tral response ol photoconductivity 


5. LUMINESCENCE EMISSION 


Luminescence emission was observed for the tetr. 
HylI, form at liquid nitrogen temperature. ‘The emission 
spectrum obtained from excitation of vapor-phase 
grown tetr.-Hgl, crystals by 3650-A ultraviolet is shown 
in Fig. 9. Three emission bands are found with maxima 
at 5360 A, 5675 A, and 6200 A; their intensities are in 
the ratio of 1:10:45, respectively. The lowest wave 

‘7M. L. Schultz and G 
1819 (1955). 

*R. H. Bube, Phys. Rev. 98, 431 (1955). 

’R. H. Bube, Proc. Inst. Radio Engrs. 43, 1836 (1955 

® G. Hoehler, Ann. Physik 4, 371 (1949). 


W. Shockley and J. Bardeen, Phys. Rev. 77, 407 (1950), 
H. Y. Fan, Phys. Rev. 78, 808 (1950). 


\. Morton, Proc. Inst. Radio Engrs. 43 
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length band corresponds approximately to edge emis- 
sion; the extrapolated absorption edge at 77°K from 
curve 2 of Fig. 8 is 5390 A. All luminescence is thermally 
quenched upon only a slight warming above 77°K. The 
emission is almost indentical with that reported by 
Sieskind*® who reported emission bands at 77°K for 
HgI, at 5355 A, 5600 A, and 5925-6500; Sieskind 
attributed the 5355-A band to excitons and suggested 
that the other two bands were due to either excitons or 
impurities. 
6. ELECTRODES 


The choice of suitable electrodes posed a major 
problem with Hgl:, principally because of reaction 
between common electrode materials and the Hgl,. 
Silver, indium, and gallium electrodes were all tried, but 
reaction between the metal and the HglI» occurred, 


TABLE I, Temperature dependence of band gap. 


Reflectivity, orthorhomb,.-Hgl: 
T°K A, A Ea, ev 


4075 3.045 
4125 3.005 
4250 2.915 
4350 2.85 

4440 2.795 
5350 2.315 


Reflectivity, tetr.-Hgl, 


ae A, A Ea, ev 


2.29 90 
2.25 115 
2.215 155 
2.17 179 
2.13 204 
2.10 403 
2.08 
2.05 
2.03 


87 5410 
148 5510 
193 5595 
249 5715 
298 5820 
328 5905 
339 5960 
361 6045 
380 6105 


Photoconductivity, 
melted-and-recrystallized 
tetr.-Hgl: 

A, A 


Photoconductivity, 
solution-grown 
tetr.-Hgls 


A, A Ea, ev 


2.28 
2.26 
2.23 
2.21 
2.185 
2.16 
2.12 
2.095 


Ea, ev T°K 
2.305 91 5430 
2.255 128 5490 
2.225 166 5555 
2.195 194 5605 
2.155 218 5670 
2.135 252 5740 
2.095 298 5850 
2.065 330 5910 
2.06 

2.05 


T°’K 


102 5375 
128 5500 
160 5575 
193 5650 
222 5750 
252 5810 
280 5910 
302 6000 
329 6020 
349 6050 


usually within minutes, causing permanent changes in 
the cell properties. Especially unusual properties were 
obtained in the case of silver; dark current increased by 
many orders of magnitude upon operation of the cell 
under illumination. When such a_high-conductivity 
state had been reached, it was observed that illumina- 
tion reduced the dark current, producing negative 
photoconductivity. This effect is probably analogous to 
that reported by Yamada™ for a negative photoeffect 
in AgBr, resulting from quenching of ionic conductivity 
as a result of illumination. 

To obtain electrodes which would be chemically non 
reactive with HgI, and which would be stable enough 
to permit measurements as a function of temperature, 
graphite was chosen as the electrode material. 


#8M. Sieskind, J. phys et radium 17, 821 (1956) 
*K. Yamada, Naturwiss. 43, 175 (1956). 
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Fic. 9. Luminescence emission spectrum for excitation of vapor- 
phase-grown tetr.-HglI, crystals by 3650 A ultraviolet at 77°K 


7. TEMPERATURE DEPENDENCE OF DARK CURRENT 


The dark current was measured as a function of 
temperature for various samples of tetr.-Hgl,. The 
results for a solution-grown crystal, two vapor-phase 
grown crystals, and a melted-and-recrystallized layer 
are shown in Fig. 10 (data obtained as continuous 
record on a recorder). ‘The room-temperature dark 
conductivity for the samples measured is about 10-" 
(ohm cm)™'. The slopes of the curves of Fig. 10 vary 
from 0.96 to 1.12 ev, with an average value of 1.04 ev. 
Assuming that this slope corresponds to one-half the 
band-gap, good agreement is found with the value of 
the band-gap determined optically. The data of Fig. 10 
evidence that the dark conductivity 


are therefore 
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K1G. 10. Temperature dependence of dark current for (1) melted 
and-recrystallized layer of tetr.-Hgl,, (2) and (3), vapor-phase 
grown crystals of tetr.-Hgl,, (4) solution-grown crystal of 


tetr.-Hgl. 
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corresponds to the intrinsic conductivity of Hgl, and 
is not associated with impurities 


8. LIGHT-SPOT SCANNING OF CRYSTALS 


To determine whether the photoconductivity ob 
served when HgI, was illuminated was a uniform effect 
or was concentrated at one of the electrodes, the 
photocurrent in a solution-grown crystal was measured 
as a small spot of light (diameter less than yy of elec 
trode spacing) was moved along the crystal. Measure 
ments of response for several samples showed that 
photosensitivity was limited to a small region of the 
crystal at or near the cathode. Figure 11 illustrates the 
results for one crystal for both white light and green 
light. The apparent sensitivity of the crystal for white 
light at distances more than a few tenths of a millimeter 
from the cathode is probably caused by scattering of 
the weakly-absorbed red light, as indicated by the much 
smaller extent of sensitivity for the strongly-absorbed 
green light. 

Voltage probing of the crystal also indicated a non- 
uniform potential distribution, with most of the poten- 
tial drop at the cathode. 


9, PHOTOCONDUCTIVITY RESPONSE SPECTRA 


Photoconductivity was easily detectable with all 
tetr.-HgI, samples. The maximum photosensitivity 
found was about 10° to 10* microampere per lumen, cor- 
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Fic. 11, Photocurrent for a solution-grown crystal of tetr.-HgI, as 
a function of the position of a small spot of light. 
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lic. 12. Spectral response curves for photoconductivity in 
tetr.-HglI,: (1) solution-grown crystal, (2) same as (1) after having 
passed through a transformation cycle, (3) solution-grown crystal 
from solution containing 25% HgCl, (4) vapor-phase-grown 
crystal, (5) sintered layer from vapor phase, (6) melted-and- 
recrystallized layer, (7) same as (6) after treatment in iodine 
vapor for 2 hours at 100°C. All samples give approximately the 
same photocurrent at room temperature; since samples (5), (6), 
(7) have about ten times the electrode length of the others, it 
indicates that (5), (6), (7) are about one-tenth as sensitive. 


responding, respectively, to a specific sensitivity”® of 
about 10~* to 10-* mho cm? per watt. The first figure in 
each case corresponds to the assumption of an effective 
crystal length equal to the electrode spacing, the second 
figure to an effective crystal length 75 the electrode 
spacing. 

9.1. Room Temperature Data 


Photoconductivity response spectra for seven differ- 
ent forms of tetr.-HgI, are shown in Fig. 12. The 
magnitude of the response at long wavelengths beyond 
the absorption edge is greatest for the solution-grown 
crystal and least for the melted-and-recrystallized layer. 
The long-wavelength response may be attributed 
either to impurities which are removed by methods of 
preparation involving vaporization or melting, or to 
possible lack of stoichiometry in the solution-grown 
crystals. The melted-and-recrystallized layer is some- 


*6 Specific sensitivity is defined as the measured conductance in 
mhos, multiplied by the square of the electrode spacing, and 
divided by the incident energy in watts. Specific sensitivity is 
independent of geometry, voltage, and light intensity, if the 
photocurrent varies linearly with voltage and light intensity. For 
sensitive photoconductors like CdS and CdSe, the specific sensi 
tivity is about 10~ to 1 mho cm? per watt. 
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what less sensitive than the solution-grown crystals, 
and the situation may well be analogous to that reported 
for “pure” CdS crystals** for which an increase in 
relative long-wavelength sensitivity was found to ac- 
company an increase in overall sensitivity. There is no 
evidence that any appreciable porportion of HgCl, has 
been incorporated into the crystals grown from the 
solution containing 25% HgCl., but the presence of 
the HgCl, seems to have caused increased purity or 
stoichiometry of the growing Hg], crystals. 

The curves in Fig. 12 have been corrected for photon 
flux assuming a linear variation of photocurrent with 
light intensity. The apparent negative slope of some of 
the curves for short wavelengths may be attributed to 
a variation of photocurrent with light intensity which 
is less rapid than linear. 


9.2. Solution-Grown Crystal 


The spectral response curves for a typical solution- 
grown crystal are shown in Fig. 13 at ten temperatures 
between 102°K and 349°K. The curves have not been 
normalized and thus the actual variation of photo- 
current at any wavelength with temperature can be 
obtained from the data. This variation will be discussed 
in a later section (see Sec. 14). The following general 
observations may be made: (1) the prominence of the 
maximum at the approximate absorption edge is least 
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Fic. 13. Spectral response curves for a solution-grown tetr. 
Hgl, crystal as a function of temperature: (1) 102°K, (2) 128°K, 
(3) 160°K, (4) 193°K, (5) 222°K, (6) 252°K, (7) 280°K, (8) 
302°K, (9) 329°K, (10) 349°K. 


2° R. H. Bube, Phys. Rev. 101, 1668 (1956). 
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Fic. 14, Spectral response curves for a melted-and-recrystallized 
layer of tetr.-HgI, as a function of temperature: (1) 91°K, (2) 
128°K, (3) 166°K, (4) 194°K, (5) 218°K, (6) 252°K, (7) 298°K, 
(8) 330°K. 


at low temperatures and at high temperatures, reaching 
greatest prominence at about 223°K; (2) for wave- 
lengths shorter than the absorption edge, the photo- 
current shows a minimum with increasing temperature 
between 283° and 303°K with higher photocurrents at 
both low and high temperatures; (3) for wavelengths 
equal to or longer than the absorption edge, the photo- 
current increases to a maximum at about 193°K, then 
decreases to a minimum at about 303°K, and then 
increases again. 

The location of the absorption edge was estimated 
for each curve as the point of intersection of two 
straight lines, one drawn with slope of the photocurrent 
vs temperature curve just below the photocurrent 
maximum, and the other drawn with the slope of the 
photocurrent vs temperature curve just above the 
photocurrent maximum. The results are plotted as 
Curve 4 in Fig. 8. For all temperatures except the 
lowest, the maximum photosensitivity for this solution- 
grown crystal occurs for energies several hundredths of 
a volt smaller than the reflectivity-determined band-gap. 


9.3. Melted-and-Recrystallized Layer 


The data of Fig. 12 show that the long-wavelength 
cutoff in the photoconductivity response spectra of 
the melted-and-recrystallized layer is much sharper 
than that of the solution-grown crystal. It was believed, 
therefore, that the photosensitivity maximum for the 
melted-and-recrystallized layer would correspond more 
closely to the absorption edge determined by trans- 
mission or reflection. Such an expectation was realized. 
The response spectra are shown in Fig. 14 and the 
computed energies for photosensitivity maxima are 
plotted as Curve 3 of Fig. 8. For this layer, the photo- 
sensitivity maximum never lies more than a hundredth 
of a volt below the reflectivity-determined band-gap. 
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hic, 15. (a) Variation of dark current (2a,2b) and photocurrent (1a,1b) as a function of temperature through the 
phase transformation, for uniform heating and illumination of a solution-grown Hgl, crystal. (b) Variation of dark 
current (2) and total current under illumination (1) for a solution-grown Hg], crystal, as a function of temperature 
through the phase transformation, for a narrow slit of illumination on the center of the crystal, and for heating condi 
tions such that one end of the crystal was raised above the transformation temperature before the other end 


10. EFFECT OF PHASE TRANSFORMATION ON 
DARK AND PHOTOCONDUCTIVITY 


lo determine the effect of the phase transformation 
on the dark-conductivity and photoconductivity of 
Hgl,, a simple apparatus was constructed which 
permitted independent temperature-control of the two 
ends of a crystal. Using this apparatus, the crystal 
could be heated uniformly past the phase transforma 
tion, or one end of the crystal could be maintained at 
a temperature above the transformation temperature 
with the other end maintained below the transformation 
temperature, so that the transformation boundary 
could be moved down the crystal or stabilized at a 
particular location at will. Unfortunately, the phase 
transformation for HgI, is accompanied by the onset of 
rapid vaporization of the material, making prolonged 
measurements on a partially or totally transformed 
crystal impractical 


10.1. Solution-Grown Crystal 


Figure 15(a) shows the temperature variation of the 
dark current and the photocurrent for a solution-grown 
Hgl, crystal, for uniform illumination of the whole 


crystal and uniform heating of both ends of the crystal. 
The phase transformation for heating occurs at a differ- 
ent temperature from that for cooling, both being 
somewhat removed from the theoretical temperature of 
400°K, because of superheating and supercooling. The 
dark conductivity shows only a slight and momentary 
drop upon passing through the phase transformation, 
but the photocurrent for the tetr.-HglI, is about two 
orders of magnitude larger than for the orthorhomb.- 
HgI, Upon cooling through the transformation point, 
the change of photosensitivity reverses. 

Figure 15(b) shows the temperature variation of the 
current in the dark and in the light as a function of 
temperature, for a narrow slit of light illuminating the 
center of the crystal only, and for nonuniform heating 
of the crystal so that the phase transformation boundary 
traveled down the crystal. Any peculiar photosensitive 
characteristic of the boundary might be expected to 
indicate itself by a sharp increase in observed photo- 
current as the boundary passed through the illuminated 
region. The curves of Fig. 15(b) do not indicate any 
such localized sensitivity. The failure to observe such a 
localized sensitivity may be due simply to the fact that 
the photocurrents observed even for the slit illumination 
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lic. 16. Temperature variation of dark current (a) and photocurrent (b) through the transformation, 
for a vapor-phase-grown tetr.-HglI, crystal 


are only those generated at the cathode-crystal interface 
by scattered and diffused light. 


10.2. Vapor-Phase-Grown Crystal 


Similar effects are found for vapor-phase-grown 
crystals as for solution-grown crystals, except that the 
magnitude of the changes in dark conductivity and 
photoconductivity at the phase transformation are even 
larger. The curves of Fig. 16 show a change in the dark 
current of over an order of magnitude and a change in 
the photocurrent of over three orders of magnitude at 
the phase transformation. The vapor-phase-grown crys 
tals also show a much larger irreversible increase in dark 
current as a result of having passed through the phase 
transformation and undergone partial vaporization 


11. THERMALLY STIMULATED CURRENT 
11.1. Analysis of the Measurement 


When a crystal is excited at a low temperature so as 
to fill trapping centers and is then heated in the dark, 
the measured thermally stimulated current, contributed 
by electrons freed from traps, in excess of the normal 
dark current, provides a measure of the density and 
distribution of trapping centers. Before considering the 


experimental data a brief analysis of the method will be 
given. 

The thermally stimulated conductivity, o,, 
given by: 


will be 


Ty = Ny CM, (1) 


where n, is the density of thermally stimulated electrons, 
given by: 
n (dn,/dl)r 


n, is the density of trapped electrons, dn,/dt is the rate 
of decrease of the density of trapped electrons, and r is 
the lifetime of an electron freed from a trap. The 
assumption that dn,/dt may be expressed as: 

K/kt) 


dn,/dlt nif exp 


leads to an expression for dn,/dt which may be used in 
Eq. (2): 


dn,/dl EK, k7 ) 


} 
xex| f exp(—E/kT)dt}. (4) 
b 


Here mo is the total density of trapped electrons before 
the beginning of heating, / is the frequency factor for 


Nof exp( 
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the thermal release of electrons from traps, E is the 
trap depth, and 6 is the heating rate. 

We must take account of the following variation of 
the quantities involved with temperature : 


f=N-S?, 
N.=N*T!, 
S(T), 
r(7), 


(Sa) 
(Sb) 
(5c) 
(5d) 
(Se) 
(Sf) 


N*= 1.9105, 


w= pT, 
v=v*T); v*=5.8K 105, 


where .V, is approximately equal to the density of states 
in the lowest k7-wide part of the conduction band, S is 
the capture cross section of the traps, yu is the electron 
mobility, v is the thermal velocity, and where lattice- 
scattering only has been assumed. 


H. BUBE 


It is then possible to write the following general 
equation for the thermally stimulated conductivity : 


o,= (noeN *y*v*)S(T)1(T)T4 exp(— E/kt) 
xexp| (N*v*/b) i} S(T)? exp(—z/aT)AT | (6) 


A maximum value of a, will be obtained for d(Ino,)/dT 
=0;i.e., 


d(\inS(T))/dT+d(\nr(T)/dT 
+d(InT!)/dT+E/ (kT?) 


— (N*0*/b)S(T)T? exp(— E/kT)=0. (7) 


The trap depth, #, can then be expressed in terms of 
the temperature, 7;,, at which the maximum thermally 
stimulated current occurs: 


(RN *v*/b)S ( ed ym, | ) 
} i - 
ERT n/24+( kT n2/1(Tm) }(dr/dT) + BT n?/S(Tm) (4S/dT) 


kT, lt 


lor EkT,,/2, and for negligible temperature variation 
of r(7T) and S(T) for temperatures for which the 
thermally-stimulated-current curve is obtained, this 
expression reduces to: 


E= kT» In (RN*0*/bE)S(Tn) Tn! |. (9) 


11.2. Experimental Thermally-Stimulated-Current 
Data 


Thermally-stimulated-current curves for three solu 
tion-grown crystals of tetr.-HgI,, two of which have not 
passed through a phase transformation and one of which 
has, and for a tetr.-HgI, crystal grown from a solution 
of 75% Hel, and 25% HgCl,y are shown in Fig. 17. The 
curve shapes for the crystals grown from solution 
without HgCl, are practically identical, showing three 
major thermally-stimulated-current maxima. The crys- 
tal grown from the solution containing HgCl, shows the 
same current maxima, but with the major peak being 
the one located near — 80°C rather than the one located 
near O"C. 

The thermally-stimulated-current curves of Fig. 17 
indicate that the presence of HgCl, in the solution has 


TABLE IT. Calculated trap parameters." 


I, ev Tm, °K 


0.34 129 
0.38 142 
0.45 171 
051 196 
0.59 222 
0.67 267 
0.77 293 


S(T), {(Tm), 


10 
104 
7x10" 
3x10" 
4x 10" 
6X10" 
210" 


ecc™ 


6x10 
6x10 
2x10 
7x10 
8x10 
710 
2x10 


* Calculated assuming a mobility of 100 cm*/volt sec, and an effective 


crystal length equal to 1/10 the interelectrode spacing. 


had an effect on the relative densities of different types 
of imperfections formed during the crystal growth; 
this is in agreement with the presence of much less long- 
wavelength response (see Fig. 12) for the crystal grown 
from solution containing HgCl, than for the crystals 
grown from solution not containing HgCle. 

The trap depths corresponding to the current maxima 
are listed in Table II, as calculated by determining the 
location of the electron Fermi-level from the conduc- 
tivity and the temperature of the current maxima. 
Using Eq. (9), the values of S(7,,) have been calculated, 
as well as values of {(7°,) from Eq. (5a). Values of S are 
large, lying between 10~” and 10~™ cm’, indicating 
Coulomb attraction in the trapping process. Corre- 
sponding values of f are close to 10 sec™', the maximum 
frequency of crystal vibrations. Such values are quite 
different from those found for CdS, for example, where 
a trap with depth 0.42 ev and thermally-stimulated- 
current maximum at —55°C has S=7X 10-1 cm? and 
f=3X 108 sec, 


12. PHOTOCURRENT vs VOLTAGE 


The evidence discussed previously showing that the 
photosensitivity of tetr.-HgI, is localized at the cathode- 
crystal junction, suggests that photoconductivity in 
this case may be related to barrier effects. The presence 
of barrier effects should become manifest in measure- 
ments of the voltage-dependence of photocurrent. 


12.1. Room Temperature Data 


or many samples it was found that the photocurrent 
varied as the square-root of the voltage over a con- 
siderable voltage range. This variation is demonstrated 
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Fic. 17. Thermally stimulated current curves for tetr.-Hgl, 
(1) and (2) solution-grown crystals, (3) same as (1) and (2) after 
having passed through a transformation cycle, (4) solution-grown 
crystal from solution containing 25°, HgCl» 


for the sintered layer of tetr.-HglI, in Fig. 18. The 
photocurrent as a function of voltage is shown for nine 
different light intensities and the slope of the curves are 
shown for each light intensity. All slopes are close to 0.5 
over the whole range of voltage. The dark current, on 
the other hand, is approximately linear with voltage. 
A similar set of data for a solution-grown crystal is 
shown in Fig. 19. Here measurements at low voltages, 
below about 1 to 5 volts, show an approximately linear 
variation of photocurrent with voltage, breaking into 
the near-square-root variation for higher voltages. 
Exactly similar curves are obtained for reversed polarity 
of the applied field. 

Such variations of photocurrent with the square-root 
of the light intensity are not limited to samples with 
graphite electrodes. Insofar as measurements with Ag, 
Ga, and In electrodes were possible, similar phenomena 
were found. 


12.2. Temperature Dependence 


The temperature dependence of the photocurrent- 
voltage characteristic for four different types of tetr.- 
Hgl, is shown in Fig. 20. In this figure, the slope of the 
log-log plot of photocurrent vs voltage, for voltages 
above 10 volts, is shown as a function of temperature. 
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lic. 18. Photocurrent as a function of voltage for a sintered 
layer of tetr.-Hgl, at room temperature at different light inten 
180 ft-c, (2) 62 ft-c, (3) 39 ft-c, (4) 26 ft-c, (5) 13 ft-ce, 
(7) 1.9 ft-c, (8) 0.29 ft-c, (9) 0.043 ft-c, (10) dark. 


sities; (1 
(6) 4.8 ft ¢. 


(Below 10 volts, some rather complicated variations of 
photocurrent with voltage were found at different tem- 
peratures, the simplest behavior being exhibited by the 
melted-and-recrystallized layer and the vapor-phase- 
grown crystal which showed substantially the same 
variation between 1 and 100 volts.) Figure 20 indicates 
that for all the samples, a near-linear variation of photo 
current with voltage is found at temperatures below 
0°C, which changes rapidly into a near-square-root 
variation of photocurrent with voltage above 0°C. 

When the electric field applied to a barrier, such as a 
Schottky-type exhaustion barrier, is sufficiently large 
to sweep the photoexcited holes out of the barrier, 
saturation of photocurrent with field The 
square-root variation of photocurrent with voltage 
found in HgI, may be interpreted as such a saturation 
process with some variation of barrier height or width 
with applied field so that complete saturation does not 
occur. It is questionable whether too much importance 
should be attributed to the exact “square-root” nature 
of the variation, for Figs. 19 and 20 show that powers 
between 0.37 and 0.74 have been observed. 


occurs. 
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hic. 19 
grown tetr 
intensities 

5) 3.0 ft 


Photocurrent as a function of voltage for a solution 
Hgl, crystal at room temperature at different light 
(1) 900 ft-c, (2) 330 ft-c, (3) 130 ft 4) 20 ft-c, 
(6) 0.47 f{t-c, (7) dark 


The width of a Schottky-type exhaustion layer®’ for 


example, varies as .V~?, where A 


? is the density of 
localized positive charges in the barrier layer. V will be 
a function of temperature and will be small at low 
temperatures, giving a large barrier width, which in 
turn will require a higher field to produce saturation 
As temperature increases, .V will increase until finally 
the temperature is reached where the saturation effect 


is observable in the voltage range investigated. ‘Thus the 
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Fic, 20. Slope of the log-log plot of photocurrent vs voltage for 
voltages greater than 10 volts, as a function of temperature for 
tetr.-HglI,: (1) solution-grown crystal, (2) same as (1) after 
having passed through a transformation cycle, (3) melted-and- 
recrystallized layer, (4) vapor-phase-grown crystal, 


27 See, for example, C. Kittel, /ntroduction to Solid State Physics 
(John Wiley and Sons, Inc., New York, 1956), second edition, 
p hate 
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variation indicated in Fig. 20 agrees with the general 
picture. 


13. PHOTOCURRENT vs LIGHT INTENSITY 


The spectral response curves of Fig. 13 showed that 


a maximum photocurrent was observed at a certain 
temperature for solution-grown crystals for excitation 
by wavelengths equal to or greater than the absorption 
edge. Since a maximum photocurrent implies the 
presence of temperature-quenching of photoconduc- 


tivity at temperatures above the maximum, the de- 


OTOCURRENT po 
° 
x 


PHC 


10 











a a | 
-100 


— TEMPERATURE , 


Fic. 21. Photocurrent as a function of temperature for different 
light intensities for a solution-grown tetr.-HgI, crystal; applied 
voltage of 100 volts; L=100 corresponds to 900 ft-c. 


pendence of the location of the photocurrent maximum 
with light intensity was investigated to see if the 
phenomena could be treated by the same model shown 
to be successful for CdS and CdSe.”* 

Figure 21 shows the variation of photocurrent with 
temperature for several different light intensities (in- 
candescent source) for a solution-grown crystal. A 
pronounced maximum occurs which shifts from about 

60° to — 102°C as the light intensity is lowered by a 
factor of about 2000. A minimum photocurrent is found 
at about 0°C, followed by a rise which has been pre- 


* R.H. Bube, J. Phys. Chem. Solids, 1, 234 (1957). 
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viously pointed out (see Figs. 15 and 16). Such behavior 
occurs for solution-grown crystals whether or not they 
have passed through a transformation. It is not found, 
however, for crystals grown from the vapor phase or for 
a melted-and-recrystallized layer. Typical curves for a 
melted-and-recrystallized layer are given in Fig. 22, 
which show only the slightest trace of a maximum; 
curves obtained for a vapor-phase-grown crystal showed 
even less indication of a photocurrent maximum. It was 
pointed out in connection with Fig. 13, that a maximum 
photocurrent as a function of temperature was not 
found for excitation by wavelengths shorter than the 
absorption edge, but only for wavelengths equal to or 
longer than the absorption edge. This fact explains the 
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hic. 22. Photocurrent as a function of temperature for different 
!-and-recrystallized layer of tetr.-HglI,; 


light intensities for a melted 
applied voltage of 100 volts; L = 100 corresponds to 900 ft-c. 


differences in temperature behavior and correlates them 
with the spectral response curves: (1) most of the sen 
sitivity for the vapor-phase-grown crystals and the 
melted-and-recrystallized layer comes from wavelengths 
shorter than the absorption edge (see Figs. 12 and 14), 
whereas (2) most of the sensitivity for the solution 
grown crystals comes from wavelengths equal to or 
greater than the absorption edge (see Figs. 12 and 13). 
It may be concluded that the centers responsible for the 
photocurrent maximum are volume centers only and 
that their incorporation is the result of growth from 
solution. 

The curves of Fig. 21 are all for an applied voltage of 
100 volts. If the dependence of the photocurrent vs 
temperature i light 
intensity but at several voltages, the results of Fig. 23 


curve is examined at constant 
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Photocurrent as 
olution-grown crystal of tetr.-Ng 


Nic. 23 a function of temperature for different 


voltages for a Iy; light intensity 


of 900 Tt-« 


are obtained, lor very small voltages, the photocurrent 
maximum is practically absent, not because there is 
no rise in photoc urrent at low temperatures, but because 
there is no dip in photocurrent at intermediate tempera 
The maximum 


concluded that its absence at low voltages is the result 


tures before the high temperature rise 
is found for all voltages above 5 volts, however 


of a complex photocurrent-voltage-temperature rela 
tionship, and that the maximum does indicate a funda 


mental characteristic of the material 
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hic. 24. Slope of the log-log plot of photocurrent 1 
sity (over the range of 900 to 0.5 ft-c) a 
for tetr.-HglI,: (1) and (2 
(1) and (2) after having passed through a transformation cycle 

4) solution-grown crystal from solution containing 25% HgC] 
(5) melted-and-recrystallized layer, (6 
Applied voltage of 100 volts 


Same a 


vapor-phase-grown 
crystal 
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big. 25. Log of the photocurrent at the maximum as a function 
of the reciprocal temperature at the maximum for different light 
intensities for tetr.-HgI,: (1) and (2) solution-grown crystals, 
(3) same as (1) and (2) after having passed through a transforma 
tion cycle, (4) solution-grown crystal from solution containing 
25% HeCl 


Further information can be obtained by considering 
the temperature dependence of the variation of photo 
current with light intensity. Assuming photocurrent 
proportional to the wth power of the light intensity, 
lig. 24 is a plot of m as a function of T for six different 
samples of tetr.-Hgl». The samples can be immediately 
separated into two types: (1) those that have a photo 
current maximum also show a maximum in m at temper- 
atures to the high side of the photocurrent maximum ; 
and (2) those that do not have a photocurrent maximum 
show approximately constant m up to about 0°C. 
Following the variation of m with temperature for 
Curves 1 through 4 of Fig. 24, we see that the low tem- 
perature increase in photocurrent with temperature is 
accompanied by a decrease in » from near 1.0 to about 
0.7, the decrease in photocurrent past the photocurrent 
maximum is accompanied by an increase in » from 0.7 
to about 1.0, and the high temperature increase in 
photocurrent with temperature is accompanied by a 
decrease in » from 1.0 to values between 0.5 and 0.7. 

An increase of photocurrent with temperature is 
usually the result of the change-over of certain centers 
with levels near the conduction band from the role of 
recombination centers to the role of trapping centers. 
One case is that in which the density of electrons trapped 
above the steady-state electron Fermi-level is greater 
than that trapped below; for a uniform distribution of 


trapping centers, such a model predicts an exponential 
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variation of photocurrent with reciprocal temperature 
and a variation of photocurrent with the square-root 
of light intensity.” Such a variation has indeed been 
observed for CdSe” and for ZnTe.” The high tempera- 
ture variation of photocurrent for tetr.-HgI, also seems 
to follow this type of mechanism. A similar mechanism 
in a different range may be assumed for the increase of 
photocurrent with temperature below the photocurrent 
maximum in solution-grown crystals. 

The model of temperature quenching discussed in a 
previous publication** for CdS and CdSe showed that 
temperature quenching was accompanied by a photo- 
conductivity which varied more rapidly than linearly 
with light intensity. » was of the order of unity below 
the region of temperature quenching and became greater 
than unity in the region of temperature quenching. It 
may simply be shown, however, that the same model 
predicts that temperature quenching will be accom- 
panied by an increase in m from near 0.5 to near 1.0 
(instead of from near 1.0 to greater than 1.0) under a 
number of other possible boundary conditions, such as 
either the presence of shallow traps lying very near the 
conduction band or a very low density of any traps 
empty in the dark, much less than the density of 
recombination centers. 

In accord with the previous model, the photocurrent 
maximum corresponds to a location of the hole demarca- 
tion level for low-lying centers (with capture cross 
section for electrons smaller than that for holes) being 
at the energy level corresponding to the centers. The 
mechanism of temperature quenching involves the 
transfer of holes from these small capture cross section 


TABLE IIT. Calculated parameters for the “sensitizing’’ centers. 
I 


Ratio of cross section 
for holes te that for 
electrons for “sensitizing” 
centers*® 


Distance of 

‘sensitizing’ centers 
above valence 

Crystal band, ev 
Solution-grown; 
has not passed 
through trans 

formation 


0.54 9x 10? 


Solution-grown; 
has not passed 
through trans 
formation 


Solution-grown ; 
has passed 
through trans 
formation 


$x 10? 


Solution-grown ; 
from solution 
with 25% HgCh, 
has not passed 
through trans- 
formation 


* Calculated assuming an effective crystal length equal to 1/10 the 
interelectrode spacing. 


” A. Rose, RCA Rev. 12, 362 (1951). 
” R. H. Bube and E. L. Lind, Phys. Rev. 105, 1711 (1957) 
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(for electrons) centers to other recombination centers 
with a larger cross section for electrons. It has been 
shown that the following condition holds: 


Int = In(N S/S’) — E*/kT m, (10) 
where n,, is the density of free electrons at the photo- 
current maximum, J, is approximately equal to the 
density of states in the upper k7-wide part of the 
valence band, S is the capture cross section of the low- 
lying “sensitizing” centers for holes, S’ is the capture 
cross section of the low-lying “‘sensitizing” centers for 
electrons, E* is the height of the energy level corre- 
sponding to these centers above the valence band, and 
T,, is the temperature of the photocurrent maximum. 

The logarithm of the photocurrent at the maximum 
is plotted in accord with Eq. (10) as a function 1/7, in 
Fig. 25, for four different samples of tetr.-HgI». Values 
of E* and S/S’ obtained from the data of Fig. 25 are 
summarized in Table III. All the data indicate a level 
about 0.5 ev above the valence band for the “‘sen- 
sitizing” centers. Calculated values of S/S’ show con- 
siderable variation; the determination of S/S’ however 
requires the calculation of ,, which will depend on the 
length of the crystal which is actually taking part in the 
photoconductivity process. It is not surprising there 
fore, that the agreement in the calculations of S/S’ is 
much poorer than in those of £*. 

Table IV summarizes values of /*, 7, S/S’, and 
specific sensitivity for CdSe, ZnTe, and Hgl. Fair 
agreement is found between E* and 7,,, and between 
S/S’ and the specific sensitivity, especially since neither 
relationship is a direct one: for fixed E* and n», 7», will 
vary with the value of S; specific sensitivity depends 
very strongly on the value of the capture cross section 
for electrons of the large-cross-section recombination 
centers, which need not have any direct relationship 
with the value of S. 


14. SUMMARY 


Photoconducting HgI, has been prepared in crystal 
form from solution and from vapor phase growth, and 
also in sintered and melted-and-recrystallized layer 
form. 

Tetr.-HgI, has a band-gap of 2.11 ev at room tem- 
perature; at 400°K, the tetragonal form transforms to 
the orthorhomb.-HgI, which has a band-gap of 2.31 ev 
at 400°K. 

Tetr.-HgI, has a temperature coefficient for band-gap 


PROPERTIES 


OF Hgl; 


TABLE IV, Summary of crystal characteristics 


Specific sens., 
mho cm*/ watt 


Material 5 . °C SA’ 


10"! 
10°° 
10°° 


CdSe 10° 
ZnTe 10 
Hgl, 108 


variation of —7X10~ ev/degree between 100° and 
200°K and of —1410™~ ev/degree between 330 and 
400°K. Orthorhomb.-Hgl, has a temperature coefficient 
of —24x10~ ev/degree for band-gap variation be- 
tween 90° and 200°K, which extrapolates to the 
measured band-gap at 400°K. This latter temperature 
coefficient is some 3 to 8 times larger than temperature 
coefficients previously reported for many materials. 

The photosensitivity of the tetr.-HglI, crystals was 
confined to a small portion of the crystal near the 
cathode. Dependence of photocurrent on voltage is 
interpreted in terms of a barrier at the cathode; the 
sweeping of photoexcited holes out of the barrier 
produces saturation effects, the temperature dependence 
of which is consistent with the barrier interpretation. 

The measurement of dark current and photocurrent 
as the HgI, passes through the phase transformation 
from tetragonal to orthorhombic, shows a small drop in 
dark current and a much larger drop in photocurrent 
(up to three orders of magnitude). ‘The variation in 
photocurrent is reversible upon producing the trans 
formation in the reverse direction, even though the crys 
tallinity of the sample has been effectively destroyed. 

An analysis of thermally stimulated current data 
indicates the presence of Coulomb-attraction in trap- 
ping processes in Hgly, with capture cross sections up 
to 6X10" cm? being found. The corresponding fre- 
quency factor is 10" sec”!, equal to the highest crystal 
vibration frequency. 

Investigation of a photocurrent-vs-temperature maxi 
mum for solution-grown crystal indicates that it is 
associated with the presence of low-lying “sensitizing” 
centers (0.5 ev above the valence band) which are 
present in the volume of the crystal only. The effects 
are describable in terms of the same model as that used 
previously for CdS, CdSe, and ZnTe. 

The author wishes to express his appreciation to 
Dr. R. E. Shrader for his assistance in making the 
measurements on diffuse reflectivity and luminescence 
emission, to Dr. S. M. Thomsen for preparation of 
samples, and to M. A. Lampert for helpful discussions. 
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he relationship of carrier lifetime in lead sulfide crystals to the density of dislocations and crystal re 


Sistivity is studied experimentally 


Dislocation density is obtained by etch pit counting 


Two groups of 


crystals are analyzed: in one group the density of dislocations is approximately the same but the resistivity 


varies; in the other the resistivity is approximately the same but the density of dislocations varies. The 


carrier lifetime was found to be independent of the resistivity for a high dislocation density, ruling out the 


\uger process as an important recombination mechanism. Carrier lifetime was found to be inversely pro 


yortional to the density of dislocations, which suggests that the Shockley-Reed recombination mechanism is 
| 


an important one 


INTRODUCTION 


HE decay back to equilibrium of an excess number 

of electrons or holes in a semiconductor may 
occur through a number of recombination mechanisms. 
First there is the possibility of a one-step process in 
which an electron in the conduction band combines 
directly with a hole in the valence band. The energy 
liberated in the process is given out as radiation. This 
recombination process is characterized by a radiative 
time constant 7,. One can calculate 7, from optical 
absorption data, and the value for PbS is estimated to 
be about 40 microseconds with a probable error of a 
factor of five.' 

The second recombination process is through a three 
body collision mechanism called the Auger process. An 
electron in the conduction band combines with a hole 
in the valence band, giving up the energy to a third 
carrier. In this process the lifetime is inversely propor 
tional to the square of the carrier density. Moss? 
reported data which suggest that the Auger process 
may be present in lead sulfide. 

The third important recombination process is a 
two-step process in which an electron falls into an 
energy level due to a crystal imperfection, where a hole 
recombines with it. According to the Shockley-Reed 
theory,’ when recombination takes place at lattice 
dislocations, the lifetime is independent of resistivity 
in strongly n- or p-type material, This lifetime, however, 
is dependent upon the density of dislocations in the 
crystal, 

The resultant lifetime in a crystal when all these 
mechanisms are present simultaneously is obtained 
from the sum of reciprocals of the component lifetimes. 
Thus the process of shortest lifetime dominates the 
resultant lifetime 

‘The importance of lattice dislocations on the lifetime 
of carriers in lead sulfide is the subject of this paper. 


Method for Estimating Dislocation Densities 


‘There are two methods used today for estimating the 


density of dislocations in crystals. One is to count etch 
11. M. Mackintosh, Proc. Phys. Soc. (London) B69, 115 (1956). 

2 TS. Moss, Physica 20, 989 (1954) 

!W. Shockley and W. T. Reed, Phys. Rev. 87, 835 (1952). 


pits on the crystal surface‘ and the other is to measure 
the half-width of x-ray diffraction lines which is then 
related to the defect density.® 

The etch-pit-counting technique has some advantages 
over the x-ray method in simplicity; furthermore, it 
shows the distribution of dislocations in a crystal. For 
high densities of dislocations, it is frequently difficult 
to count all the pits or else all dislocations do not pro- 
duce pits and in such cases the x-ray line-width method 
is thought to be best. At the present time we have only 
etch-pit data on PbS. 


Chemical Etch for PbS 


The first problem in such studies is to find a suitable 
etch. The requirements are that it be mild in its action 
and, in the case of compound semiconductors, that it 
form soluble or volatile products of the elements of 
the compound. With PbS, many of the conventional 
etches lead to undesirable insoluble side-products. An 
etch was found that has produced excellent results with 
PbS.® It is a 3:1 mixture of a 100 g/l thiourea solution 
and concentrated HCI used at a temperature of 60° 
80°C for a few minutes. The functions of the two in- 
gredients are believed to be as follows: 

Thiourea tends to form complexes with metal ions 
which in this case tie up the lead in a soluble form and 
permit more lead from the PbS to go into the solution. 
The sulfide ion reacts with the hydrogen ion from the 
acid to form HS~ and HS. 

With this etch has come a new approach to some of 
the problems of properties of PbS crystals. Among these 
are lifetime and mobility of carriers as related to density 
of dislocations. In this paper, the results of some of the 
studies of lifetime will be discussed. 


Method for Measuring Lifetime 


The principal method used in these studies for meas- 
uring the carrier lifetime is based upon the ratio of the 
photoelec tromagnetic (PEM) and photoc onductive 

* Vogel, Pfann, Corey, and Thomas, Phys. Rev. 90, 489 (1953) 

® Gay, Kirsch, and Kelley, Acta Metallurgica 1, 315 (1953); 
Kurtz, Kulin, and Averbach, Phys. Rev. 101, 1285 (1956) 

*R. F. Brebrick and W. W. Scanlon (to be published) 
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(PC) signals described by Moss,’ Aigrain,* and others. 
This method is not subject to the effects of surface 
adsorbed layers which seriously alter the values of 
lifetime for PbS as obtained from other methods such 
as the moving line of light method.’ If the PbS crystal is 
cleaved and the lifetime measured by the moving-line- 
of-light method while the crystal is protected by an 
atmosphere of pure argon, the values of lifetime so 
obtained agree with the values obtained from the 
PEM-PC method. 

Thin sections of crystals about 0.2 to 0.5 mm thick 
were used for the PEM-PC measurements. The ends of 
the crystals are electroplated with rhodium and leads 
are soldered on. By masking certain areas of the crystal 
surface, regions could be found which had a negligible 
photovoltaic effect. For these regions, the photoelectro- 
magnetic signal and the photoconductive signal were 
measured by using 90-cycle/sec chopped radiation from 


Fic. 1. Etch pattern on a natural PbS crystal. 


an incandescent lamp. From the ratio, the lifetime was 
calculated by using the formula derived by Moss.? 


EXPERIMENTAL RESULTS 
Etch Patterns 


We shall first indicate a few general results which were 
revealed by the etch patterns of PbS crystals. Following 
this, we shall illustrate the dependence of lifetime on the 
density of etch pits in PbS. 

Figure 1 is the etch pattern obtained on a typical 
natural crystal. On every natural crystal there is a 
plaid network of lines of etch pits. The alignment is 
parallel to cleavage planes and the density varies from 


7 Moss, Pincherle, and Woodword, Proc 
B66, 743 (1953). 

*P. Aigrain and H 
(1953). 

*W. W. Scanlon, in Semiconductor Surface Physics, edited by 
R. H. Kingston (University of Pennsylvania Press, Philadelphia, 
1957), p. 238 


Phys Soc (London) 


Bulliard, Acad. Sci. Paris 236, 595, 672 
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lic, 2. Etch pattern on a synthetic PbS crystal. 


almost complete coverage to fewer lines than shown in 
illustration. 

One crystal, which had only parallel lines, was studied 
for Hall effect and resistivity when the current was 
parallel and perpendicular to these lines. The Hall effect 
was essentially independent of the orientation but the 
resistivitygand mobility varied with orientation. The 
mobility for this sample was 30% greater with current 
parallel to the lines of etch pit than across them. 

Figure 2 gives a typical etch pattern on a synthetic 
PbS crystal grown from the melt. Both this crystal and 
the one of Fig. 1 gave mirror-like cleavage planes. The 
density of pits on this crystal is high. 

Figure 3 is the etch pattern of a typical natural 
crystal in which we altered the composition by the 
vapor-diffusion process.’ This process requires heating 
the crystal to 500°C for 20 hours and quickly cooling 
freeze-in the equilibrium 
composition. The lines of pits are gone and the density 


to room temperature to 


of pits is increased by a factor of 20 to 50. 


Fis. 3. Etch pattern on a natural PbS crystal after heat treatment. 


Rk. F. Brebrick and W. W. Scanlon, Phys. Rev. 96, 59% (1954) 
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lic. 4, Carrier lifetime as a function of dislocation density. 


Lifetime as a Function of Etch-Pit Density 


We have a group of crystals prepared by the vapor 
diffusion process which have a range of resistivity from 
a few hundredths of an ohm-cm to over an ohm-cm. All 
these crystals had a high density of pits, 10° to 
10’/cm*. If we assume that each pit represents the 
penetration of a dislocation line through the surface, 
the dislocation density is then given by the pit density. 
Lifetime of carriers in this group of crystals was not 
related to resistivity. In general the lifetimes were all 
very short, from a tenth to one microsecond. 

In the case of PbS we do not have the wide selection 
of crystals that were available for studies relating 
lifetime to dislocation densities in germanium and 
silicon. However, we have a few crystals within the 
small resistivity range of from 0.2 to 0.4 ohm-cm which 
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varied considerably in their dislocation densities. Car- 
rier lifetime varied from 20 microseconds in the crystal 
of lowest dislocation density, 10°/cm?, to about 0.1 
microsecond in the crystal of highest dislocation density, 
10’/cm?*. The relation of carrier lifetime in these crystals 
to dislocation density is shown in Fig. 4. The estimated 
uncertainty in pit counting is indicated for the points. 


CONCLUSIONS 


These experiments show that the lifetime of carriers 
in lead sulfide is determined largely by the density of 
dislocations in the crystal; the higher the density the 
shorter the lifetime. 

In a group of crystals having about the same high 
density of dislocations but varying greatly in resistivity, 
the lifetime is independent of the crystal resistivity. 
This suggests that the Auger mechanism is not an im- 
portant recombination process in these lead sulfide 
crystals. The results suggest that recombination occurs 
principally at dislocations by the Shockley-Reed 
mechanism, 

The maximum lifetime observed, 20 microseconds, 
was in a crystal of relatively low density of dislocations, 
10°/cm*. Presumably better crystals would lead to 
higher values of lifetime approaching the radiative limit. 

PbS crystals are easily deformed by thermal or other 
stresses with the result that the lifetime is reduced. 
Synthetic crystals generally have very short lifetimes, 
possibly because of a high density of dislocations 
introduced when the crystal is grown from the melt 
(1150°C) or else when the crystal is being cooled to 
room temperature, 
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A time-dependent perturbation theory is developed for the classical laws of motion of a crystal lattice 


This is applied to the case of a cubic crystal which is chemically pure but contains various isotopic con 


stituents. The random variations in the masses of neighboring atoms scatter plane wave phonons 
can be described by a phonon mean free path, /. A formula / 


a= lattice spacing, e=((m, 


m)/m) rma; Mn being the mass of the nth atom, and m the average mass 


Lhis 
a/3.3¢ is obtained, where /= mean free path, 
his 


result is in agreement with an independent quantum-mechanical calculation which is sketched 


1, INTRODUCTION 


N the classical limit of high quantum numbers, 

Newton’s laws should adequately describe the 
vibrations of a crystal lattice. We shall make use of 
perturbation theory on Newton’s 
second law to obtain the mean free path of a lattice 
vibration (phonon) in a cubic crystal consisting of a 
mixture of several isotopes of a single chemical specie. 
To complement this result valid at high temperatures, 
the phonon free path at low temperatures for the same 
crystal will be calculated by the Hamiltonian formalism,! 
and the results compared. The first approach is of 
interest because it represents a new application to a 
classical problem of a technique developed for quantum 
mechanics.” 

Thermal conductivity being a quantity directly 
proportional to the free path, these calculations will 
afford us a theoretical prediction of its dependence on 
isotopic concentrations. Other applications of this work 
are in superconductivity, where deviations trom the 
isotopic mass law are observed in crystals where many 
isotopes are present in large quantities.’ This effect 
might derive its explanation from a phonon free path 
shorter than a certain critical value of the order of 
Pippard’s coherence distance.‘ 


time-dependent 


2. NEWTON’S LAWS FOR A CRYSTAL LATTICE 


Consider a simple cubic lattice with lattice spacing a. 
If at first we only consider vibrations in one spatial 
direction, and label each atom by three integer scripts, 
1, m, n, the amplitude of vibration s of an atom is 
given by the NV simultaneous equations, 


My, m, nl,m,n Ki( Spy l,m,n + Si l,m, n 251, m,n) 


4 


T Ko(St, m+-1, nt Si, m ln tw n) 


t Ka(Su, m, n+1 +51, m, n—-1> 251, m, n)- ( 1) 

* Supported by Office of Ordnance Research, U.S. Army. 

1See P. G. Klemens, Handbuch der Physik (Springer-Verlag, 
Berlin, 1956), Vol. XIV, p. 209. 

* This idea was suggested by J. R. 
author is deeply indebted. 

* Hake, Mapother, and Decker, Phys. Rev. 104, 549 (1956). 

‘A. B. Pippard, Proceedings of the International Conference on 
Low Temperature Physics, edited by RK. Bowers (Oxford Uni 
versity Press, New York, 1951), p. 118. 


Schrieffer, to whom the 


A normal mode of a lattice consisting of all equal 
masses can be written 


ux (1,m,n) exp (— tw), 


and in such a lattice a general displacement of the 
(l,m,n)th atom can be expanded in terms of these 
eigenmodes, 


> Cutty (Lymn) exp(— tay). (2) 


k 


St,m.n 


For this lattice of equal masses, the u's are given by 


uy (lm,n)= VY exp(ik-b), 


where b= (/,m,n) and .V is the number of atoms along 


each direction. For this homogeneous crystal, the 


dispersion relationship is easily obtained from Eq. (1), 


AL Ky sin?(ky/2)+-Ko sin?(ky/2) +x, sin?(k3/2) } 


2rX integer/N, 
(4/m)(ki+-Ke+K;). 


lor the isotopic mixture, the normal modes can be 
expanded to zeroth order as a superposition of the u’s 
of the homogeneous lattice, in the manner of Eq. (2). 

Let us now define m= N~* 3°) won Mim.» and solve 
(1) in the spirit of perturbation theory. We seek the 
rate of decay of a plane wave mode. For simplicity, 
the calculation will be carried out for a linear chain 
(kg=K3=0), and the results generalized to three di- 
mensions. 


Ky Ky Ky 
(Sipi4-Si-1 25) +( Josurts y~ 28t). (5) 
m m, m 


We may consider s; as the lth component of an A 
dimensional vector, and rewrite (3) as 


81 (Aw thw )sy, 


A being the zeroth-order matrix operator diagonal in 
the u representation, and FE being the perturbation. 
In the matrix notation, 


(A+E):s (4) 





722 DANIEL 
Substituting for s the expansion (2), where the c’s are 
now time-dependent, 


a : 
> Cru, exp( - tut) 
OF k 


> (A+ E)eu, exp(—iwyl): 
a 
= > ( . Qiu, My We CyMy { EM) exp( — tut). 
* 


We simplify this expression by canceling the zeroth- 
order equation, At, w’u,, and using the ortho- 
normality property of the u’s, obtain 
by— Qiwgee= Dow Exete exp (tw,— tox), (5) 
where 
Kewe™ > ua (DEAL uy (VU). 


iv 


é, is now discarded because it leads to nonenergy- 
conserving transitions, and because in all cases of 
interest it is smaller than w,¢, by a factor ¢ [defined 
following Eq. (7) |. 

Introducing, as a measure of the probability of 
occupying a state k, the quantity c,*c, (positive and 
normalizable), we obtain for the transition probability 
from an initially occupied state ko into a state k: 

| Ekko|? sin? (w~—Wro)t 
Prko 
w,? (a Who)? 
Summing over the final states k and differentiating 
with respect to time, we now obtain the total transition 
rate out of state ko (probability per unit time): 


d w | Ek’ko|? 
ww [aero (or) Par p(Wko), (6) 
dt 2 Who" 


where k’ is chosen such that w,- 
of states with frequency w. 

Formula (6) is valid in the three-dimensional case if 
E is defined appropriately and the k’s are understood 
to be vectors. Let us first evaluate the matrix element 
for the linear chain. 


Wko, and p(w) = density 


| Ex'ko|?* a [kok 'Eeetko 


1 7 Ki ko 
| > ef(#’~*o)l—(m,— m)4 snt( ) | 
Ni m Hs 
Ky 


1 k’ 
x| > etthe-a’ye m)4 sin )} (7) 
N 1 m? 2 


(m, 
° 


if we use the definition of E implied by Eqs. (3) and 
(4). By defining «=((m:—m)/m)rms and using the 


CHARLES MATTIS 


theory of the random walk, Eq. (7) is readily simplified : 


1 


| Ek'ko | 2m —wy'Whot = —Who'e. 


d 4 


(7a) 


The matrix element has a similar value in the three- 
dimensional case: 


| Fixe ‘teg |? = —wyote. (8) 
3 


4 


The free path for the three-dimensional crystal is now 
obtained by substituting (8) into (6), and dividing the 
speed of sound by the transition rate so obtained. It 
will be sufficiently accurate to use for the average 
(constant) speed of sound dwy.x/m; and for w‘ its aver- 
age, 3/7Wmax'. We only consider one branch as E does 
not mix branches. Thus, the average free path in terms 
of the isotopic parameter ¢ is given by 


l=a/(3.3¢e). (9) 


This concludes the calculation based on the laws of 
force. In the following section we shall obtain the free 
path for the same crystal] on the basis of the Hamiltonian 
formalism. 


3. QUANTUM-MECHANICAL DERIVATION 


Using quantum-mechanical scattering theory, Kle- 
mens! derives the formula 


3ra’ sf S? 
w=——{ — Jo* 
v \G 


for a point scatterer (v being the velocity of sound). 
In the case of many scatterers as in our isotopic mixture, 
we can apply the theory of the random walk in his 
derivation and evaluate §?/G, which turns out to be of 
the order of «. Then the free path in the low-temperature 
range is again 


(10) 


QW max a 


3€Wmax 3TE 


where we approximated v by dwmax. Thus, except for 
anharmonic effects, we may expect the formula (9) to 
be approximately valid over the entire temperature 
range. 
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t Note added in proof.—Additional analysis has shown that the 
quantum-mechanical version of Eq. (6) is identical to it, and that 
Eq. (10) is incorrect. This will be discussed in a forthcoming 
Letter to the Editor, where the agreement of the present theory 
with the data of G. A. Slack [Phys. Rev. 105, 829 (1957) ] will 
be shown 
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measurements have been made on single crystals of neodymium which were 
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grown by the 


Bridgman technique. At 20.4°K and above, the susceptibility obtained with the field perpendicular to the 


co axis of the hexagonal crystal is greater than that obtained with the field parallel to the cy axis 


In this 


same temperature range no anisotropy is observed in the basal plane. At 4.2°K antiferromagnetic ordering is 


indicated by the data and magnetic anisotropy in the basal plane is observed 


I. INTRODUCTION 


HE magnetic properties of polycrystalline neo 
dymium have been investigated by Trombe,' by 
Klemm and Bommer,’ by Elliott ef a/.,’ and by Bates 
et al“ Trombe investigated the magnetic properties of 
neodymium over the temperature range 77°K to 297°K. 
These measurements showed a discontinuity in the slope 
of 1/x vs T in the neighborhood of 110°K. Above 110°K 
the effective magnetic 
3.59 Bohr magnetons, and below 110°K the effective 
moment was found to be 2.08 Bohr magnetons. Klemm 
and Bommer found the metal to obey a Curie-Weiss 
law from 90°K to 292°K, with an effective magnetic 
moment of 3.65 Bohr magnetons 
Elliott, Legvold, and Spedding have carried the 
measurements down to 20.4°K, using the Gouy method 
susceptibility. They 


moment was reported to be 


to measure the magnetk also 
found a discontinuity in the slope of 1/x vs T at about 
145°K. Above 145°K the effective magnetic moment 
was found to be 3.48 Bohr magnetons. Bates measured 
the susceptibility from 290°K to 1000°K and he found 
that it follows the Curie-Weiss law between 290°K and 
500°K. He found an effective magnetic moment of 
3.72 Bohr magnetons and —15°K as the paramagneti 
Curie temperature. 


II. SINGLE-CRYSTAL PREPARATION 


Magnetic measurements were made on two single 
crystals of neodymium. These crystals were grown by 
the Bridgman method from the polycrystalline metal. 
The purification of the neodymium salts and_ their 
reduction are described elsewhere.*:® ‘The crystals were 
grown under vacuum in a tantalum-wound resistance 
furnance. The crucible used was constructed of 5-mil 
tantalum sheet with arc-welded seams. The resulting 
material was found to consist of many single crystalline 


* Contribution No 
Laboratory of the U 

t Present address 
Ohio. 

1F, Trombe, Ann phys 7, 383 (1937) 

2 W. Klemm and H Bomm«e Ee y A 
264 (1939) 

8 Elliott, Legvold, and Spedding, Phys. Rev. 94, 50 (1954). 

‘L. F. Bates et al., Proc. Phys. Soc. (London) B68, 181 (1955). 

®F. H. Spedding et al,, J. Am. Chem, Soc 69, 2812 (1947). 

*F. H. Spedding and A. H. Daane, J. Am. Chem. Soc. 74, 2783 
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508. Work was performed in the Ames 
S. Atomic Energy Commission. 


Battelle Memorial Institute, Columbus, 


anorg. u. allgem. Chem. 241 


grains which could easily be seen by etching the sample 
to 2% acid 


‘Two of the large grains, about 3 mm on a cube 


with a solution of 1 nitric in absolute 
alcohol 
edge, were removed with a jeweler’s saw and etched to 
remove the cold-worked surface. 

Neodymium has the hexagonal close-packed crystal 
structure with stacking of planes perpendicular to the 
cg axis of abac.’:® In this study the principal crystalline 
axes were located with the aid of x-rays and back 
reflection Laue photographs. ‘The crystals were mounted 
in a sample holder in such a way that the magnetic 
field could be directed along any desired crystalline axis 

The body force method of measuring the magnetic 
moment of the sample was used. The electromagnet is 
described in an earlier paper.” Various temperatures of 
liquid 
the 
sample. By controlling the amount of heat introduced 


the sample were obtained by boiling either 


hydrogen or nitrogen and passing the gas over 


into the gas stream before it reached the sample, 


temperatures from 25°K to room temperature could be 
Temperatures of 20.4°K and 4.2°K 
obtained by immersing the sample in either liquid 


obtained were 
hydrogen or liquid helium 

Since both crystals were obtained from neighboring 
the bulk 


was obtained. The sample for the analysis was 
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taken from the material adjacent to the crystals. ‘The 


analysis showed the following impurities: Si, 0.1%; 
Ca, detectable but less than 0.03%; Fe and Mg de 
tectable but less than 0.01%; Pr, Sm, ‘Ta, and Cr not 
detected, 


Ill. RESULTS 


Figure 1 shows representative o, vs H isotherms ob 
tained with the magnetic field parallel and perpendicular 


kic. 1. Magnetic 
moment per gram of 
Nd vs field at low 
temperatures. 








to the co axis, where o, is the magnetic moment per 
gram. The data indicate the presence of magneti: 
anisotropy since x, is larger than x,, where x, and y,, are 
the susceptibilities with H perpendicular and parallel 


to ¢o respectively. The atomic magnetic moments 
apparently favor an alignment perpendicular to the co 
axis. A careful attempt was made to look for the effects 
of anisotropy in the basal plane at both 20.4°K and 
160°K. It was observed that within the 0.2% limit of 
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Fic. 2. Magnetic 
moment per gram of 
Nd vs field at 4.2°K. 
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Fic. 3. Reciprocal of the 
susceptibility per gram of 
Nd vs temperature. 
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detectability the magnetic moment for a given field 
is isotropic in the basal plane. 

Figure 2 shows the isotherms obtained at 4.2°K with 
the applied field along various crystalline directions. ‘To 
describe the directions along which H is applied, unit 
cell vectors along the three do axes and along the co 
axis are used. Indices | hkil | designate the components 
of a direction vector along these unit vectors. Equiva- 
lent directions in the unit cell are obtained by permuta- 
tions on A, k, 1 or ~—h, —k, —1. The direction labeled 
dy is contained in a plane which is defined by the [0001 | 
or ¢o direction and any one of the [1120 ] directions, and 
dy makes an angle with the [0001 | direction of 40+5°. 
Kor all the directions which were investigated, the 
crystal was in rotational equilibrium, i.e., the torques 
exerted on the crystal by the magnetic field were zero. 

For all isotherms, except the ones at 20.4°K and 
4.2°K, the magnetic moment was a linear function of 
the magnetic field. The susceptibilities per gram, xg, 
for temperatures above 20.4°K are given in Table I. 
“igure 3 is a plot of the inverse of the susceptibility per 
gram vs the absolute temperature. The data for either 
H parallel or H perpendicular to the ¢o axis fall on two 
straight lines intersecting at about 145°K. 

In Table II is shown a comparison of the results of 
this study with those of other investigators. In order to 
compare the results when using single crystals with the 
polycrystalline results, the following expressions should 
be used: C=C,,=C,, and A=44,,+44,. Here C,, and 
C, are, respectively, the Curie constants per mole 
obtained with the field parallel and perpendicular to the 
co axis, and the quantities 4,, and A, are the paramag- 
netic Curie points obtained with the field parallel and 


100 120 140 160 (180 200 220 240 260 280 300 


TEMPERAT URE °K 


Pasi Il. Comparison of the results of this study 
with the data of other investigators 


Curie 

Tempera 
wett (Hohe ture range 
Magnetons ( 


constant 
per mole 


Investigator (°K/mole 


Klemm and 1.604 3.65 90 ~292 

Bommer* 
Trombe” 297 
110 
400 
145 
500 
280 


145 


1.609 
0.540 
1.695 
1.507 
1,724 
1.7204+0.03 
1.52 +0.02 


3.59 110 
2.08 77 
4.68 16 145 
3.4% | $] 
15 290 
15+2 145 
$42 $5 


Elliott, Legvold, 
and Spedding* 

Bates 

This study £0.05 


+ 0.04 


AUP) 
3.71 
3.45 


© See reference 4 


1 See reference 4 


* See reference 1 
» See reference 2 


perpendicular to the ¢ axis. The theoretical pei for the 
‘79/2 state of the tripositive Nd ion is 3.68 

It appears from the data that neodymium is anti 
ferromagnetic at 4.2°K or that it is at least ordered 
magnetically. This view is supported to some extent by 
the data of Parkinson, Simon, and Spedding,"”® who have 
measured the heat capacity of neodymium from 2°K to 
160°K. They observed two rather sharp peaks in the 
specific heat, one near 19°K and the other near 7.5°K, 
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The x-ray-induced luminescence from NaCl has been studied in the range from 2.1 to 5.2 ev and in 
certain cases correlated with optically induced luminescence. The intensity and spectral distribution of the 
revious heat treatment received by the 


x-ray-induced luminescence was found to be dependent on the 7 


crystal, Before heating, bands are present at 2.25, 3.1, and 5.0 ev; afterwards, strong new bands appear 
at 2.45 and 3.5 ev and the intensity of the 5.0-ev band is increased. Prolonged x-irradiation reduces most of 
the effects of heat treatment; however, following such prolonged x-irradiation, a relatively strong band is 
present at 2.9 ev 

In the it was found possible to induce the 2.45- and 3.8-ev bands by irradiating x-ray 


colored crystals with light absorbed in the / band; thus indicating that these bands are probably due to 


heated crystals 


electronic transition from the conduction band into lower lying levels. An afterglow due to the thermal 
ejection of the electrons from traps was found and studied in conjunction with the optically induced lumines 


cence, The same bands were present in the optically induced luminescence as in the afterglow 


INTRODUCTION 


N view of the information which has been acquired 

concerning the absorption centers produced in NaCl 
by x-irradiation,’ it seemed fruitful to study the lumines 
cence which might be produced by the same means. In 
doing this, an attempt has been made to obtain an 
over-all picture of the luminescence phenomena rather 
than to make a more exhaustive study of any one phase 
of the problem, 

Luminescence spectra produced in NaCl by x-irradi 
ation,’ * cathode ray bombardment,’ and optical ex 
citation® * have been reported, Although only rarely has 
the same band been reported by different workers, 
over half of the bands reported lie in the region from 
1.9 to 2.45 ev 
50 


; and three workers have reported a band 


at about ev. Luminescence afterglow following 


x-irradiation has been studied and both exponential” 


rhe 


emitted by electrons falling into halogen ion vacancies 


and power law’ decays reported. luminescence 


to form F-centers has been studied by Botden, Van 

Doorn, and Haven!'! and found to lie at about 1.05 ev. 
EXPERIMENTAL TECHNIQUES 

The dimensions of the crystals studied were about 

10X73 mm. These crystals were cleaved from large 

specimens obtained from the Harshaw Chemical Com 


pany. As luminescence might result from the presence 


of small quantities of heavy metal impurities, the 
* Supported in part by the U. S. Office of Naval Research 
t Now at RCA Laboratories, Princeton, New Jersey 
1}, Seitz, Revs. Modern Phys. 18, 384 (1946); 26, 7 
* J. O. Perrine, Phys. Rev. 22, 48 (1923) 
+A. Chatterjee, Indian J. Phys. 23, 265 (1950 
‘J. Rendina, University of Missouri (private communication 
®* Hi. N. Bose and J. Sharma, Proc. Natl. Inst. Sci. India 16, 47 
(1950), 
®M.L. Kata, Physik Z. Sowjetunion 13, 55 
’W. Kudrjawzewa, Z. Physik 90, 489 (1934) 
*M.N. Podaschewsky and A. M. Polonsky, ¢ ompt 
14 (1938); 24, 332 (1939) 
®M._N. Diatchenko, Physik. Z. Sowjetunion 13, 55 (1939 
” M, Lautout, Compt. rend. 232, 2025 (1951). 
" Botden, Van Doorn, and Haven, Philips Research Repts. 9, 
469 (1954), 


(1954 


1938 


rend. 21, 


samples were analyzed for these elements. Within the 


accuracy of the analysis, a few parts per hundred 
thousand, no such impurities were found. Two groups 
of crystals obtained two years apart, were studied. 
Essentially the same results were obtained from both. 

A Perkin-Elmer Model 83 Universal monochromator, 
equipped with a fused quartz prism and a motor wave 
length drive was used to disperse the luminescence. 
Upon leaving the monochromator, the luminescence 
was reflected by an aluminized front surface mirror onto 
a quartz light-guide which directed the radiation onto 
an RCA 1P28 photomultiplier held in a liquid air 
cryostat. Pulses created by individual photons were fed 
through an Atomic Instrument Company Model 205 
linear preamplifier into a Berkeley Model 2810 counting 
rate meter, The output of the counting rate meter was 
recorded on an Esterline Angus Model AW recorder. 
All spectra have been corrected for the dispersion of the 
monochromator, reflectivity of the mirror, absorption 
of the light-guide, sensitivity of the 
photomultiplier. 

Luminescence was induced by two methods: direct 
x-irradiation and optical irradiation of x-ray colored 
crystals. In the former case the crystal was placed in 
front of the x-ray tube, a Machlett AEG-50-T tube 
equipped with a tungsten target, a 1 mm beryllium 
window and operated at 40 pkv with 10-ma plate 
current. In the latter case, the crystal was first subjected 
to fifteen minutes of x-irradiation and then placed before 
the entrance slit of the monochromator. Optical filters 
were mounted in front and back of the crystal. By 
appropriate choice of these optical filters and the light 


quartz and 


sources, the crystal could be irradiated with light of a 
certain wavelength induced in 
another wavelength could be observed. Great care was 
taken that the primary radiation was eliminated from 
the observed luminescence. Either an arc emitting a 
line spectrum or the radiation from a tungsten lamp 
dispersed by a Gaertner monochromator provided the 


while luminescence 


exciting radiation. 
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EXPERIMENTAL RESULTS 


I. Spectra Taken under Continuous 
X-Ray Irradiation 


Both the intensity and spectral distribution of x-ray- 
induced luminescence from the NaCl crystals were 
found to be dependent on the heat treatment and x-ray 
dosage which the crystal had received. Figure 1 shows 
the spectra obtained under x-irradiation from a crystal 
before and after it was heated for fifteen minutes at 
about 600°C (all data reported here were taken at 
room temperature). Before heating, bands were present 
at 2.25 ev, 3.1 ev, and 5.0 ev. The shapes of the two 
lower energy bands, particularly the 3.1-ev band, 
indicate that unresolved bands might lie on their high- 
energy sides. Following heating, strong new bands 
appeared at about 2.45 ev and 3.5 ev and the intensity 
of the band at 5.0 ev was greatly increased. The shape 
of the 2.45-ev band suggests that the 2.25-ev band was 
still present but unresolved. A relatively weak band 
seems to be present at about 2.9 ev. 

The results shown in Fig. 1 were obtained for a 
crystal heated for fifteen minutes; however, the results 
differed very little for heating times varying between 
one minute and one hour. Also the spectra were essen 
tially independent of the rate of cooling. For example 
two crystals heated to 520°C for 10 minutes, one of 
which was quenched in CCl, and the other cooled at a 
rate of 0.5°C/minute, had essentially identical spectra 
The only difference was a reduction of about one-third 
in the intensity of the 3.5-ev band for the annealed 


crystal. Except for changes brought about by x-irradi 
ation (discussed below), the effect of heating was found 


to be stable over the period of study (15 years) 
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Fic. 1, Spectra taken under x-irradiation. The dashed curve was 
taken from the crystal before heat treatment. The solid curve was 
taken after the crystal was heated at about 870°K for 15 minutes. 
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2. Change in intense (.— ZL») at 2.45 and 3.5 ey 
as a function of heating temperature 


To study the change of luminescence intensity as a 
function of the temperature of heating, crystals were 
heated for fifteen minutes at a given temperature and 
then removed to room temperature and allowed to cool. 
The peak intensities at 3.51 ev and 2.45 ev were 
measured before and after this treatment. ‘Two crystals 
thus 


experimental points for each temperature. Figure 2 is 


were heated at each temperature, giving two 


a plot of the logarithm of the change in intensity, 
(L=L 


Despite the scattering of points the continuous growth 


), versus the reciprocal of absolute temperature 


in the strength of these bands with temperature is 
striking 

The effect of heating was not distributed uniformly 
throughout the crystal but decreased with distance from 
the surface. Since the x-ray penetration was only about 
0.7 mm, it was possible to study this effect by cleaving 
away portions of the crystal. Figure 3 shows typical 
results obtained from a 4 mm thick crystal which was 
heated to 650°C. After spectrum 1 was obtained from 
the original face, first 0.85 mm and then 1.2 mm were 
cleaved from the crystal and curves 2 and 3 were taken, 
Although there is a gradual, over-all, decrease in in- 
tensity with depth, the striking effect is the decrease in 
the 3.51-ev and 2.45-ev bands relative to the rest of the 
spectrum. Notice that, after cleaving, the 2.25- and 
2.45-ev bands seem to be of comparable intensity 

The depth effect has also been studied as a function 
of the time of heating. To do this, crystals (2.85 
thick) 


approximately 


mim 
heated for various lengths of time at 

600°C, quenched in CCl, and then 
cleaved in two. Thus, spectra could be taken from the 
‘| he 


2 and 50 


were 


newly cleaved face and from the original face 
differences between the crystals heated for 
heated for two 


minutes were striking. For a crystal 


minutes, the intensities of the 2.45-ev and 3.5-ev band 
were, respectively, about 4 and 1/15 the intensities of 
these bands at the surface. However, for the crystal] 


heated for 50 minutes, the intensities of both bands 
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iG. 3. Spectra of a heated crystal as a function of depth into 
the crystal. Curve 1 taken from original surface, Curve 2 after 
cleaving 0.85 mm off, and Curve 3 after cleaving 2.05 mm off 


were only a factor of two less than their respective 
The intensities at the surface 
These results 


intensities at the surface. 
were roughly equal for each heating time. 
qualitatively consistent with the formation of 
centers at the surface of the crystal 
their diffusion the interior of the 


are 
luminescence 
followed by into 
crystal, 

With the above results in mind, the role of the atmos- 
phere surrounding the crystal was investigated. It was 
found that essentially the same results were obtained 
whether the crystals were heated in air or in vacuum 
down to 10°° mm of Hg. However, if the crystals were 
heated in the presence of sodium vapor, the intensities 
at 2.45 and 3.51 20 that of a 
crystal given the same treatment in air. 

‘The effect of heating could be greatly reduced and 
modified by prolonged x-irradiation, An example of 
this effect is given in Fig. 4. Curves 1 and 2 indicate the 
changes brought about in the spectra of Fig. 1 by 
prolonged x-irradiation. As shown, the effect of such 
treatment is to decrease gradually the intensity of the 
.45-ev bands until the spectrum is almost 
identical to that before the heat treatment. ‘The 
principle difference is the apparent growth of the band 
at 2.9 ev. The long x-irradiation was followed by a 
second heat treatment. As shown by curve 2 of Fig. 4, 
essentially the same spectrum was obtained following 
this treatment as following the first heat treatment. In 


ev were only about 1 


3.51-ev and 2 


E. SPICER 


unheated crystals, essentially no changes were brought 
about by long x-irradiation. 


II. Optically Induced Luminescence and 
Afterglow Measurements 


Because of the high energy of x-ray photons, they 
may give rise to any number of luminescence mecha- 
nisms. However, if experiments may be devised in- 
volving low-energy photons, the number of possible 
mechanisms may be reduced. An obvious way to do this 
was to excite /-center electrons into the conduction 
band” and to look for luminescence produced when 
these electrons fall into lower lying states. To do this, 
crystals were first colored by x-irradiation and then 
irradiated with light absorbed in the F band and 
examined for luminescence at other wavelengths. 

Because of the difficulty in separating the exciting 
and excited light, it was impossible to examine the 
entire spectral region at once. Rather, the regions from 
2.1 ev to 2.7 ev and that from 3.0 ev to 5.0 ev were 
studied separately. For the former range, the F-light 
was provided by the 2.84-ev line of an H-4 mercury arc. 
lor the shorter wavelength range, the 2.58-ev line from 
a zinc arc was used. 

The results obtained from heat-treated crystals are 
given in Fig. 5. The bands found under x-irradiation at 
about 3.5 ev and 2.45 ev are present. Thus, both of 
these bands appear to result from electronic transitions 
from the conduction band to lower lying levels. The 
intensities of the two bands in Fig. 5 should not be 
compared since the intensity of the exciting light was 
different in the two cases. The 5.0-ev band was not 
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found. It is possible that this was due to the lack of 
sensitivity of the detection equipment in that spectral 
region. Also shown for reference in Fig. 5 are Pick’s" 
curves for the F and F’ absorption bands in NaCl. 

No optically induced luminescence was obtained 
from crystals which had not been heat-treated. Com- 
parison of the x-ray-induced luminescence intensities 
from heated and unheated crystals with the optically 
induced luminescence from heated crystals indicated 
that the apparatus may have been too insensitive for 
the detection of such luminescence. All the data given 
below for optically induced luminescence and afterglow 
refer to heat-treated crystals. 

The optically induced luminescence at 3.5 ev was 
studied as a function of time of F-irradiation, and 
typical results are shown in Fig. 6. During the periods 
marked “are on,” the crystal was irradiated with 
F-light. During the other periods, a shutter was placed 
between the arc and crystal. The optical luminescence 
was characterized by an initial rapid decrease in 
luminescence intensity followed by a region of slowly 
decreasing intensity. If a crystal was left in the dark for 
a period of time following an irradiation and then 
irradiated once more, the initial intensity was greater 
than that at the end of the previous irradiation ; but the 
intensity again decreased swiftly and reached a slowly 
decreasing value. The amount of revival was found to 
increase with the time the crystal was left in the dark, 
In taking optically induced spectra, care was taken that 
the results were not altered by these effects. 

An afterglow was observed following x-irradiation 
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Fic. 5. Spectrum of the luminescence induced in the region 
2.1 ev to 2.7 ev by irradiating an x-ray-colored crystal with 
F-light. Spectrum of the luminescence induced in the region 
3.0 to 5.0 ev by irradiating an x-ray-colored crystal with F-light 
The detector sensitivity was quite poor in the region below 4.5 ev. 
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lic. 6. Optically induced luminescence at 3.5 ev as a function 
of time. The crystal was only exposed to /-light during the periods 
marked “arc on.” The afterglow observed between /-irradiations 
is plotted on an expanded scale 


which persisted for a number of hours.'* The spectrum 
of this afterglow was obtained and, except that no 
5.0-ev band was observed, was found to be essentially 
the same as that observed under continuous x-irradi 
ation with bands at 2.45 ev and 3.5 ev and a less signifi 
cant band at about 3.0 ev. 

Figure 7 shows the decay of the 2.45 
afterglow bands. The two luminescence bands seem to 
decay in parallel manner. If these curves are divided 
into straight line portions (a questionable procedure due 
to the scatter of points), half-lives for electrons in traps, 
decreasing from 7 to 110 minutes, are indicated. A 
striking feature of the decay curve is the persistence 
of the afterglow. Note that it is still measurable after 
almost 8 hours. 

After the afterglow had decayed to a low level, it 
could be revived by a short irradiation with light 
absorbed in the F-band (F-light), see Fig. 7. This was 
accompanied by a change in the relative intensity of the 
3.5-ev and 2.45-ev bands (the 2.45-ev band being 
stronger than the 3.5-ev band following the /-irradi 
ation), but with no other marked change in the lumines 
cence spectrum. Assuming that the afterglow is due to 
the thermal ionization of traps, this revival may be 
explained as a refilling of traps by electrons excited into 
the conduction band by the F-light. Following the 
F-irradiation, the luminescence intensity had a very 
fast initial decay and then leveled off to a slower decay 
after about 14 minutes. 

It is conceivable that the trapping centers may be F’ 
centers. For additively colored NaCl at room tempera- 
ture, Pick” found a half-life of about eight minutes for 
such centers. However, as the numbers of /’ centers 
becomes small compared with the number of / centers, 
retrapping of electrons at / centers would become more 


and 3.5-ev 


‘In Fig. 6 the intensity of the afterglow at 3.5 ev is shown for 
the periods when the crystal was in the dark. The afterglow 
intensity is plotted on an enlarged scale below the principal curves. 
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ic. 7. The afterglow at 2.45 ev and 3.5 ev asa function of time 
After decaying for 472 minutes, the crystal was irradiated for 1 
minute with /-light 


likely thus increasing the time an electron would spend 
in /’ centers. One would thus expect that the measured 
half-life of the i’ 
however, it is not at all evident that they should 


centers would increase with time; 


increase in discrete steps. 

With the equipment at hand, there were two methods 
by which the influence of /’ centers might be investi- 
gated, ‘The first was to irradiate the crystal with light 
of a fixed energy lying in the F’ band. If F’ centers 
were responsible for the afterglow, such irradiation 
should remove from I’ into the 
conduction band; thus inducing luminescence under 
the reduced afterglow following 
irradiation. ‘The extreme width of the /’ band 
lig. 5) makes the data obtained by this method some 
what inconclusive. The second method was to study the 


electrons centers 


irradiation and a 


(see 


efficiency of light in the spectral region from 0.9 ev to 
2.6 ev in inducing luminescence. ‘The luminescence 
induced by light of a certain energy presumably would 
be proportional to the absorption of that light and thus 
would indicate the position of the trapping centers. 
Figure 8 shows data obtained by the first method. 
Qn the ordinate is the logarithm of luminescence 
intensity at 2.45 and 3.5 ev (in arbitrary units) plotted 
versus the time (in minutes) since x-irradiation. For 
the first 39 minutes following x-irradiation, the after 
glow was followed. Then the crystal was irradiated for 
two minutes with light which fell in the F’ band at 
1.63 ev. Such irradiation induced a luminescence which 
was initially about 100 times stronger than the after 
glow but which decreased by a factor of about 20 in 
two minutes. This /”’ irradiation resulted in a decrease 
in the afterglow by about the same factor of 20. A 


second irradiation with the 1.63-ev light again induced a 


FE 


SPICER 


relatively strong luminescence which decreased much 
slower under the irradiation. This irradiation resulted 
in a much smaller reduction in the 3.5-ev afterglow 
than the first F-irradiation and in an initial increase in 
the 2.45-ev band. The reduced quenching effect of the 
second 1.63-ev irradiation may have been due to a very 
slight amount of F-band absorption at 1.63 ev. 

Following the third series of afterglow measurements, 
the crystal was irradiated with F-light for one minute. 
This had the usual effect of increasing the afterglow by 
several orders of magnitude and reversing the relative 
intensities of the 2.45-ev and 3.5-ev bands (the lumines- 
cence induced by the F-light was too intense to be 
detected by the apparatus used for this experiment). In 
other experiments, it was found that the effects de- 
scribed here could also be produced if 1.95-ev light was 
used instead of the 1.63-ev light. 

The type of experiment described above suffers from 
the fact that it gives information only about the effect 
of light of one energy on the trapping states. Since the 
F’ band is so broad, it would not have been practical to 
perform similar experiments all along this band. Rather, 
experiments designed to determine the efficiency of 
light of energy between 0.9 and 2.6 ev in inducing 
luminescence were performed. 

The curves given in Figs. 9 and 10 were obtained by 
going in approximately 0.1-ev steps from lower to 
higher energies. On the ordinate is plotted the logarithm 
of the luminescence induced per exciting photon (in 
arbitrary units). The photon energy of the exciting 
light is given on the abscissa. Curve 1 of Fig. 10 was 
taken 6.5 minutes after the crystal had been x-irra 
diated. The afterglow was 12800 counts/min just 
before the curve was taken. After curve 1 was taken, 
the crystal was left in the dark for twelve hours allowing 
the afterglow to decay to less than 100 counts /min; then 
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crystal was irradiated with F’-light during the periods marked “‘/ 
and by F-light during the period marked “FP.” 
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curve 2 was taken. ‘There is a large difference between 
curve 1 and curve 2 in the region 1.1 to 2.3 ev. This is 
assumed to indicate the position of the trapping centers 
which were depleted as the afterglow decayed away. 
The rise starting at about 2.0 ev in curve 2 is probably 
due to the F band absorption. The luminescence rises 
only slowly after 2.3 ev because of the sharp decrease in 
the luminescence induced by F-light with time of 
F-irradiation as shown in Fig. 7. 

After curve 2 was taken, the crystal was irradiated 
with F-light for five minutes raising the afterglow 
intensity to 1000 counts/min and curve 3 was taken. 
The increase in the induced luminescence from 1.2 to 
2.0 ev over that of curve 2 is apparent. ‘This increase is 
about what would be expected owing to creation of /” 
centers by the F-irradiation. After curve 3 was taken, 
the crystal was left in the dark for two and a half hours, 
after which time the afterglow had again decayed te 
less than 100 counts/min. Then curve 4 was taken. 
Comparison of curves 3 and 4 indicates the disappear- 
ance of the band from 1.2 to 2.0 ev. Again, this ac 
companies the disappearance of the afterglow. 

The shapes of curves 2 and 4 of Fig. 9 indicate that a 
band having a long half-life might be present at 1.3 ev. 
‘To test for this the curves of Fig. 10 were taken. An 
x-irradiated crystal was left in the dark for 36 hours and 
then curve 1 of Fig. 10 was taken. There was, of course, 
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Fic. 9. Efficiency of light of energy between 0.9 and 2.6 ev in 
inducing 3.5-ev luminescence, Curve 1 was taken 64 minutes after 
12 800 counts/min). Curve 2 was taken 
less than 100 counts/min); then the 
of F-irradiation (afterglow 
Curve 4 was taken after the 
afterglow less than 


x-irradiation (afterglow 
12 hours later (afterglow 
crystal was subjected to 5 minutes 
1000 counts/min) and curve 3 taken 
crystal was left for an additional 24 hours 
100 counts/min) 
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hic. 10. Efficiency of light of energy between 0.9 ev and 2.6 ey 
in inducing 3.5-ev luminescence. Curve 1 wa 
left in the dark for 36 hours after 
afterglow). Curve 2 was taken after / 


glow to 400 counts/min) 


taken from a crystal 


x-irradiation (no measurable 


irradiation (raising alter 


no measurable afterglow before this curve was taken and 
no band at 1.3 ev is evident in curve 1. ‘The effect of 
three minutes of /-light (raising the afterglow to 400 
counts/min) 2. The ellect 
attributed to F’ absorption is present in addition to the 


is shown in curve usual 


appearance of a band at 1.3 ev. ‘This seems to verify the 


presence of a band at 1.3 ev having a very long lifetime 
and contributing only slightly to the afterglow. 

These measurements are rather crude (particularly 
because the spectra must be swept out swiftly in order 
to minimize bleaching of centers by the exciting light). 
However, it seems quite possible that the /” band plays 
an important role in the afterglow. A slowly decaying 
band at about 1.3 ev may also be present. 


CONCLUSIONS 


lor the non-heat-treated crystals, there is nothing 


here which would allow determination of the mecha 


nism giving rise to the x-ray-induced luminescence 


However, for the heat-treated crystals, the produc tion 
of the 2.45 


colored cry 


and 3.5-ev bands by F-irradiation of x-ray 


tals indicate that these bands are due to 


transitions from the conduction band to 


Since the 2.4 


electron 


lower lying level and 3.5-ev bands were 


also the principal bands present in the afterglow spectra 


and (excluding the 5.0-ev band) in the x-ray-induced 


spectra of the heat treated crystals, it is assumed that 


in both of these cases the 2.45- and 3.5-ev bands result 
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from electronic transitions from the conduction band 
into lower lying states. The centers creating these states 
cannot be positively identified ; however, the data con- 
cerning their formation will be briefly discussed and a 
guess will be ventured as to their nature. 

The results reported here seem to indicate that the 
luminescence centers responsible for the 3.5- and 2.45-ev 
bands are produced at the surfaces of the crystals and 
diffuse into the crystal during the heat treatment. It is 
hard to see how luminescence centers due to foreign 
impurities already in the crystal could be activated in 
the 
luminescence centers are not formed by atmospheric 
molecules diffusing into the crystal. First, essentially 
similar results were obtained from crystals heated at 
atmospheric pressure and at pressures of 10°° to 10~¢ 
mm of Hg; and, secondly, there is no similarity between 
the spectra found here and those obtained by Honrath'® 
after adding atmospheric gases to NaCl. 

The manner of production of luminescence centers 
reported here is consistent with the removal of sodium 
atoms at the surface of the crystal. This hypothesis is 
supported by the fact that the 2.45- and 3.5-ev bands 
did not appear in crystals heated in an atmosphere of 


such a manner. There are also indications that 


sodium vapor. Removal of sodium atoms would leave 
V-type centers. Since V,; centers are unstable at room 
temperature’ and since V, centers have a negative 
charge associated with them, only V2 and V4 centers will 
be considered here as possible luminescence centers 
Because of the reversal in the relative intensities of 
the 3.5- and 2.45-ev afterglow bands following F-irra 
diation, the 3.5-ev luminescence will be associated with 
the V, center and the 2.45-ev with V4 centers. The 
reasoning behind this is as follows: during F-irradiation, 
Vy centers will capture electrons, reducing the number 
of V; centers having a 
negative charge. The freeing of electrons from F centers 


these centers and forming 


would leave halogen ion vacancies. The V3 centers and 
halogen ion vacancies would be attracted together, 
forming V4 centers. Thus, the number of V» centers 
would be reduced relative to the number of V4 centers 
by the /-irradiation. 

If the luminescence were due to electrons falling into 
V. and V, centers, the sum of the absorption energies 
for these bands and luminescence energies should be 
approximately equal to the band-to-band energy. This 
band-to-band energy is not well known but prob 
ably lies between 8.2 and 9.5 ev.'® The sum of the 


*W. Honrath, Ann. Physik 29, 421 (1937) 
‘© Hartman, Nelson, and Siegfried, Phys. Rev. 105, 123 (1957) 
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V, absorption energy’ and 3.5-ev luminescence energy 
is 9.1 ev which is in the right range. This model would 
then predict a V4 absorption energy of about 6.6 ev. 

One flaw in this model is the fact that V2 and V, 
centers are produced by x-irradiation and thus lumines- 
cence associated with them, if present, should be 
observable in non-heat-treated crystals; however, it 
may be that the V centers are not present in large 
enough quantities in these crystals to contribute 
strongly to the luminescence. It should be noted that 
the shapes of the spectra from unheat-treated crystals 
suggest that unresolved bands may be present at 2.45 
and 3.5 ev. In any case, this identification of the 
luminescence centers must remain completely in the 
realm of speculation until and unless it is verified 
directly. This might be done by absorption measure- 
ments. Although these arguments have been made 
assuming that the V centers were the luminescence 
centers, they would hold for any set of centers having 
properties similar to V centers. 

The change in the spectra from heat-treated crystals 
after prolonged x-irradiation is possibly due to a 
coagulation of the luminescence centers brought about 
by the x-irradiation. The predominance of the 2.9-ev 
band after the heavy x-ray dosage indicates that this 
band may be associated with some configuration of 
coagulated centers. 

The afterglow seems to be a bimolecular process 
involving the ejection of electrons from traps into the 
conduction band through which they wander until 
falling into the luminescence centers. It has been shown 
that the number of electrons in the traps may be 
reduced by irradiating the crystal with light absorbed 
in the near infrared and that the afterglow may be 
centers are 


revived by irradiation with F-light. F’ 


probably the most important of these traps; however, 
one with a very slow decay at 1.3 ev may also be present. 
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A cryostat has been designed and constructed to permit investigation of superconductors having transition 
temperatures in the range from 1.4°K to below 0.9°K. By means of this cryostat, the paramagnetic effect, 
previously observed in In, Sn, Ta, Hg, Tl, and NbN, has been observed at the superconducting transition 
of aluminum. The threshold current, /o, required for the occurrence of the paramagnetic effect, had previ 
ously been shown to be related to the applied longitudinal field, 1,0, and the specimen diameter, d, by the 


equation 


n= TI, + y*rH od, 


where J, and y* 


are constants characteristic of a particular superconductor 


Preliminary measurements 


on the six superconductors listed above had suggested that /, values occur only in multiples of 0.6 ampere 
Measurements of /, for aluminum yield an /, value definitely less than 0.6 amp 


I. INTRODUCTION 


HEN a cylindrical current-carrying supercon- 

ductor is cooled through its transition temper- 
ature in the presence of a longitudinal magnetic field, 
the magnetic flux in the specimen may show an increase 
over the value which it had in the normal state. This 
apparent increase in the permeability, which is referred 
to as the paramagnetic effect, has been investigated’ ° 
in a number of superconductors since its discovery in 
tin by Steiner and Schoeneck.' It has been established 
that a threshold current, Jo, exists below which the 
effect does not occur. J» is given by 


Io=1,+y*rH wd, 


TABLE I. Summary of the /, and y* values. 
» u 


Element Ig amp y* Reference 


1.64.0.7 0.83+4-0.04 
1 0.67 
a 0.91 
0.83+4-0.04 
0.834-0.04 


Tin Thompson* 
Steiner” 
Shibuya and Tanuma® 
Thompson* 
Thompson* 
Steiner» 
Thompson* 
Steiner» 
Meissner et al.4 
Meissner et al.4 
Sellmaier® 
Present work 


Indium 


0.34-0.2 
0,.2+-0.3 
0.6 0.67 


Thallium 0.94-0.3 0.83+0.04 
0.6 0.37 
Mercury LZ 0.37 
Tantalum 0.6 

Niobium nitride! 2.35 0.67 


Aluminum 0.340.2 1.0 


* See reference 5. 

» See reference 2. 

© See reference 4. 

! See reference 3. 

* See reference 6 

' These data were found for a hollow NbN cylinder on a Nb core; all 
other data were obtained for solid cylinders 


* Supported by a grant of the National Science Foundation 

t Part of a dissertation (A.H.F.) submitted to the Physics 
Department of The Johns Hopkins University in partial fulfillment 
of the requirements for the degree of Doctor of Philosophy 

t Union Carbide and Carbon Fellow 1954-1955; present 
address: Bell Telephone Laboratories, Whippany, New Jersey 

'K, Steiner and H. Schoeneck, Physik. Z. 44, 346 (1943). 

2K. Steiner, Z. Naturforsch. 49, 271 (1949). 

’ Meissner, Schmeissner, and Meissner, Z 
(1951); 130, 529 (1951); 132, 529 (1952). 

‘Y. Shibuya and S. Tanuma, Phys. Rev. 98, 938 (1955). 

’ J. C. Thompson, Phys. Rev. 102, 1004 (1956 

* A. Sellmaier, Z. Physik 141, 550 (1955). 
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where /, and y* are constants for a particular super 
conductor, H,9 is the applied longitudinal magnetic 
field, and d is the specimen diameter. Table I summar 
izes all of the superconductors for which either /, or y* 
has been measured to date. 

Of the superconducting elements for which the 
paramagnetic effect has not yet been observed, only 
vanadium, lead, and niobium have transition tempera 
tures in the temperature range 4.2°K to 10°K. Against 
this, aluminum, zinc, gallium, rhenium, and thorium 
have transition temperatures in the range 1.39°K to 
0.9°K. build a 
cryostat which could operate down to temperatures of 
0.9°K, This investigation on aluminum represents the 
first in a series on the latter group of superconductors. 


Because of this, it was decided to 


Il. EXPERIMENTAL ARRANGEMENT 
(a) Cryostat 


The cryostat used in this investigation is of the type 
in which the temperature is reduced by pumping 
through a small orifice over an adiabatically isolated 
bath of liquid helium. The thermal isolation is accom 
plished by a vacuum jacket whose outside wall is 
maintained at 4.2°K. Several cryostats which employ 
this method have been described in the literature.” 
‘The more recent of these employ high pumping speeds 
(600-1000 liters/sec) and are able to cool a considerably 
larger volume than the early designs. Figure 1 shows 
the general plan of the cryostat used in this investi 
gation. ‘The inner bath is pumped by a C.V.C, MB-200 
oil booster pump which is backed by a Leybold mercury 


booster pump Hg-45 and a Kinney rotary pump 
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hia. 1 


Cryostat for production of temperatures in the 


O.8°K to 1,3°K 


range 


VSM-5S0. Selection of a series of pumps, such as those 
used in this application, is greatly facilitated by a 
diagram such as Fig. 2. The throughput of all three 
pumps in Hy Xliters/sec is plotted versus the 
pressure in mm Hyg. The MB-200 has a limiting fore 


mm 


pressure of 0.6-mm Hg at which it is removing a 
quantity of gas of 8-mm HgXliters/sec. From the 
diagram, it can be seen that neither the Hg-45 nor the 
MB-200 can handle throughputs greater than 8-mm 
Hy X literssec and, in practice, it is advisable to operate 


at throughputs at least a factor of two below this 


figure. Neglecting film flow, this throughput corresponds 
to a heat input to the inner liquid helium vessel of 
1.510% watt.-The vacuum jacket is continuously 
pumped with a C.V.C. MCF-60 oil diffusion pump. 

The conical orifice to the inner liquid helium vessel 
is made of German silver and has a limiting throat 
diameter of 7 mm. In choosing the orifice diameter, 
one must find a compromise between the excessive film 
flow allowed by a large diameter orifice and the excessive 
reduction of conductance by a small diameter. ‘The 
7-mm throat represents this compromise. 

The conductance increases approximately as the cube 
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of the throat diameter, whereas the film flow increases 
only as the first power. The ratio of film flow to total 
flow is therefore smaller for systems having pumps of 
higher speeds, provided that the proper choice of orifice 
diameter has been made for the pump in question. For 
the MB-200 and heat inputs of 10~* watt, the above 
ratio is less than 0.1. 

The ducts leading to the orifice are of a conical 
construction to avoid the turbulence which would 
appear at sharp edges or bends. The increase in diameter 
of the cones was chosen so as to approximately match 
the expansion which the temperature change produces 
in the emerging vapor. The upper cones were con- 
structed from 0.25-mm sheet supernickel, while the 
lowest one was machined from German silver rod. With 
the exception of the outer liquid helium Dewar which 
was Pyrex, all of the cylindrical vessels were made of 
brass. 

The high-current connections were brought from 
room temperature to the 4.2°K liquid helium bath by a 
method previously described.!° From there the specimen 
current was carried by lead (Pb) wires which were 
brought into both the vacuum jacket and the inner 
vessel through Kovar seals. Since lead is supercon- 
ducting below 7.2°K these leads contribute no Joule 
heating in the low-temperature bath. 

All other connections were of No. 40 wire, with 
manganin used wherever possible. ‘These leads were 
brought from a seal at room temperature through a 
tube into the vacuum jacket where they were clamped 
at 4.2°K. From there they led through Kovar terminals 
into the inner vessel. 
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Fic, 2. Pumping diagram for the three pumps used in conjunc 
tion with the cryostat. On the temperature scale the pressure 
drops along the ducts were neglected. On the heat-input scale 
the film flow was neglected 


°H. Meissner, Phys. Rev. 101, 1660 (1956), 
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(b) Operating Procedure 


Prior to a run, the system is first precooled with 
liquid nitrogen. The liquid nitrogen is then removed 
and the transfer of liquid helium into the Pyrex Dewar 
is started. As soon as the liquid begins to collect, 
helium gas at a pressure greater than one atmosphere 
is introduced into the inner vessel through a counterflow 
heat exchanger, not shown in Fig. 1. This helium almost 
immediately begins to condense in the inner vessel. In 
order to effect a more rapid cooling of the inner vessel 
and its contents, the vacuum jacket is filled with 
helium gas at a pressure of a few mm Hg. Usually, the 
inner vessel is filled with condensed helium by the time 
the Pyrex Dewar is full; both liquid levels are measured 
by means of carbon resistance thermometers. The 
exchange gas is then pumped out of the vacuum jacket 
in preparation for cooling down to the transition 
temperature of aluminum. Since the pumping speed of 
the Hg-45 is effectively zero at pressures above 10 mm 
Hg, the system is first roughed down to this limiting 
forepressure with the VSM 556. During this roughing 
period, several calibration points are obtained for the 
carbon resistance thermometer by simultaneously 
measuring the helium vapor pressure with a U-tube 
manometer and the thermometer resistance with a 
Wheatstone bridge. When the transition temperature 
of the sample is reached, the regulating valves on the 
pumping system are adjusted to maintain the temper- 
ature approximately constant. The fine-temperature 
regulation is accomplished by manually varying the 
current to a 1-ohm manganin heater coil in the inner 
vessel. ‘To reach the transition temperature of alumi 
num, it was not necessary to use the MB-200, this 
pump having been installed for investigations at lower 
temperatures. 


(c) Specimens and Measuring Equipment 


Three specimens were used in this investigation, and 
they were all prepared from 99.99% pure ingots supplied 
by the Aluminum Company of America.'® The first 
specimen, hereafter referred to as All, was a poly 
crystalline cylinder 69.6 mm long and 5 mm in diameter, 
which was annealed for 24 hours in vacuum prior to 
use. The second and third specimens, Al I] and Al ITI, 
were single crystal cylinders of diameters 3.1 mm and 
6.0 mm respectively. These were vacuum melted and 
grown in crucibles of high-purity A.F.C. graphite. All 
three specimens were etched and electrolytically pol 
ished. The following residual ratios, 1 

Ry .2°«/Roz3°x, were obtained for the three specimens: 
ALT, ro=0.62K10%; ALIT, ro=0.86K%10; ALTI, 1: 

2.43 107%. 

Figure 1 shows the general arrangement of sample, 
search coil, and field coil used in the present work. In 
addition, two potential clips, not shown in Fig. 1, were 


resistance 


16 We desire to express our thanks to the company for supplying 
the aluminum free of charge. 
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hic. 3. (a) K,, vs T curves for the 5-mm-diameter polycrystalline 
aluminum (All b) Km vs 7 the 6-mm 
diameter aluminum single crystal (Al III 


specimen curves Tor 


attached to the sample for resistance measurements 
The search coil, used for detecting the change in flux, 
was wound directly onto the specimen and was con 
nected to a Leeds and Northrup ballistic galvanometer, 
type 2284 b, having a coil resistance of 17 ohms, a 
period of 7.4 sec, an external critical damping resistance 
of 17 ohms, and a ballistic sensitivity of 2*10°% v 
mm at a scale distance of 5 m 
The longitudinal magnetic field, //.0, 
by a field coil surrounding the specimen (see lig 


Sec 
was produced 
1). 
The field coil was wound with 88.4 turns/cm of tantalum 
wire. Since the tantalum wire becomes superconducting 
at 4.4°K, the field coil itself produces no Joule heating 
in the inner liquid helium vessel. Both the horizontal 
and vertical components of the earth’s magnetic field 
Helmholtz coils, not 


were compensated by a set of 


shown in lig 1 
III. MEASUREMENTS 


When recording the data, the procedure was slowly 
to vary the current to the manganin heater coil, which 
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Vic. 4, (a) K» vs 7 curves for the 5-mm-diameter polycrystalline 


aluminum specimen (Al TI). (b) AK» vos 7 curves for the 6-mm 
diameter aluminum single crystal (Al III 


thereby changed the thermometer readings from point 
to point through the transition while holding the current 
fixed. At each fixed temperature, the applied magnetic 
field was reversed and the resulting galvanometer 
deflection, a, recorded, The carbon thermometer read 
ings were converted to temperature by means of the 
two-constant formula given by Clement.'’ The galva- 
nometer deflections, a, were converted to apparent 

17 J. R. Clement, in Temperature; Its Measurement and Control in 


Science and Industry (Reinhold Publishing Corporation, New 
York, 1955), Vol. 2, p. 282 


AND H. 


MEISSNER 


permeability, K,,, through the equation 
| = (a— ao) /(ao—aoo). 


Here, ao is the deflection produced upon reversing the 
field, H.o, when the specimen is in the normal state; 
ago is due to the residual flux linking the search coil, 
but not the sample, when the latter is totally super- 
conducting. 

Figure 3 (a) and (b) show plots of K, vs T with 
H .=0.972 amp/cm for the polycrystal and the 6-mm 
single crystal, respectively. Both of the temperature 
axes in Fig. 3 are drawn to the same scale. It can be 
seen that the transitions for the 6-mm single crystal are 
noticeably broader than those for the 5-mm polycrystal. 
After obtaining K,, vs T curves at two values of H,», 
specimen Al II was removed from the cryostat for 
inspection; because of a slight deterioration of the 
surface, measurements were discontinued on this speci- 
men. Its behavior was intermediate to that observed 
for specimens Al I and AI IIT. 

Figure 4 (a) and (b) show a plot of the maximum 
apparent permeability K,, vs J for both the 5-mm 
polycrystal (Al I) and the 6-mm single crystal (Al TTI). 
As can be seen from Fig. 4(b), the data taken at the 
two lowest values of H,o for the 6-mm single crystal 
show an unexpected crossing of the Km vs I curves. 
After carefully checking the compensation of the earth’s 
magnetic field, a second run was made which only 
served to verify the data shown in Fig. 4(b). Since a 
plot of Jo vs H,o for this specimen would obviously 
depart enormously from a straight line, an J, for this 
specimen is undefined, For this reason, the 7, quoted 
in Table I for aluminum is the value obtained from 
the 5-mm polycrystal. 


IV. CONCLUSIONS 


‘The paramagnetic effect exists in aluminum, Samples 
Al Il and AIIII, although single crystals, were less 
pure than the polycrystalline sample Al I, as shown by 
their higher residual resistances. Their paramagnetic 
behavior did not conform with that observed in other 
pure superconductors, while the behavior of sample 
Al I did. We consider therefore that the values of J, 

0.3+0.2 amp and y*=1.0, obtained for sample Al I 
are representative of pure aluminum. These values, 
together with those of Thompson® for indium, indicate 
that the 7, values do not necessarily occur in multiples 
of 0.6 amp. 
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Cathode sputtering is conceived as being produced by purely mechanical collisions between the impinging 
ions and surface atoms of the target. Energy is lost during the collisions by excitation of Debye waves in 
the lattice. The collisions are assumed to occur as between perfectly elastic spheres with radii determined 
by the largest closed electronic shells of the ion and the target atom. Only upper surface atoms of the target 
can be sputtered; the ejection requires that the momentum transferred to an upper surface atom have 
a component in normal outward direction and the transferred energy be larger than its binding energy 
to the lattice, which is assumed to equal the heat of vaporization. With the introduction of a dissipation 
coefficient, which determines the energy loss during the collision, formulas for the threshold energies at 
oblique and normal ion incidence and a sputtering rate formula for normal ion incidence at low ion energy 
have been derived, Experimental data on sputtering are in agreement with the derived formulas. From the 
derivation of the sputtering rate formula it can be concluded that the threshold energies must be roughly 
proportional to the squares of the collision radii of the target atoms. This implies a periodicity of the thresh 
old energies within the periods of the periodic system, which has been evidenced by plotting experimental 
data on threshold energies for 26 metals versus atomic number 


1. INTRODUCTION 


HE newer experimental results on cathode sput- 

tering such as phenomena at oblique ion inci- 
dence, data on threshold energies, and deposit patterns 
from sputtering single-crystal planes, as obtained by 
Wehner,'“ are generally strongly in favor of the impulse 
transfer concept, as initiated by Stark® and developed 
by Kingdon and Langmuir.* However, a detailed theory 
treating all the phenomena observed at low ion energy 
with the same basic principle has not yet been devel- 
oped. Kingdon and Langmuir® assumed that “two 
successive impacts on the same thorium atom of a 
thoriated tungsten filament are necessary for sputtering; 
the first impact depresses the atom from the surface, 
while at the second impact the ion is reflected from this 
depressed atom and knocks off one of the surrounding 
thorium atoms,” provided the energy transferred in 
this last collision “is greater than the atomic heat of 
vaporization.” For a first approximation the collisions 
are treated by these authors as perfectly elastic head-on 
collisions between a free ion with mass m and a free 
atom with mass M at rest before the collision. The 
momentum and energy equations for the two consecu- 
tive collisions led to the formula 


(m+M)? 
AH 295 X 
mM 


(m+ M )* 
Esiin 


x ’ 
(m—M)?* 


where A// 29, is the heat of vaporization at 298° K in ev 
and Emin the threshold energy in ev. The values of 
Ewin from this formula, if m and M are approximately 


'G. Wehner, J. Appl. Phys. 25, 270 (1954) 
> G. Wehner, Phys. Rev. 93, 633 (1954) 
G. Wehner, J. Appl. Phys. 26, 1056 (1955 
'G. Wehner, Phys. Rev. 102, 690 (1956). 
’F. Stark, Z. Electrochem. 15, 509 (1909) 
°K. H. Kingdon and F. Langmuir, Phys. Rev. 22, 148 (1923). 


equal, are much too high and do not agree with the 
experimental results. 

Sputtering rate formulas, derived from a purely 
mechanical exist in the 
literature. 


collision concept, do not 


2. BASIC FEATURES OF THE NEW COLLISION 
THEORY 


In single-crystal or polycrystalline metal surfaces, 
regardless of the lattice orientation of the crystal plane 
or of the individual grains, there are always “upper” 
surface atoms in an outermost plane, designated by My 
in Fig. 1, and “lower” surface atoms in a parallel first 
or even second lower plane, designated by M, in Fig. 1. 
These surface atoms are equally accessible to the 
perpendicularly impinging ions of mass m, if the 
assumption is made that the effective collision spheres 
are the largest closed electronic shells of ion and target 
atom, thus being considerably smaller than their atomic 
or even ionic radii. With this assumption in mind, the 
final step in each sputtering process at any angle of 
incidence of the ion can be generally described as a 
collision of the ion with an upper surface atom, in 
which this atom is hit on its inside hemisphere, so as to 
obtain an impulse with a component in the direction of 
the outward normal to the surface. If the energy 
transferred in this direction to this target atom by the 
impact of the ion is equal to or greater than the heat 
of vaporization, with which the atom is assumed to be 
bound to the crystal lattice plane, then this atom is 
ejected in the collision. 

Sputtering by a direct single collision of the ion with 
the inside hemisphere of an upper atom is possible only 
when the ion hits the surface at an oblique angle of 
incidence [ Fig. 1(a) |. For normal ion incidence, sput- 
tering is produced mostly by a double collision of the 


ion [ Fig. 1(b)]; the ion collides first with a lower 
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¢. WORMAL ION INCIDENCE 
TRIPLE -COLLISIONS 


PRECEDING FURROW GENERATION: 
(2) SPUTTERED m, PRODUCES FURROW C, 


ADDITIONALLY SPUTTERED ATOMS 
PRODUCE FURROW Co 


HENSCHKE 


b. NORMAL ION INCIDENCE 
OOUBLE COLLISION 


‘ ELECTRON CLOUD ON 
S\S™ * suntace 


O My « UPPER SURFACE ATOMS 
M = LOWER SURFACE ATOMS 


© mm’ \MPINGING 1ONS 


O My * SPUTTERED UPPER 
SURFACE ATOMS 


Fic. 1. Different kinds of collision mechanisms in sputtering phenomena. 


then rebounds and hits an 


atom in a second collision on its inside hemi 


urface atom and upper 
urlace 
sphere. However, from experiments on sputtering of 
certain single-crystal planes, triple-collision sputtering 
must also be assumed to occur at normal ion incidence 
[ Fig. 1(c) | 
a first collision with a target atom before it hits a lower 


In this case the incident ion is deflected in 


urlace atom lying perpendicularly under an upper 
urface atom; in this second collision it rebounds in the 
direction of the outward normal against the upper atom 
which is ejected in this third collision 

The collision of the closed shells of ion and target 
atom may be taken as purely elastic, since the ion 
velocity is much slower than the velocity of the slowest 
orbital electron.’ 

Energy losses are due to the fact that the target atom 
is coupled rather strongly with the atoms of the lattice 
Before the moment of highest compression is reached, 
the ion and the struck atom exchange energy with the 
neighboring atoms of the lattice. Debye waves are thus 
excited and dissipated irreversibly into the lattice. The 
situation is thus similar to that which occurs in the 
collisions of knocked-on atoms in the theory of radiation 


damage.* 


3. MATHEMATICAL TREATMENT OF 
SPUTTERING COLLISIONS 


It will be assumed that the collisions described can 
be treated with the general principles of classical 
mechanics, using impulsive forces, in a manner similar 
to the well-known collisions with restitution.’ 


Iwo spheres colliding head-on may have the masses 


’N, Bohr, Kgl. Danske Videnskab. Selskab, Biol. Medd 18, 
No. & (1948) 

* I. Seitz and J. S. Koehler, in Solid State Physics edited by 
I’. Seitz and D. Turnbull (Academic Press, Inc., New York, 1956), 
pp 405-448 

’ Reference books on collisions with restitution: | H. Smart, 
{dvanced Dynamics (MacMillan and Company, London, 1951), 
Vol. 1, p. 165; W. D. MacMillan, Dynamics of Rigid Bodies 
McGraw-Hill Book Company, Inc., New York, 1946), p. 290; 
I. F. Routh, A Treatise on Dynamics of a Particle (G. E. Stechert 


& Company, New York, 1898), p. 36. 


mand M, the velocities v9 and Vo, respectively, before 
the collision, and the velocities v, and V,, respectively, 
after the collision. 

From the equation of conservation of momentum, 


miyt+ MV o=m44+M Vi, (3.1) 
the relation 

R=m(v)— 1) M(Vo—V;), (3.2) 
expressing the principle of action and reaction of equal 
magnitude, defines a quantity R which is sometimes 
called the whole “blow” (Smart*) or whole “action” 
(Routh®) between the spheres. From the two Eqs. (3.2), 


R can be determined as 


mM 


V1) ( Vo V1) |. (3.3) 


m+M 


The impulse of compression Ro is defined as the impulse 
acting from the instant of contact of the two spheres 
to the instant at which the centers of the spheres are 
closest to each other, which is the moment of greatest 
compression, i.e., up to the instant when the relative 
V;. The 


impulse of compression Ro is therefore, from (3.3), 


velocity of the spheres is zero, and thus 2, 


(3.4) 


For the sputtering collisions of ions and target 
atoms as described’ above, the impulse Ro up to the 
moment of highest compression of the closed shells, 
consists of two parts, the impulse Ry used up for the 
excited Debye waves and the compression impulse R, 
for the closed shells. 

If a coefficient 6 is introduced, so that 


R, 6Ro, 


Os6S1, 


the impulse used up in Debye waves would be 


Ry Rol 6). 





COLLISION 
The coefficient 6 is an indirect measure of the energy 
dissipation in the form of Debye waves during the 
collision and may be called the “dissipation” or “lattice 
interaction” coefficient. The larger 6 is, the smaller is 
the energy lost in the form of Debye waves. 

The whole blow R would therefore consist of the 
impulse lost in Debye waves Ry, the compression 
impulse R,, and the impulse of expansion R, of the 
closed shells. Since these are perfectly elastic, R.= R., 
so that R is now given by 


R= Rat-R.+R,=Ro(1+54). (564) 


is also valid in this collision the 


Since (3.3) 
equation 


case, 


Vi; =O) -5(Vo Uo) (3.8) 
is obtained from (3.3), (3.4), and (3.7), which together 
with Eq. (3.1) is sufficient to determine the velocities 
v, and V, of the collision spheres after the collision. 
The result for the head-on collisions considered above is 


m—6bM 


M(1+6) 
Vo + Vo, 
m+-M 


m+M 


m(1-+-6) M—ém 
V; vot Vo. 
m+M m+M 


These equations are formally the same as the well 
known equations for collisions with restitution, with 
the coefficient of restitution e replaced by the dissipation 
coefficient 6. 

Since 6 is connected with the excitation of Debye 
waves, it may be that 6 is different for different ions 
and target atoms and for different crystallographic 
structures. It may also be that 6 is somewhat different 
for sputtering with normal or with oblique ion incidence 
to the surface. This will be discussed later. 

Equation (3.9) considers only head-on collisions for 
particles m and M which can move freely after the 
collision. If an upper surface atom is hit by the ion with 
a momentum component in the normal outward dire« 
tion of the crystal, then this surface atom can move 
freely and thus can be ejected from the surface, provided 
the impulse is high enough to overcome the binding 
forces. Thus, for sputtering with oblique ion incidence, 
no other assumptions are necessary to derive the 
formulas for the threshold energies. 

However, if the ion hits a lower surface atom the 
impulse is always directed inward to the bulk of the 
crystal. Thus a struck lower surface atom will immedi 
ately hit neighbors in the lattice lying in that direction, 
especially if the direction of the impulse is near to a 
close-packed direction. The struck atom is thereby 
stopped in its further movement into the lattice. The 
ion follows the path of the struck atom according to 
Eq. (3.9), if m—6M>O0, and will immediately collide 
again with the struck atom. But the closed shell of 
this atom is now in close contact with the closed shells 
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of its neighbors so that the target atom together with 
these neighbors acts like a solid wall. The result is that 
the ion rebounds even if the masses m and M do not 
obey the condition m—6M <0. 

The interference of the lattice 
collisions of the ion with lower surface atoms is taken 
into account by the additional assumption that for 


these collisions the mass of the struck lower atom is 


neighbors in the 


much greater than the mass M of the target element 
With the introduction of this assumption, m<M], the 
threshold energies for sputtering at normal ion incidence 
on the crystal surface can easily be derived 


4. CATHODE SPUTTERING AT OBLIQUE 
ION INCIDENCE 


Wehner’ demonstrated the effect of obliquely incident 
ions, first discovered by Fetz," by sputtering a thin 
metal strip in a plasma of high density and low gas 
pressure and by catching the deposits on a glass cylinder 
surrounding the strip symmetrically. He proved, by 
covering one side of the specimen along one edge with 
Aquadag, that the four spots on the glass cylinder were 
produced by a small seam along the edges of the thin 
target strip. Here the ion sheath surrounding the target 
follows the contours around the edges of the specimen 
and causes oblique incidence of the ions on the target, 
while the ions in the center part of the ion sheath hit 
the target surface in the perpendicular direction. The 
upper left spot disappeared after the right upper edge 
was covered with Aquadag. The ejections of the surface 
atoms by obliquely incident ions occur in directions 
oblique to the surface | Fig. 1(a) | but on the other side 
of the normal to the incidence plane and at a consider 
ably lower ion energy than the threshold energy of the 
target for normal ion incidence. It is further remarkable 
that the angular areas of the spots become larger with 


increasing ion energy. 


4.1. Single Collision Sputtering at Oblique 
Ion Incidence 


hese interesting phenomena connected with oblique 
ion incidence can easily be explained in all details by 
applying the concepts developed above to a single 
collision between the impinging jon and an upper 
surface atom 

The plane of the drawing in Fig. 2 is the plane of 
incidence of the ion m impinging in an oblique direction 
on the {116} plane of a face-centered cubic single 
crystal. The upper surface atoms M,, M», and Ms, hie 
along the (100 the separation 5 
between these atoms is equal to the lattice constant a 
Two atoms are indicated in the first lower plane, one 
of these being labeled M,; in the second lower plane 
three atoms are also shown in the drawing. The collision 
radius cy of the target atoms and the separations s 
from each other are chosen proportional to an assumed 


direction, so that 


’H. Fetz, Z. Physik 119, 590 (1942 
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MiG 
surface 


2. Oblique ion incidence on an fee {110} surface. The 
row of lies in the (100) direction. The upper 
surface atom M, is sputtered in a direct oblique collision if the 
ion m hits M, at certain contact points of its inside hemisphere 
with sufficient energy to overcome the binding forces of M, to 
the lattice 


atoms 


0.608 A, as 
3.6008 A 
for Cu. The collision radius c,, of the ion m is assumed 


value of the collision radius for Cu of cy 
justified in Sec. 8, and the lattice constant a 


to be the same as Cy. 

With these assumed values it can be seen from Fig. 2 
that the collision sphere of the ion m, when impinging 
in the direction RP as drawn, can hit the collision 
sphere of the upper surface atom M, with the angle of 
incidence i directly on its inside half without being 
disturbed by the atom M, or by the lower atoms M,_, 
which do not lie in the plane of the drawing. Other 
contact points between the two collision spheres and 
other angles of incidence are possible and will be 
discussed later. 

The collision in Fig. 2 is treated as an oblique collision 
between two perfectly elastic smooth spheres m and M 
with energy loss during the collision in the form of 
Debye waves as explained above, when introducing 
the dissipation coefficient 6. The sphere m has the 
initial velocity % and M is assumed to be at rest before 
collision, thus Vo=90. 

If 7 is the angle of incidence, i.e., the angle between 
the direction of m before the collision and the center 
line between m and M at the moment of contact, then 
V is moving in the direction of this center line after 
the collision, because the tangential components of the 
velocities and mand M are not changed in the collision ; 
Vo.=0. Therefore momentum is 
transferred only in the direction of the normal compo 
nent of v, which is vt, =v» cost and has the direction 
of the center line. Thus the velocity V, of the target 
atom M is given from Eq. (3.9) by 


thus %.= 2. and V4, 


m(1-+-4) 


Vo ( OSt. 


Vy 
m+-M 


4.2. Threshold Energy Formula for 
Single-Collision Sputtering 


If y is the angle of this center line with the normal 
to the surface, then the momentum component of M, 


in the normal direction outward to the surface is 
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P=MV, cosy, from which the energy transferred in 
this direction is /*/2M. If this energy is equal to or 
greater than the heat of vaporization AH); with which 
the atom M, in the crystal plane (Ak) is bound to the 
lattice, and which acts perpendicularly inward, then 
the atom M, will be sputtered. The heat of vaporization 
AH hx: is different in different planes (hkl) and can be 
estimated from the available values AHo 3 for the 
different planes from the number of nearest neighbors 
given by the system, as will be shown below under 5.4.2. 

The minimum ion energy E,,i,= }mv? necessary to 
produce sputtering and defined as the threshold energy, 
is the energy for which the equation }MV,? cos*y 

AH xi holds with the value of V; from Eq. (4.1). 
The threshold energy at oblique ion incidence is there- 
fore given by the equation 


(m+M)?* 1 


KAA KIX (4,2) 


] 
4imin 


mM (1+-4)? cos*y cos’i_ 


Only a single collision of the impinging ion with an 
upper surface atom is involved in this formula. The 
angle y determines the contact point of the ion on the 
lower half of the atom M,, and may be called “contact 
angle” for brevity. Different contact angles can lead to 
sputtering. For each of these angles y, the threshold 
energy E,,in depends also on the incidence angle i, the 
lowest value of £,,i;, occurring for the smallest angle 17, 
as seen from Eq. (4.2). The minimum value of the angle 
i is determined by the position of the atom to be 
sputtered in relation to the lattice neighbors in the 
incidence direction of the ion. Assuming, for instance, 
that the surface of the grain at which oblique ion 
incidence occurs is a (110) crystal plane, then the 
incident plane of the ion, which is perpendicular to the 
surface, can cut the (110) area of an elementary cube 
in different directions according to the orientation of 
the grain. Considering the main directions in the 
elementary area only, the rows of upper surface atoms 
have the separation s= }av2 for the (110), s=a for the 
(100), s= }ay/6 for the (211), and s=av3 for the (111 
direction. In Fig. 2 the {110} plane of a face-centered 
cubic crystal is drawn with the incidence plane of the 
ion m in the (110) direction, the separation of the 
upper surface atoms M,, Mo, and M; thus being s=a. 
The drawing is also representative for multiples of a 
for s, which show up when atoms of this upper row 
have been sputtered. For the smallest separation 
s=}av2, occurring in the (110) direction of the {110} 
surface, the situation is different. The ion m cannot 
come in contact with the lower half of the collision 
sphere cy at any angle of incidence, because in this 
case s<2¢y. 

As seen immediately from Fig. 2, the smallest angle 
of incidence 7 for each contact angle on the collision 
sphere cy is the one at which the ion m can just freely 
pass the neighbor (atom M3) on the incidence side. 
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4.3. Plots of the Minimum Threshold Energies for 
Different Contact Angles and Surface 
Atom Separations 


In order to calculate the lowest possible threshold 
energies for each angle y, the smallest angle i, as drawn 
in Fig. 2, must be taken for each s. In this case the 
relation 

cos (y+1) (c,/s)(1+sin1) (4.3) 
can easily be derived from the triangles OPQ and ORS 
in Fig. 2, where ¢y=Cm+c. With the aid of Eqs. (4.2) 
and (4.3) the minimum threshold energies can be 
calculated and plotted as a function of y for different s, 
if the value for the coefficient of dissipation 6 and the 
heat of vaporization A/Z;,o in the (110) plane for Cu 
are known. It is shown under 5.4.2 that the heat of 
vaporization can be assumed to be AH);9= 0.635AH 9, 
and from the later-calculated threshold energies for 
perpendicular ion incidence it can be seen that a value 
of 6=0.54 would be in agreement with experimental 
data on the threshold energy of Cu for normal ion 
incidence. 

Since the angle between the ejection direction of the 
sputtered atom and the surface normal is the same as 
the contact angle y, it is also possible to determine the 
maximum and minimum direction angles in which 
surface atoms can be expected to be ejected at oblique 
ion incidence. These limiting angles ymax and Ymin Can 
be read from the triangles TOU and TVW in Fig. 
2, and are determined by CoSYmax=¢,/S (4.4) and 
SinYmin= (2T¢,/s) (4.5). Since Ymin is determined by 
the tangent between the c, spheres of Ms and M,, or 
as drawn between M, and Mo, this minimum cannot 
really be reached, because of cosi=0, thus making Ewin 
from Eq. (4.2) infinite. At Ymnax the sputtered atoms can 
freely pass the nearest neighbor M, on the ejection side 

In Fig. 3 some curves of the threshold energies /.,, in, 
calculated with the data for Cu as mentioned above, 
are plotted versus the contact angle y for different 
separations s of various atom rows in a {110} face 
centered cubic plane. The minimum threshold energies 
are considerable lower for the larger separations than 
for the smaller ones. The influence of the sum of the 
collision radii c, of the ion and the target atom is also 
shown in the two curves for s=a. This factor is im 
portant only for smaller s. The curve with the largest 
value of s=50a that the 
decrease of the lowest values of /,,;, for a still larger 5 


is drawn to demonstrate 
is very small. 

The results are similar for other crystal planes and 
surface atom rows in other directions. 


4.4. Comparison of the Results with 
Experimental Data 


The surprising observation of Wehner' that at oblique 
ion incidence the atoms of the target are ejected in a 


direction away from the direction of the incident ion 
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is self- xplanatory from the assumed mechanism that 
the surface atom to be ejected must be hit on its inside 
half by the ion. Since the impulse transferred from the 
ion to the upper surface atom in the collision has the 
direction of the center line of the two parti les at the 
moment of contact, the direction of the sputtered atom 
must be away from the incidence direction of the ion 
The 
considerably lower than for sputtering at normal inci 
white h 


puttering 


explanation for the threshold energy being 


dence, is given by the curves in Fig. 3 are 
calculated for a {110} plane of Cu. As soon a 
has started and atoms have been ejected, the separation 
of the atoms in the rows becomes greater-—for instance, 
in the (100) direction or 2av3 
direction of the {110) plane 
the 


sa, or even larger 
and 4av3 in the (111 
As seen from the curves 


2a, 


for these values in Fig. 3 


threshold energy for Cu at certain angles can be a 


25 to 30 ey 


low as This is considerably lower than the 
threshold ¢ nergy for Cu at normal ion incidence, which 
measured by Wehner’ 


reported be 


is between 50 and 70 ey, a 


\ third important experimental fact, 
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Wehner,' concerns the increase of the angular area of 
the deposits towards the norma! direction to the surface 
(smaller contact angle y), when increasing the ion 
energy and keeping the ion sheath thickness constant. 
In this case the two separate spots on the glass cylinder, 
originating from one side of the target sheet, are 
brought closer and closer together. This fact can 
immediately be derived from the curves in Fig. 3. For 
a certain ion energy, for instance 100 ev, the contact 
angles y belonging to the part of the curve below the 
100-ev ordinate, are favorable for sputtering. If a 
certain mean value of s is assumed, then the angular 
area of y in the curve belonging to s is seen to increase 
from a small area at the minimum threshold energy to 
the largest area at the assumed 100-ev ordinate. This 
means, since y is measured from the surface normal to 
the spot, that the deposits lying symmetrically to the 
normal are brought closer and closer together. This 
explains satisfactorily the observations of Wehner.! 

However, as seen from the curves, there is also a 
smaller increase of the angular area of y towards larger 
angles up to the limiting angle ymax=80 degrees, 
approximately. On the other hand, the curve drawn 
for the very large separation s= 50a, shows that an 
angular area close to the surface normal of about +10 
degrees cannot be reached by sputtered atoms, even at 
ion energies of 300 ev, if only oblique ion incidence is 
considered 

The real reason that the deposits merge together at 
higher ion energy to form only one extended spot on 
each side of the metal strip, as observed by Wehner,! 
is the fact that, at 50 to 70 ev for Cu, sputtering 
already occurs from ions hitting the center parts of the 
metal strip in the normal direction of incidence and 
ejecting atoms in the direction normal to the surface. 
rhis may be responsible for filling up the region around 
the surface normal on the glass cylinder 

The angular areas of the contact angle y, for the ion 
energies 30 ev and 40 ev, taken from the second largest 
curve in Fig. 3, are drawn in Fig. 4 on the glass cylinder 
collected from a metal strip 


on which deposits are 


DEPOSITS: 30 ev 


GLASS CYLINDER \ TARGET STRIP 


hic, 4. Locations of the deposits on the cylindrical collector 
around the target in experiments with 30 and 40 ev as taken from 
the curves of Fig. 3 
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placed symmetrically in the center of the cylinder. A 
comparison of Fig. 4 with the photographs of the spots 
in Wehner’s paper,' in which the length of the photo- 
graphs is very close to half the inner circumference of 
the cylinder, reveals that the calculated area of the 
deposits is in excellent agreement with the experimental 


data. 


5. CATHODE SPUTTERING AT PERPENDICULAR 
ION INCIDENCE 


Exclusively perpendicular ion incidence can be 
assumed if the target is a cylinder with a sufficiently 
large diameter. Wehner’ used such cylindrical targets 
in the measurements of the threshold energies of 26 
metals with Hg-ions at normal ion incidence. 

To explain the sputtering phenomena at perpendic- 
ular ion incidence, it must be assumed that collisions 
leading to sputtering are multiple collisions of the ion 
with surface atoms, in which the direction of the ion is 
reversed so that in the final collision an upper surface 
atom can be hit on its inside half. The simplest assump- 
tion is that the ion collides first with a lower surface 
atom which, when hit at a certain contact point of its 
collision sphere, causes the ion to rebound in such a 
direction that an upper surface atom is hit on its inside 
half in this second collision. A certain energy loss in the 
form of excited Debye waves is involved in the first 
collision as explained in Sec. 3. An atom will be ejected 
in the second collision only if the remaining energy of 
the ion is large enough to transfer a momentum compo- 
nent to the upper atom in a normal outward direction 
with an energy equal to or greater than the binding 
energy of this atom to the crystal plane, which is 
assumed to equal the heat of vaporization. 


5.1. General Threshold Energy Formula 
for Normal Ion Incidence 


The theory of sputtering collisions with energy dissi 
pation as developed in Sec. 3 offers a simple way to 
arrive at a formula for the threshold energy, when 
applied, according to the concepts developed above, to 
the two consecutive collisions of the ion (mass m): the 
first collision with a lower target atom and after 
rebound the second one with an upper target atom 
(mass M). Both kinds of particles are considered as 
perfectly elastic spheres while the energy loss is deter 
mined by the coefficient of dissipation 6. In Fig. 5(a) a 
unit area of a face-centered cubic (110) plane is repre 
sented in a top view. Figure 5(b) shows the plane A — A 
perpendicular to the (110) surface with the upper 
surface atoms My, My, and the lower one M,. The 
radii of the collision spheres of the ion and the target 
atoms may be cm and cy, respectively; the angle a 
between the surface normal and the center line of the 
atoms My and M, is equal to 60 degrees in this case 
['wo possible collisions of the ions m and m’ as indicated 
in the drawing are produced by different angles of 
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incidence 7; on the lower atom M_. The ion m rebounds 
at the reflection angle r; and hits the atom My at a 
contact point on its collision sphere determined by the 
angle y, which is the angle between the surface normal 
and the center line of the particles at the moment of 
contact. The angle of incidence in this second collision 
is 42, Since the angles of incidence for the ions are 
chosen arbitrarily, the collisions involved are in general 
oblique collisions; only the second collision of the ion 
m’ is a head-on collision with i2=0. 

For an oblique collision between two smooth per- 
fectly elastic spheres m and M with an assumed coeffi- 
client of dissipation 6 and with the velocities v and Vo 
before the collision, the velocities 2, V, of the 
particles after the collision are determined by the 
condition of smoothness which requires the following 
equations for the tangential components of the veloci- 
ties: 0)¢= Uo. and Vj~= Vo. For the normal components 
vi, and V,, the equations for head-on collision (3.9) 


and 


apply; thus, 
m—6bM M (1+) 


Von + V Ony 


m+M 
M—ébm ; 


(5.1) 
m+M 


m(1+-6) 
VOn + 
m+M 


Vin 
m+M 


The target atom M is always assumed to be at rest 
before the collision; thus Vo,=0. Since the components 
of v at the incidence angle i are vo, 


Vor= Vo Sint, the velocity v, of the ion m after the collision 


vp Cost and 


is given by 
=e te 
2mM (1+-6)+M?(1—6*) 
cos’7}, (5.3) 
(m+ M)? 


while the velocity V,, acquired by the atom M in this 
collision, is 
m(1+-6) 
Vo COSL. 


m+M 


(5.4) 


With these formulas the problem of double collisions 
at normal ion incidence can be solved immediately. In 
the first collision of the ion m, the lower surface atom 
M, in Fig. 5(b) is hit at the incidence angle i,; the ion 
then rebounds at the angle of reflection r; against the 
atom My which is hit in an oblique collision with the 
incidence angle iz. Since the lower surface atom M is 
not freely movable as explained under 3, the condition 
m<M must be applied to Eq. (5.3) for this collision. 
This leads to the equation for the velocity 0, of m after 
the collision: 


v,2= ve"[ 1— (1— 8?) cos*s, |. (5.5) 
In the second collision the velocity V2 of the atom 
My after the collision is of interest. Substituting 0,, V2, 


and tz for v1, V1, and 1, respectively, in Eq. (5.4), V2 


OF 
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bec omes 
m(1-+-6) 
V2 V1 COSte 


m+M 


(5.6) 


Since the angle between the surface normal and the 
center line of mand My at the moment of contact is y, 
the normal component of the momentum transferred 
to My in MV,.cosy; thus the 
energy acquired by My is correspondingly (2*/2M) 

}(M V2) cos*y. The atom My is subject to binding 
forces, determined by the attractive forces of its 
neighbors in the lattice, acting in the normal inwards 


this collision is P 


direction and generally assumed to be equal to the 
heat of vaporization A/Z,,; in this lattice plane. ‘Thus, 
only if the energy transferred to My in the collision is 
equal to or greater than A//)4;, can the atom My be 
removed from the surface. If /,,in is the lowest primary 
energy at which this happens and is thus equal to 4¢m,’, 
this leads with the aid of Eqs. (5.5) and (5.6) to the 


following formula: 


(m+M)? 
Date KAM nei 
mM 
| 
(3.7) 


(1--6*) cos*i, | 


(1+-6)? « os’y Cos*ie| 1 
This is the general equation for the threshold energy 


at normal ion incidence under the assumed double 


collision mechanism, 


5.2. Discussion of the General Threshold Energy 
Formula for Normal Ion Incidence 


From Fig. 5(b) it can be immediately seen that the 
angles y, 2), and i, occurring in formula (5.7) are 
dependent on the sizes of the collision radii ¢m and ¢y, 
the separation between the atoms My and M_, and the 
angle a between the surface normal and the center line 
of My and M,_. The separation My—M,_ and the angle 
a are determined by the lattice constant a, the crystal 
system, and the plane under investigation. Because of 
the present lack of the required data for the coefficient 
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Fic. 5. (a) Top view of the unit area of a (110) fcc single-crystal 
plane. (b) Double collision sputtering in the plane A — A perpen 
dicular to the (110) fee plane of Fig. 5(a). The ion m hits the 
lower atom M_, rebounds against the upper atom My, and ejects 
My if the energy of m is high enough to overcome the binding 
forces of My to the lattice 
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Fic. 6, Plot of the mass factor g(m,M) = (m+M)*/mM vs atomic 
weight of the target atoms M for different ions m. 


of dissipation and for the collision radii, a general 
solution has not been carried out. 

In order to check the approximation, as developed 
in the next paragraph, some values have been calculated 
with the data applying to Al; the collision radii were 
taken equal to the ion size of Al for both the target 
atom and the impinging ion; the separation between 
the atom My and M,, was taken according to the fe« 
lattice with a= 4.04 A, and the coefficient of dissipation 
was chosen with 6=0.5. The result was that the lowest 
threshold energy occurs between 35 and 42 degrees of 
the incidence angle i,, and the minimum threshold 
energy as calculated from Eq. (5.7) is only 12% lower 
than the threshold energy calculated from the simplified 
formula (5.11) under 5.3. Since the available data on 
threshold energies as seen from the table of Wehner? 
have considerably larger fluctuations, the simplified 
formula for the threshold energies as derived below is 
well able to lead to values in agreement with the experi- 
mental data. 


5.3. Simplified Threshold Energy Formula 
at Normal Ion Incidence 


To simplify the calculation, only one special collision 
is taken into account, namely the one for which 


+r, =a, (5.8) 


where a is the angle between the surface normal and 
the center line of the lower and the upper surface atom 
involved in the collision, as indicated in Fig. 5(b). This 
condition corresponds to the case in which the lower 
atom M,, is replaced by a plane at the center of the 
lower atom with an angle of inclination 7, of its normal 
from the surface normal and the ion m impinges on 
this plane in a perpendicular direction to the surface. In 
this case the angles 7; and r; are connected with each 
other by the equation 


tani,;=46 tanrn, (5.9) 


so that 7, can be calculated for each angle a and each 
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value of 6 from the quadratic equation resulting from 
(5.8) and (5.9), with the solution 


146 f(1+é)? 
+| : 


tani,;=— 


4 

- -3| , (5.10) 
2tana 14 tan’a 
since only the positive sign of the square root has 
physical significance. 

Since in this case Eq. (5.6) holds with iz=0 and 
y=a, the general threshold energy formula (5.7) is 
reduced for the special “‘a-collision” to 


(m+M)? 
mM 


KAA pK: 


] 
smin 


1 
—a — 
(1+-6)* cos’a{_1— (1—6*) cos’ } 


where 7, is determined by Eq. (5.10) for each a and 6. 
For any low-index crystal plane (Akl), the angle a can 
easily be calculated from the crystal system. The heat 
of vaporization AH),,; in this plane can be determined 
for the target material from the value A//29s, as shown 
below. ‘Thus, if a reasonable assumption is made for 
the coefficient of dissipation, for instance 6=0.5, the 
calculations of the threshold energies for different target 
metals and ions can be carried out with Eq. (5.11). 


5.4. Discussion of the Simplified Threshold Energy 
Formula for Normal Ion Incidence 


Equation (5.11) may be rewritten in the form 


Emin= g(m,M )AH nerf (anid), (5.12) 


with the mass factor 


g(m,M)=(m+M)*/mM (5.13) 


and the factor 
1 


f(enei,d) = - em (5.14) 
(14-5)? cos’angi 1 — (1—6*) cos’ ] 

where the index (Akl) indicates that the angle a is 

different for different low-index crystal planes, and the 

only angle of incidence involved in (5.11) is now labelled 

i. 


5.4.1. Mass Factor g(m,M) 


This factor has been plotted in Fig. 6 as a function 
of the target mass M for different ions such as He, Ne, 
A, Kr, Xe, and Hg. If the coefficient of dissipation 6 
were the same for different combinations of ions with 
the same target element, then the threshold energy 
values for other ions would only depend on this mass 
factor g(m,M), since the factors f and AH),; are then 
the same for each ion-target element combination. 
Thus, the threshold energies could be immediately 
predicted for other ions from the values for Hg ions 
with the aid of plots of g(m,M) in Fig. 6. However, the 
permissibility of such a procedure is questionable at 
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the present time, since no measurements of threshold 
energies with ions other than Hg, with the same 
precautions, are known in the literature. On the other 
hand, much more refined measurements of the threshold 
energies are probably necessary to decide whether or 
not the coefficient of dissipation is the same for each 
ion-target combination. 


5.4.2. Heat of Vaporization AH hx: 


Values of the heat of vaporization for special single 
crystal planes (hkl) are not known in the literature. 
The only known are the average values AH for 
polycrystalline materials at 298°K (Quill'') giving the 
heat in kilocalories to vaporize one mole of the material. 

In a low-index single crystal plane (Ak/) the binding 
energy $rx, of an upper atom to the bulk can be assumed 
in a first approximation to be proportional to the 
number of nearest neighbors. To obtain a rough esti- 
mation of A/Tjx: from A/Zo93, the unit area of a poly- 
crystalline surface is assumed to be composed exclu- 
sively of equal areas of the {100}, {110}, and {111} 
crystal planes. The total surface energy of a unit 
area of this surface would then be given by the aver- 
age (N netPret) av 4(N yoobi00 t+ V 0b i190 FN dint ), where 
Nioo, Nitro, and Vy, are the numbers of upper surface 
atoms per unit area in the corresponding low-index 
planes. 

The ratio AH jx1: Ao is then equal to the ratio of 
the product Visas to the average CV acibnrriav 

This leads to the equation 


NnktPnet 


: (5.15) 
(N neePnew) av 


A nxt - AH 298 X 


which can be easily evaluated for the low-index planes 
in different crystal systems. Considering only the 
nearest neighbors, for instance, the resulting values are 
as follows: 


for fcc systems: 
AH = 1.03 4H as, 
AH 59 = 0.6354H 293, 
AH 111; = 1.3354H 295. 


for bcc systems: 


AH 00 
AA i100 
AH), 


O.81 AH 29s, 
1.72A/7 298, 
0.47 AH 093, 


(5.16) 


If nearest and second nearest neighbors are considered, 
the numbers would be 0.93, 1.47, and 0.60, respectively, 
for bee systems and 1.13, 0.67, and 1.20, respectively, 
for fcc systems. The assumption that the energy values 
are proportional to the number of nearest neighbors 
can be considered as a permissible approximation for 
the metallic bond and is used in the calculations. As 
could be expected, the values are higher in the most 
densely populated planes such as {110} in bec systems 
and {111} in fec systems. 

ML. L. Quill, The Chemistry and Metallurgy of Miscellaneous 


Materials; Thermodynamics (McGraw-Hill Book Company, Inc., 
New York, 1950), first edition, p. 26. 
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Kic. 7. Plot of the function f(a,6)* Al y4:/AH om for the lattice 
angles @ occurring in unit areas of low indices planes of bee 
crystals. 


5.4.3. Factor {(cnni) 


This factor, defined by Eq. (5.14), can be calculated 
for the different angles a,x: occurring in the low-index 
planes of different crystal systems. The results are 
plotted in Fig. 7 and Fig. 8 for bee and fcc systems, 
respectively, multiplied for convenience by the factor 
A yx1/SH og. Since the threshold energy in formula 
(5.12) can be rewritten in the form 


Emin= g(m,M ) X AH og 3 (ernet,6) AH ner/ AH 9s |, (5.17) 
it can be readily calculated for each plane (hkl). The 
value of g(m,M) can be taken from Fig. 6 for the ion 
target combination, the bracket value from Fig. 7 or 
Fig. 8, and the heat of vaporization AH, from the 
tables and may be converted into ev. In this case the 
threshold energy is obtained in ev, since the other two 
factors are dimensionless. 


5.5. Threshold Energies for Polycrystalline Target 
Materials at Normal Ion Incidence 


In the calculations of threshold energies for poly 
crystalline target materials without preferred orienta 
tions of the surface grains, an average value of the 
function f(ank,6) AH je1/AH 9s, taken over all the angles 
occurring in the crystal system of the target, may be 
chosen from Fig. 7 or Fig. & for the assumed value of 
the coefficient of dissipation 6. If, however, preferred 
orientations are present, for instance as in cold-rolled 
fcc metal sheets where (110) orientation is prevailing, 
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angles a occurring in unit areas of low indices of fccerystals 


then the value from Fig. 8 should be taken closer to the 
angle a belonging to the (110) plane for which a= 60°. 


5.6. Agreement of the Simplified Threshold Energy 
Formula with Experimental Data 


Wehner’ determined experimentally the threshold 
energies for 26 different polycrystalline metals in Hg 
gas discharge, using targets in the form of cylinders 
with a sufficiently large diameter to assure normal ion 
incidence exclusively, and observing all the precautions 
necessary to avoid back diffusion of the sputtered atoms 
to the surface. If the threshold energy formula (5.12) 
is applied to the seven bee and ten fee metals of his 
table, and the values of g(m,M) and average values of 
f(arnnt,d) AH yyr/ XH ogg are taken from Figs. 6, 7, and 8, 
respectively, for an assumed coefficient of dissipation 
60.5, then the resulting threshold energies for all 
these metals are well in the ranges of the experi 
mental data 

This can be seen from Table I, in which the values 
of the function (ened) AH yir/ Mos are calculated for 
the lower and upper limits of the threshold energies 
determined by Wehner,’ and the corresponding values 
for the coefficient of dissipation 6 are read from Figs. 
The values for bec metals are 
0.5 and 6=0.63, while the 
values for fcc metals are between 6= 0.39 and 6= 0.54, 
indicating a higher energy loss by excitation of Debye 


7 and &, respectively 
found to be between 6 


waves in fcc lattices compared with that in bee lattices. 
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The widespread limits of the threshold energies in 
Wehner’s table? for some metals are due to the method 
of evaluating the threshold energies from the sputtering 
rate date. Refined methods of measuring the threshold 
energies are probably necessary to determine to what 
degree the coefficient of dissipation is different for 
different targets sputtered with the same kind of ions, 
or vice versa, for the same target atoms sputtered with 
different ions. 


6. THRESHOLD ENERGY FORMULA FOR 
TRIPLE-COLLISION SPUTTERING AT 
NORMAL ION INCIDENCE 


In studies of the spot patterns” of {110} fcc crystal 
planes, it can be observed that already at relatively 
low ion energies some of the upper surface atoms are 
ejected in a direction normal to the crystal plane. These 
produce a center spot in the spot patterns. An upper 
atom, sputtered in the normal outward direction, must 
have been hit by an ion at its lowest inside point with a 
sufficiently large momentum component in the normal 
outward direction. The fact that this center spot, at 
somewhat higher ion energy than the threshold, is 
more pronounced than the spots belonging to the 
a directions in the unit areas, indicates that a special 
mechanism is effective after some surface atoms have 
been removed from the surface by the sputtering 
process. 

This mechanism may be described with the aid of 
Fig. 9(a) and Fig. 9(b). The first drawing is a top view 
of a {110} fee single-crystal plane orientated in the 
plane of the drawing so that one of the (111) directions 
is vertical. The unit areas are rectangles, as seen in 
this top view; sputtering occurs at low ion energy in 
the directions of the diagonals of the unit areas, when 


TABLE I. Coefficients of dissipation, calculated from threshold 
energy data on bee and fcc metals sputtered with Hg-ions. 


, S (a,b) 
(Wehner*) . AH net 
ev “AH os 


120-130 =3.75-4.06 
60— 80 2.68-3.56 
OO- 70 =2.44-2.84 
120-130 3.39-3.68 
80-100 2.6 -—3.26 
120-140 3.44-4.1 

80-100 ; 2.86 


Coefficient of 
dissipation 6 


0.52 -0.50 
0.57 -0.53 
0.63 -0.57 
0.55 -0.53 
0.59 -0.54 
0.54 -0.50 
0.625-0.57 


Kle 
ment 
V 6.18 
Cr 6.11 
Fe 5.84 
Ch = 4.70 
Mo 4.56 
Ta 4.08 
W 4.01 


g(m.M) 


4).425 
0.48 
0).47 
0.50 
0.42 
46 
0.45 
0.49 
0.40 
0.39 


0.45 
0.52 
0.53 
0.54 
0.51 
0.49 
0.50 
0.53 
0.54 
0.42 


4.45 
3.6 

3.5 

3.02 
4.6 

3.86 
3.85 
3.18 
4.95 
4.35 


120. 
70 
50 
70 
50 
40 
70 
40 
20 

120 


140 
90 
70 
80 
80 
50 
90 
50 
40 

140 


Al 9 54 
Ni 5.08 
Cu 5.46 
Rh 4.40 
Pd 4.29 
Ag 4.27 
Pt 4.00 
Au 4.00 
Pb 4.00 
Th 4.02 


* See reference 2 


2 EF. B. Henschke, J. Appl. Phys. (to be published 
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one of the lower surface atoms Mz is hit by the perpen- 
dicularly incident ion and rebounds against an upper 
surface atom My, ejecting it from the surface in this 
collision. If it is now assumed that the upper atoms 
Mv, and My, have been sputtered by ions in collisions 
with the lower atoms M,,;, and Mz», respectively, then 
a small furrow will have been generated in the surface 
in the direction (211). It is now possible and equally 
probably that an ion will hit a lower atom within this 
furrow, for instance one of the atoms lying perpendi« 

ularly under the atoms My,, and My» in the second 
lower plane, and rebound against the atom M7,» to 
eject it from the target. The angular conditions are the 
same as in the unit area of the {110} surface, and the 
energy required is only a little higher since, after Mr, 
and Mv» have been sputtered, M7,» has only nine nearest 
neighbors and even only eight after Mv, has also been 
ejected, while an upper atom in the unit area of a 
{110} plane has seven nearest neighbors. 

In Fig. 9(b) the perpendicular plane A—A 
(211) direction of Fig. 9(a) is drawn. After the 
surface atom M,» of this plane has been removed as 
described, the intersection of the assumed electron 
cloud of the surface atoms with the paper plane, 
indicated by the curve co for the undisturbed surface, 
is represented by the curve c,. If by the same mechanism 
the atoms Myy, Mrs, Mz, and Mg are also sputtered, 
then the curve co indicates the intersection of the 
electron cloud with the {111} plane of the drawing; 
the cloud now follows the more extended side walls of 
the furrow, which are built up of staggered {110} unit 
areas, the planes of which intersect the surface plane 
at an angle of 60°, and their diagonals My— Mj, and 
M,,— Mw lie in the plane of the drawing 

With the generation of these furrows in the surface, 
which have been observed in a more developed state in 
electron micrographs of sputtered {110} single crystal 
planes of Ag at very low ion energy, a triple-collision 
mechanism is involved which leads to the ejection of 
perpendicular direction to the 


in the 
lower 


upper atoms in the 
surface, if the ion energy is only a small amount higher 
than the threshold energy for double-collision sputter 
ing. This is easily explainable, as follows, with the aid 
of Fig. 9(b). 

In the case of the smallest furrow (curve ¢,), an ion 
m may hit the atom My, in the indicated direction, so 
that it rebounds against the atom M, and again re 
bounds against the upper surface atom Mug, ejecting 
this atom in the direction of the arrow. If the curve c» 
can be assumed to apply, then a second ion m’ may hit 
Mo and rebound against My, and again against M, in 
the normal outward direction. The directions in which 
the atoms Ms and My, are hit by the ions m and mi’, 
respectively, are perpendicular to the {110} unit areas, 
which lie in the left side wall of the furrow; these two 
atoms are lower surface atoms in these unit areas. 

Thus formula (5.11) for a double collision at normal 


ion incidence can be applied to the second and third 
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(b) 
hic. 9. (a) Triple-collision sputtering: furrow generation in an 
fcc {110} single-crystal plane by consecutive sputtering of the 
upper atoms Mii, Mus, and the atom My». (b) 
Triple-collision sputtering mechanism in the {111} plane A—A 
perpendicular to Fig. 9(a). The ions m and m’ eject the atoms 
Mus and Mg, respectively, in the direction normal to the surface 
after two preceding collisions with surface atoms of the furrow 


lower surface 


collisions of the ions m and m’, impinging on a (110) 
plane. If the first collision of m with Muy, and of m’ 
with Mo is treated as a collision with an inclined plane 
), then the velocity 2, of the ion after 
by Eq. (5.5). In the appli 


(incidence angle 1, 
this first collision is given 
cation of formula (5.11) to the second collision, vp and 
v,; must now be replaced by 2, and v2 and the angle 1 
by i, with v, from Eq. (5.5). This gives the equation 
for the threshold energy for the triple collision sputter 
ing: 
(m+M)? 


Emin KAM px 


mM 
] 


(148)? costal 1— (1—8?) cos*ig [1 — (1—8) cos*iy] 


(6,1) 
Here a and A//J,,.; have the same values (a= 60° and 
AH 9 =0.6354H 195) for the m’ triple collision as used 
in the with the {110} while 
the value of A//,,; for the triple collision of m is lower 
for the following reason. The upper atom My, involved 


double collision plane, 
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in this collision, has lost the two nearest neighbors My, 
and Mr, (see Fig. 9a), so that AH), for this atom, 
which lies on the edge of the furrow, is lower in the 
ratio of 5:7. 

The angle of incidence i, for the first collisions of m 
and m’ is determined by Eq. (5.10) with the angle 
a=120° between the atoms MyM, and MyM, 
and the surface normal. This gives the incidence angle 
i; = 51° 360’ for an assumed value of 6=0.5. With these 
values of i, and 4, the threshold energy for the triple 
collision calculated with Eq. (6.1) turns out to be only 
40% higher than the threshold energy for the double 
collision in the {110} plane, if the path of the ion m’ 
in Fig. 9(b) is considered, Since the threshold energy, 
required for the triple collision in the m case, is five- 
sevenths of this amount, it is exactly the same as the 
threshold energy for the double collision in the {110} 
plane. 

The average threshold energy necessary for triple 
collisions may therefore be estimated to be approxi- 
mately 25% higher than for double-collision sputtering 
of an undisturbed {110} fcc plane; this is in good 
agreement with experimental results. 


6.1. Triple Collisions in Sputtering Phenomena 


Besides explaining the appearance of the center spot 
in the spot patterns of {110} fcc single crystal planes,*:” 
the triple-collision mechanism also explains some other 


phenomena observed in sputtering experiments. In 
sputtering carefully prepared single-crystal planes at 
low ion energy, holes often appear in the otherwise 
unattacked plane, which widen out rapidly and have 
extremely sharp contours, as seen in electron micro- 
graphs. The primary reasons that these crater-like holes 
appear at all are lattice defects where the threshold 
energy can be assumed to be lower. However, the 
enlargement of the craters and the very sharp contours 
can be explained by the triple mechanism as described 
with Fig. 9(b). The same is true for the preferential 
attack of grain boundaries in polycrystalline targets 
at low ion energy. 


7. SPUTTERING RATE FOR CATHODE SPUTTERING 
AT LOW ION ENERGY 


Besides the threshold energy the second important 
magnitude in cathode sputtering phenomena is the 
sputtering rate, defined as the number of sputtered 
atoms per incident ion. 

Reliable measurements of the sputtering rate at low 
ion energies, as known from literature, are obtained by 
the method of Kingdon and Langmuir,’ using the 
decrease of the electron emission of thoriated tungsten, 
and by the method of Wehner and Medicus,” using the 
displacement of the Langmuir probe characteristics for 
measuring the sputtering rate of Pt and Xe at very 
low ion energies. The last method gave the result, that 


8G, Wehner and G. Medicus, J. Appl. Phys. 25, 693 (1954). 
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the sputtering rate S of Pt with Xe ions in the energy 
range 50<E<200 ev is roughly proportional to 
(E—E»)*, with Eo=40 ev, where Ey is determined as 
the intersection of the linear part of the \/S versus E 
curve with the £ axis and considered as the threshold 
energy. Two measured values of the sputtering rate at 
35 ev and 30 ev, lying on the lower nonlinear part of 
the curve, were disregarded. 


7.1. Sputtering Rate and Threshold Energy 


The knowledge of a law for the sputtering rate, 
derived from a general theory of sputtering, is very 
important, because the more refined measurements of 
the threshold energies are based on measurements of 
the yield at constant ion current density for different 
ion energies obtained in a certain time interval (e.g., 
10 minutes for higher ion energies). Much greater time 
intervals are necessary (30 minutes) near the threshold 
energy where the sputtering rate is small. If the curve 
of the sputtering rate S versus ion energy E£ is plotted, 
the upper part of the curve is found to be linear and 
the sputtering rate is proportional to (E—p) if an 
energy value Ey is determined by the intersection of 
the extended linear part with the abscissa. If the lower 
nonlinear part of the same curve is replotted with the 
square root of S versus E, then the upper part of this 
second curve is again linear, and another value Ey’ can 
be obtained by the intersection of the extended linear 
part, indicating that the sputtering rate S in this part 
of the curve is proportional to (Z—,’)*. The energy 
values Ey and Ey’ are considered as the threshold 
energies. There is no reason, in the opinion of the 
author, to define the values Ey and Eo’ as two different 
threshold energy values, one, Zo, for the higher energy 
level from the S vs £ curve, which may be 90 ev, as for 
Pt-Hg, and another EZ’ for lower ion energies from the 
VS vs E curve, which may be 45 ev, and finally to take 
a range between these values.‘ Neither the S curve nor 
the \/S curve can be expected to cut the abscissa. This 
is not because there is an indetermination, but because 
the definition of the threshold energy, as the lowest ion 
energy at which sputtering occurs, implies that the 
sputtering rate is definitely not zero at the threshold 
energy. It becomes zero only if the ion energy is below 
the threshold energy. At lower ion energies than the 
threshold, atoms cannot be ejected from the surface. 
Thus, the lowest ion energy, at which a yield can be 
measured in a reproducible manner, must be regarded 
as the threshold energy. Threshold energies determined 
by the intersection of the linear part of the curves with 
the E axis, for which S=0, are therefore a little too 
high. The spot pattern experiments with single-crystal 
planes* prove that there is no indetermination near the 
threshold energy due to lattice defects. 

The main reason for the discrepancies in determining 
the threshold energy is the lack of a theory from which 
the curve of sputtering rate vs ion energy can be derived 
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for the ranges from the threshold energy to a few 
multiples of it, in order to extrapolate the threshold 


energies in the right manner. 


7.2. Definition of the Sputtering Rate 
of Single-Crystal Planes 


Since the sputtering rate is defined as the ratio of 
the number of sputtered atoms to the number of 
incident ions, it can also be determined by the ratio of 
the sizes of the ‘favorable areas” on the crystal surface, 
which must be hit by the perpendicularly incident ions 
to produce sputtering, to the total area of the target 
hit by the ions. If the target is an ideal low-index 
single-crystal (Akl) plane, it is only necessary to consider 
this ratio in the unit area of this plane, Ajx:, which is 
the smallest area between upper surface atoms My 
containing only one lower surface atom M, in the {100} 
and {110} planes and two lower atoms in different layers 
in the {111} planes and covering the whole surface by 
simple translations. The number of favorable areas 
within the unit area is given by the number p, of the 
angles a, which are the angles between the surface 
normal and the center lines between the lower and the 
upper surface atoms of this area. For instance, it is 
pa=4 in bee and fee {100} planes and in {110} fe« 
planes, pai=2 and pa2,=2 in {110} bee planes, and 
Pai=3 and parz=3 in {111} bee and fee planes. 

In Fig. 10 the two atoms My and M, of a unit area, 
lying in the @ direction, are represented by the spheres 
with the radius cy. Three ions m,, m2, and m3, with 
the radius of their collision spheres c,, impinge on the 
lower atom M,, in the direction perpendicular to the 
surface of the plane and rebound against the upper 
atom My, as indicated in Fig. 10. 

The centers of all the ions, which can hit the atom 
My after rebounding from the lower atom My, in 
favorable directions for the ejection of My, lie within a 
certain area Aya on the sphere with radius ¢,= ¢m+¢m 
concentric with M,. The projection P(A,q) of this 
area onto the surface plane, as drawn in a perspective 
representation, is then the favorable area on the surface 
of the crystal belonging to the represented @ direction 
within the unit area. The size of this area depends on 
the energy of the ions. At the threshold energy the 
very small area MA,q on the c, sphere must be hit by 
the ion m, to produce one of the few collisions requiring 
the least amount of energy for sputtering My. The 
projection of this area on the surface is P(AA,q). Since 
there are pq of such favorable collision areas within 
each unit Ajxi, possibly with different angles a, a2: -- 
and different values of P(Aya;), P(Auaz), +, the 
definition of the sputtering rate within a unit area of a 
single-crystal plane (Ak/), introduced above, can be 
described by the equation 


@i, @ia*** 


Shei _ x. paP (Aye) / A hkl (7.1) 
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P(Aga) \ =< P(aAya) 
1 














Fic. 10, Sputtering rate calculations for single-crystal planes 
P(Aya) is one of the areas on the surface plane favorable for 
sputtering of the upper atoms My within a unit area Ayu. Ama 
is the corresponding area in the collision sphere of the lower 
surface atom M,_. 


with the condition 


@i, at: 


(Snet) min 


a 


PeP(Ape) / Ans (7.2) 


A generalization of this definition for single crystal 
planes, in which the angles ay, ay: «+a, and the numbers 
pa,, *** pa, vary in different units areas or for surfaces 
of polycrystalline targets can easily be made and will 
be discussed later. 


7.3. Sputtering Rate for Single-Crystal Planes 
(hkl) at Low Ion Energies 


To find a relation between the sizes of the favorable 
areas P?(A,q) and the ion energy E, two assumptions 
must be made, one about the shape of these areas and 
the other about the dependence of the size upon the 
ion energy £. If the area A,q is assumed to be circular 
with radius a on the sphere with the radius ¢,= ém+¢m, 
then the projection of this area ?(A,q) onto the surface 


plane, as seen from Fig. 10, is given by the equation 
P(A,a) = 2ab= we,’ sin*€, Co8(4— ig), (7.3) 

with 

Cy SIN €g COS (4 (7.4) 


a=C,8Mé€éq, b ta). 


After the incidence angle i,, which is always acute, 
has been defined as the angle between the normal to 
the surface and the center line of the colliding spheres 
at the moment of contact, the angle between the center 
line and the surface is (4r—i,). Since the radius a, 
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lying in the plane of the drawing, is perpendicular to 
this center line, the projection angle of this radius 
against the surface is (r—i,). 

The smallest areas AA,q of A,. and thus AA wy, of 
{4 on the cy collision sphere of the target atom M,, 
apply for the threshold energy £,,i,. For simplification, 
it is assumed that the collision happens at the incidence 
angle 1. belonging to E,,in producing the collision as 
explained in the simplified double-collision theory above, 
where a is given by the lattice structure of the unit 
area. With increasing energy E, the very small area 
AA ma is enlarged to Aya since the ions hitting the 
target atom in the neighborhood of AA wy, are also able 
to produce sputtering at incidence angles deviating 
only within certain small limits from the small circular 
arca AA wa. A relation between the ion energy E and 
the favorable area P(A,«), which is dependent on A wa, 
can be assumed from the concepts of the developed 
uttering collision theory as follows. It has been 
assumed that for sputtering collisions at perpendicular 
ion incidence, the condition mM can be applied for 
the first collision of the ion with a lower surface atom. 
With this condition, the compression impulse R, from 
Eqs. (3.5) and (3.4) with Vo=0 is given for an oblique 
collision by 


R, 


5M COSI ag, 
so that the energy involved is 


R?2/lm=68E cos*ig, (7.6) 
if L=4mv,? is the energy of the impinging ion. 

This is also the energy regained during the phase of 
expansion since R,= R,. 1f{6=0, the whole energy would 
be dissipated in Debye waves and sputtering could not 
occur at all. The larger 6, the higher is the energy 
regained. 

Thus, as a reasonable assumption, the area A yqcan be 
set proportional to 6°# cos*i, with a factor v’ of dimen- 
sions [ mt * | by the equation 
(7.7) 


VA wa= 8 cos*ig, 


which with the abbreviation 

Ya & cos*ig v (7.8) 
can be written as 
Jali. (7.9) 


A Ma 


The area Aya is the surface of a spherical segment 
on the collision sphere cy of the target atom M_; 
therefore, as seen from Fig. 10, 


Ama 2rceu' (1 — COSE,) (7.10) 


and thus from Eqs. (7.8) and (7.9) 


Ya ( Ya | ) 
Kk 
re 4c wu 


SIN €a 
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If this value is inserted into Eq. (7.3), then the 
sputtering rate from Eq. (7.1) can be written in the form 


E*tyet 
She saul ere, r), 
Arc’ 


» 3 
ad a@i, a2" 


Cy . : 
> Pada COS a 


Co’A hei a 


(7.12) 
where 


Shkl 


ai, a 


lnk » > Pada COSt a 


@i, a2*** 


> Pala COSig. (7.14) 


For the threshold energy Eyin, Pa, ta, and thus ga, 
Saety ANA thy, can be determined for each low plane of 
any crystal system, if assumptions are made about 4, 
Cm, €m, and v*. If there is only one a@ angle in the unit 
area, y4, 18 equal to a= & cos*i,/v’. Different sputtering 
rates at the threshold energy can be expected for differ- 
ent single-crystal planes of the same as well as of 
different crystal systems. The calculation of shx: and 
tee becomes more complicated for higher ion energies, 
since sputtering can then also occur by collisions from 
second or third lower atoms or by triple collisions. In 
this case the single unit area is no longer representative 
for the sputtering rate, but several unit areas together 
must then be considered as a new unit area for the 
calculation, similar to the case of polycrystalline targets 
treated below. 

Equation (7.12) gives the relation between the sput- 
tering rate S,,, and the ion energy £ for an ideal low 
index plane (hkl) of a single crystal at normal ion 
incidence. Of course, after sputtering has started, upper 
surface atoms have been removed and the formerly 
lower surface atoms are now upper ones. If this happens 
uniformly over the whole exposed surface, then the 
factors influencing the sputtering rate such as the 
angles a,, a, «::, the number of favorable areas pai, 
Pao: and the incidence angles i4;, ta2°** within the 
unit areas A),, would nevertheless be the same so that 
the Eq. (7.12) would remain applicable. That such a 
behavior is very probable can be concluded from the 
following experimental facts. If in spot pattern experi- 
ments*” the small spot of a single-crystal plane is first 
sputtered near the threshold energy, a distinct pattern 
characteristic for the lowest ion energy is obtained at a 
certain sputtering rate. If now the ion energy is in- 
creased to a value three or four times the threshold 
energy, the sputtering rate will be higher and the 
resulting spot pattern changed considerably, due to the 
fact that other directions a, from second or third lower 
atoms to upper surface atoms are now effective. The 
surprising fact now is, as observed by Wehner, that 
the threshold pattern is again obtained from this 
surface, which is no longer ideal, if the target is again 
submitted to sputtering at the lowest ion energy, and 
the sputtering rate is the same as before. 
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7.4. Sputtering Rate Equation for Polycrystalline 
Targets at Low Ion Energies 


In polycrystalline targets the total area exposed to 
sputtering can be represented by D0 rst MaxiA ret, Where 
the summation has to be extended over all the low-index 
planes (hkl) present in the surface plane of the target, 
and ,,, are the numbers of the corresponding unit 
areas Ax. Then the sputtering rate can be considered 
as the average 


$2 > NnetA new hel p NnktA hel, (7.15) 


hkl hkl 


with Syx: from Eqs. (7.12), (7.13), and (7.14). If the 
abbreviations 

S=D> MyetA newSnni/ 2, MnrtA net, 
Akl Akl 


(7.16) 


l Y mretA netnns/d, NnktA nk (7.17) 


Akl hkl 
are used, then Eq. (7.15) for polycrystalline targets 
can be written in the form 
r). 


Kt 
Sas ( 
Amc)’ 


In this equation s and ¢, since dependent on sage and 
tyet, are not really constant, but, as explained above in 
discussion of Eqs. (7.13) and (7.14), s and ¢ may be in 
a certain degree different for higher and lower ion 
energies. S in Eq. (7.18) is submitted to the condition, 

in 18 obtained for the threshold 
energy Eywin, thus 


Lonitart 
Seite ( ~ Enis). 
4c vw" 


For values of E< £,,;, there is no sputtering ; thus S= 0. 
If the differences of s and ¢ for different energies are 
disregarded, then the minimum condition (7.19) can 
be combined with Eq. (7.18) by writing 


, 


(7.18) 


that the lowest value S,, 


(7.19) 


S—Smin s| (FP — Ein’) — (E— Emin) 


(7.20) 
| dere y? 


The minimum condition, dS/dE 
Eq. (7.18) yields the value 


Enis 


0, ’S/dE’>0 from 


2acu’/t (7.21) 


so that if this value is inserted into Eq. (7.20) and if p 
is introduced by the equation 
p Beata/ fi 
then the sputtering-rate equation (7.20) becomes 
S— Smin= (E£ 


Exin)?/2p (7.23) 


which holds for E2 &,,i\,, while S=0 for E< Eyin. 
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lic. 11. The sputtering rate S versus ion energy / for Pt-X¢ 
replotted from Wehner and Medicus" (with S instead of S4) and 
compared with four parabolas of different parameters p, demon 
strating the variation of the parameter p in the sputtering rate 
law: S—Smin™ (E—Emin)*/2p for E2 Emin; S=O for E< Emin. 


The curve of the sputtering rate S vs # from kq 
(7.23) with these conditions can be recognized as one 
branch of a parabola with the vertex at S=Swin and 
E=E win, if p is considered as the parameter of the 
parabola. But, as emphasized, s is dependent on the 
energy E and has the smallest value for the threshold 
energy; thus the parameter p also varies with the 
energy and has the largest value near the threshold 
energy. 


7.5. Comparison with Experimental Data 


The only reliable curves of the sputtering rate S us FE 
at low ion energy, known from literature, are the curves 
for Pt with Xe ions” and for Pt with Hg ions.* The 
Pt-Xe curve is replotted in Fig. 11, on the right side, 
with values of S instead of 1/.S, while on the left side 
of the same figure four parabolas with the same vertex 
The lower 
part of the S curve between 34 ev, which is the threshold 
and P, best 
(except the first experimental point, which has been 
disregarded ) 


but with different parameters are drawn 
energy, and 45 ev fits the parabolas 1’; 


The upper part of the curve between 70 
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F 1G. 12. Periodicity of the 
threshold energies Emin of 
26 different metals with Hg 
ions, as determined by 
Wehner,’ in a plot vs atomic 
number. The encircled value 
Emin=40 ev for Pt was 
measured by Wehner and 
Medicus" with Xe ions. 
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and 100 ev (and as checked, but not represented up to 


200 ev) perfectly fits the parabola with the smallest 
parameter (focal point F3). 


7.6. Extrapolation of the Threshold Energies 
from Experimental Curves S vs E 


The practical value of the knowledge of the sputtering 
rate law lies in the fact that time consuming measure- 
ments of the sputtering rate at the lowest ion energies 
near threshold can be avoided. As seen from Fig. 11 
the curve S vs EF can be approximated in its different 
parts by parabolas having different parameters, but the 
same axis. For each part of the curve between energy 
values FE, and EF» for which the slope of the curve is 
noticeably different, the focus of the approximating 
parabola can be determined by a simple well-known 
geometrical construction. If two or more such energy 
intervals of the curve are chosen, and the foci of the 
approximating parabolas are geometrically determined, 
then all the foci should have the same abscissa. In case 
of small deviations a mean value of these abscissas can 
be considered as threshold energy Ey, in. 


8. PERIODICITY OF THRESHOLD ENERGIES 


From the sputtering-rate formula derived above, an 
interesting conclusion can be made about the relation 
between the threshold energy and the assumed collision 
radius of the target atom. Equation (7.21) resulted as 
the ion energy for which the sputtering rate S has the 
minimum value, where cy is the collision radius for the 
target atom, while ¢ for polycrystalline targets is given 
by Eq. (7.17) and the value of ¢ for a distinct single 
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crystal plane with only one a angle reduces to 


l= 6? cos*i,/v" (8.1) 


as explained in detail under (7.8). Since v’, as defined 
by (7.5), is assumed to be a constant, and the coefficient 
of dissipation 6 is approximately the same for different 
target atoms of the same crystal system sputtered with 
the same ions, the value of / at threshold energies is 
determined by the incidence angles ig. However, these 
angles are determined by the crystal planes and the 
crystal system only, so that ¢ is the same for different 
target materials of the same crystal system, and of the 
same order of magnitude for targets of other crystal 
systems. 

From these considerations, one can expect from 
Eq. (7.21) that the threshold energies for different 
metals sputtered with the same kind of ions are roughly 
proportional to the square of the collision radii cy of 
the target atoms. 

Since the sizes of the effective radii of the largest 
closed shells of the target are different for the elements 
according to their atomic number, a relation between 
the threshold energies and the collision radii ¢y in the 
derived form (7.21) should already be coarsely visible 
in a plot of the threshold energies of the different 
elements versus atomic number. 

The threshold energies of 26 metals with Hg ions, 
determined by Wehner,’ are plotted in Fig. 12 in this 
manner, and one can immediately see from this plot 
that the threshold energies of the elements between the 
noble gases follow a certain law. This law requires, 
within each period, higher threshold energies for the 
elements with the lower atomic numbers. 





COLLISION THEORY OF 
It now remains to be checked as to whether the de- 
rived relation (7.21) with tentatively assumed collision 
radii is able to cover this law in a satisfying manner. 
An estimation of the collision radii cy of the largest 
closed electronic shells can be obtained from data on 
the radii of electronic orbits, tabulated by Slater" for 
the lighter elements, and from data on the radii R 
associated with hard-sphere collisions of knocked-on 
atoms in the theory of radiation damage.* The radii of 
electronic orbits represent the distance from the nucleus 
at which the radial charge density (the charge contained 
in a shell of unit thickness) is a maximum. These radii 
are tabulated in Table II for the M shells of elements 
of the fourth period, for which the threshold energies 
have been determined by Wehner.’ A weighted average 
value r,, of these orbits is determined by the relation 


Tm (2r M3e + or Mip + dr y3a)/ (8 + d), (8.2) 


where d is the number of electrons in the subshell M3d. 
The effective collision radius cy of the largest closed 
shell is assumed to be a multiple of r,,, which can be 
estimated from data on copper discussed in the theory 
of radiation damage. In this theory the radius R 
associated with hard-sphere collisions of knocked-on 
atoms and the mean free path L, of these atoms, 
connected with R by the relation L,= 4$7,'/R’, where r, 
is the atomic radius, are dependent on the energy of the 
knocked-on atom. If this energy is 300 ev, then the 
most probable value from the theory of radiation 
damage is L,=5r,. Since the energy of the impinging 
ion, which is comparable to the energy acquired by the 
knocked-on atom is considerably lower for the threshold 
energies which are between 40 and 150 ev, a mean 
value of L,=2.7r, seems to be a reasonable assumption. 

In this case the radius R would be R=0.7r,; thus for 
copper R=cy=0.89 A since r,= 1.27 A, while the value 
cu =0.68 A, as used above in Fig. 2 in Sec. 4.1 corre- 
sponds to the value of L,=4.65r, to somewhat higher 
energies. If cy for copper is chosen as 0.89 A, then the 
multiplying factor for r,,= 0.33 A is 2.7. This value has 
been used in Table II for all the elements. The square 
of cw multiplied with an arbitrary factor gives values 
very close to the threshold energies, measured by 
Wehner. 

The calculated values of cy’ multiplied by an arbi 
trary factor (which is chosen to be 64 in Table II) are 
drawn in the plot of Fig. 12 as circles, and are connected 
by a curve. Similar curves are drawn in the other 
periods between the lowest values of the threshold 
energies which, as explained above, are considered to 
be closer to the real threshold energies. 

The values of some elements deviate from 
curves; for instance, Cr deviates to the lower side and 
Pt to the higher side. The low value for Cr can probably 


these 


“4 J. C. Slater, Introduction to Chemical Physics (McGraw-Hill 
Book Company, Inc., New York, 1936), p. 349. 
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TABLE II, Proportionality of the threshold energies Fyy\y to 
the squares of the tentatively calculated collision radii ¢y of the 
largest closed electronic shells of elements of the fourth period 
of the periodic system." 


1M ad ™ x2 » cm? Eevwin 

x64 (ev 

0.55 117-110-130 
0.49 104 120-130 
0.45 4- 91 o0- 8&0 
0.39 d : 70 oO 70 
0.36 37 64 80-100 
0.34 ‘ 57 70- 90 
0.32 3. 51 50- 70 
0.27 i 7 $7 40- 50 


Atomic Ele 1Mu YM ap 
number ment (A) (A) (A) 


22 


Ti 0.48 
V 0.46 
( 
I 
( 


0.50 
0.47 
0.44 
0.39 
0.37 
0.36 
0.34 
0.30 


r 0.43 
e 0.39 
( 0.37 
Ni 0.35 
Cu -—-0..34 
Ge 0.30 


* rae, Map, YMad @radii of electronic orbits in the M3s, M3p, and M3d 
shell, representing the distance from the nucleus, at which the radial charge 
density (the charge contained in a shell of unit thickness) is a maximum 
(see reference 14). tm = (27a +Ormap + dra) / (8 +d), where d =number of 
electrons in M3d shell, Emin =threshold energy at normal ion incidence 
with Hg-ions (see reference 2) 


be explained by the fact that because of the lack of Cr 
sheet metal, the experiments were made with a chro 
mium surface produced by electrodeposition, which 
very probably requires only a considerably lower energy 
to start sputtering. The high value of the threshold 
energy for Pt (70 to 90 ev) with Hg ions from the table 
of Wehner® has already been discussed in connection 
with the sputtering rate. The threshold energy for Pt 
with Xe ions was found by Wehner and Medicus" to 
be 40 ev and was calculated as 35 ev from the sputtering 
rate curve above. From the threshold formula (5.11) 
and the plot of the function g(m,M) in Fig. 6, one can 
expect that the value of the threshold for Pt with Hg 
ions is not much different from the value of Pt with Xe 
ions, provided that the influence of the coefficient of 
dissipation 6 is negligible. With the threshold energy of 
35 to 40 ev, as seen from Fig. 12, Pt fits the curve in 
the sixth period from Pb to Hf very well. 

It remains to be investigated whether other minor 
discrepancies, for instance, the higher values for Co 
and Ni in the iron triad FeCoNi and for Rh and Pd 
in the triad RuRhPd, have a physical meaning or are 
More 
measurements of the threshold energies are certainly 
necessary, 


due to experimental indetermination refined 


before further conclusions can be drawn 
from these deviations. 
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The relativistic electric dipole oscillator strengths at the series limit for K electrons in lead have been re 
computed and discrepancies between published values resolved. 


N a recent paper on this subject, Payne and Levinger' 

computed relativistic dipole oscillator strengths for 
line absorption by a A electron in a hydrogen-like atom 
with Z=82. By defining a fictitious oscillator density, 
they were able to extrapolate graphically to the oscil- 
lator density for the transition in which the jumping 
electron remains just bound at the series limit. Their 
result of 0.621 for the sum of the two electric dipole 
oscillator densities alone is much too large in comparison 
with the value of 0.559 for the sum over all multipoles 
obtained by Hulme et al.” by calculation. 

A more extensive series of calculations,’ based on a 
formula for the oscillator strength (or density) in the 
general multipole transition has been made for both 
The numerical results for 


line and bound-free cases 
line transitions given by Payne and Levinger have been 
confirmed, and the calculated results for the series limit 
agree with those they obtained graphically. Payne and 


Levinger did not make complete allowance for retarda 
tion in their work, but the error due to this is at most 
one or two percent for the transitions they studied. 
When full allowance is made for retardation, the value 
of 0.621 for the sum of the two electric dipole oscillator 
densities at the series limit is reduced to 0.6075. 

Since the sum over all multipoles must be greater 
than 0.6075, the paper of Hulme ef al. was examined in 
order to determine why their value is so low. These 
authors computed the atomic cross section (assumed to 
be 5/4 that of the K shell alone) 


Tatom(Z = 84) = 1.66X% 10"! cm? 
!W. B. Payne and J. S. Levinger, Phys. Rev. 101, 1020 (1956). 
* Hulme, McDougall, Buckingham, and Fowler, Proc. Roy. Soc 
(London) A149, 131 (1935) 
11. P. Grant (to be published) 


at the series limit, and, assuming a « Z*, they calculated 


Oatom(Z = 82) = 1.51 10-7! cm’, 


leading to the oscillator density of 0.559 quoted in the 
foregoing by way of Payne and Levinger’s formula 
(11). Hulme ef al. also quoted an empirical formula 
due to Gray‘ which gives o« Z'd® in the neighborhood 
of the series limit. Since 


A\=he/[1— (1—a2Z?)! | 


at the series limit, application of this law of variation 
with Z gives 


Fatom(Z = 82) = 1.775 X 10-7! cm?, 


equivalent to a total oscillator density of 0.657, which 
is larger than the sum of the two electric dipole oscil- 
lator densities, as it should be. 

In order to check that the two calculations are no 
longer inconsistent, the two electric dipole oscillator 
densities at the series limit for Z7=84 were also com- 
puted. These were compared with the oscillator den- 
sities derived from the original matrix elements® of 
Hulme et al. 

Present calculation 
0.1640 
0.4324 


Hulme et al. 


0.1677 
0.4352 


Lsy py 
Isy—>py 
The agreement is satisfactory. 

Grateful acknowledgment is due Dr. H. R. Hulme 
for making available the original work sheets of Hulme 
et al. and for an interesting discussion on their series 
limit calculations 


‘J. A. Gray, Trans. Roy. Soc. Can. 21, 179 (1927). 
°H. R. Hulme (private communication). 
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The decay of Hf!*! to Ta!* was studied by angular correlation measurements (133 K —482 y, 133 y—482 y, 
and 133 y —482 A, energies being given in kev), conversion coefficient measurements [ax (133) = 0.50-+0.00, 
ax (136) =1.2+0.2, ax (346) =0.038+0.007, ax (482) = 0.0234-0.002 ], A/L ratios, and coincidence measure 
ments. The weak 137-kev transition, first observed by Mihelich, was placed in the decay by delayed coinci 
dence measurements. The spin assignments are in excellent agreement with the calculations of Nilsson on 
the strong-coupling model. Comparison of K—+y and y—y correlation coefficients in the HfO, sources fails 
to show any after effects of K-hole formation on the correlation coefficients. The discrepancy between the 
E2/M1 ratio obtained from y—y correlation measurements and conversion coefficient measurements in the 
482-kev transition is discussed in terms of the improved finite nuclear size corrections to 1 conversion 
coefficients described by Church and Weneser 


INTRODUCTION the effects of extranuclear fields on conversion electron 


N an attempt to resolve the discrepancies in the correlations. 


measurements of the conversion coefficients in Ta!*! 
by Fan! and McGowan,’ and to obtain consistent spin 
assignments to the various states, McGowan* measured 
the 133 y—482 y, 133 y—346y, and 346 y—136,y an- 
gular correlation coefficients. To obtain internal con 
sistency McGowan was forced to assume that the 
correlations proceeding through the 10°° sec inter- 
mediate state at 482 kev were strongly perturbed and 
that the sign of the mixture in the 346-kev transition 
was the same in the 346y—136y and 133 y—3467 
correlation coefficients.§ Since the phase conventions of 
Biedenharn and Rose* require that the phases have 
opposite sign, and since the decay appeared to have a 
number of extremely slow M1 and £2 transitions which 
were of theoretical interest, the experiments to be 
described in this paper were undertaken. Coincidence 
measurements similar to those herein described have 
been recently carried out by Boehm and Marmier,® 
Sunyar,® and Gimmi, Heer, and Scherrer.’ Electron- 
gamma angular correlation measurements have been 
reported by Gimmi, Heer, and Scherrer* but are in 
disagreement with similar measurements described in 
this paper. The results of some of our electron-gamma 
correlation measurements appear in a recent paper’ on 


The re-measurement of the 133 y—482 y correlation 
by Paul, 


agreed with McGowan’s assumption of strong attenu 


10 


in liquid sources of various viscosities, dis 


ation. ‘The spins assigned to the 136-, 482-, and 615-kev 
levels which appear in Fig. 1 were found by Paul to fit 
the y-y correlation measurements. ‘They were also sug 
gested by De Waard.'' The £2/M1 ratio in the 482 
transition obtained from the correlation and conversion 
coefficient measurements were, however, in disagree 
ment. 

This paper 
and 133 ¥ 
version coefficient 


133 K—482y, 133 y—482 7, 
482 K correlation measurements and con 


des ribes 


measurements. ‘The existence of a 


weak 137-kev gamma ray, first observed by Mihelich,'’ 


404 
6.5% 
log ft #8.4 


93.5% 
log ft 


/4 
=: rf 619 <10 “sec 
615 22 psec 
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4, ,:1/2,3/2+ 
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t This paper contains the essential portions of a thesis sub 


mitted by Evan S. Snyder in partial fulfillment of the require 
ments for the degree of Doctor of Philosophy, University of 
Pennsylvania, Philadelphia, Pennsylvania, 1956. 

* Supported in part by the U. S. Office of Ordnance Research. 

t Present address: Ursinus College, Collegeville, Pennsylvania. 
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Phys. Rev. 105, 1346 (1957), have performed polarization correla 
tion experiments which agree with the results of the measurements 
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Kic. 1. Decay scheme of Hf'™ (energies in kev) 
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has been verified and placed in the decay scheme by 
coincidence measurements. The spins of the various 
states are discussed in the framework of the strong cou- 
pling model of Nilsson.” The effect of the 137 y—482 7 
correlation coefficient on the 133 y—482y correlation 
coefficient is analyzed in view of the observed dis- 
crepancies in the 482-kev mixture ratio. 


SOURCE PREPARATION 


The source material in the form of HfO, was enriched 
to 93.3Y, in Hf'™ and irradiated for four weeks in the 
Low Intensity Testing Reactor at Oak Ridge. The 
small Hf!” content of the enriched oxide was not known, 
but an extrapolation of the enrichment ratios gives 
about 0.008%. Hedgran and Thulin" found the 343-kev 
Hf'’® radiation to be about equal to the 346-kev Hf'*! 
radiation four weeks after the bombardment of natural 
hafnium. ‘This means that, in the enriched source, this 
ratio should be reduced to about 4 to 5%, in good 
agreement with an observation of McGowan? who used 
sources of the same enrichment. 

The hafnium oxide was evaporated in a vacuum onto 
either thin aluminum or platinum foil backing from an 
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Fic, 2. The gamma-ray spectrum of Hf", The inset shows 
the effect of the x-ray shield on the K x-rays and 133-kev 
gamma rays 
4S. G. Nilsson, Kgl. Danske Videnskab. Selskab, Mat.-fys. 
Medd. 29, No. 16 (1955) 
A. Hedgran and S. Thulin, Phys. Rev. 81, 1072 (1951). 
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electrically heated tungsten ribbon. The ribbon was 
0.002 in. thick and 3%; in. wide with a small depression 
to hold the oxide. To prevent melting the foils they 
were clamped between two polished brass plates which 
exposed only a circle of the foil 3 mm in diameter. 
A brass plug with a rounded end was inserted through a 
hole in the back brass plate so that the foil that was 
exposed to the hot ribbon was stretched tightly over 
the rounded end, in good thermal contact with it. 
A molybdenum shield with a 2-mm diameter hole was 
placed about 0.5 mm from the tungsten ribbon. This 
shield served two purposes. (1) It reduced the quantity 
of tungsten evaporated onto the foil to a negligible 
amount. (2) It reduced the heat radiated to the foil. 
With this arrangement aluminum foils could be placed 
8 mm and platinum foils 4 mm from the ribbon. 

Two sources for the lens spectrometer were made in 
this way. The first source with an activity of 6X10 
disintegrations/sec and a thickness of 40 wg/cm? plus 
an estimated 4 ywg/cm? of tungsten, was evaporated 
onto aluminum foil with a surface density of 220 
ug/cm*. The second, evaporated onto platinum foil 
with a surface density of 310 ywg/cm?’, had an activity 
of 810° disintegrations/sec and a thickness of 220 
ug/cm® plus 20 ug/cm? of tungsten. Two weaker sources 
for a 180° fixed field spectrograph were also made by 
the above procedure. These were “line” sources 8 mm 
long and 0.3 mm wide. One of them was made with 
enriched oxide and the other with unenriched hafnium 
metal. 


APPARATUS 


The gamma-ray detectors were Nal(Tl) crystals 
mounted on R.C.A. Type 6342 photomultipliers. A thin- 
lens beta spectrometer was used for electron measure- 
ments. The detector in the spectrometer was Pilot 
Plastic Scintillator B mounted on an E.M.1. Type 5311 
photomultiplier. Both the gamma-gamma and electron- 
gamma coincidence apparatus employed a fast-slow 
system utilizing two single-channel pulse-height ana- 
lyzers in the slow channels. 

Photographic spectra of the conversion electrons and 
beta particles were made in a 180° fixed-field spectro- 
graph and scanned with a photoelectric densitometer. 


MEASUREMENTS AND RESULTS 
(a) Angular Correlations 


To eliminate the possibility of a preferred direction 
in the source, the 133 y—482 y angular correlation was 
measured twice with the stronger source in different 
orientations with respect to the counters. A typical 
gamma spectrum is shown in Fig. 2. With the pulse- 
height analyzers accepting only the full energy photo- 
peaks, the number of chance coincidences was very 
small. In order to decrease the number of fast coinci- 
dences between x-rays and gamma-rays, an x-ray shield 
consisting of 0.013 in. of tin backed by 0.003 in. of 
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molybdenum was mounted on the scintillator counting 
the 133-kev gamma rays. The effect of the shield on 
the x-rays and the 133-kev gamma rays may be seen 
in the inset of Fig. 2. 

In the first measurement the over-all resolving time 
was 3X 10-8 sec, giving a ratio of true coincidences to 
chance coincidences of 60. This contributed a small 
isotropic component which was corrected in the com- 
putations. The background count in the single channels 
was about 1% of the recorded count, and was neglected. 
Coincidences were collected at angles of 90°, 120°, 135°, 
150°, and 180° with respect to the fixed counter. Values 
for positions symmetrical about the 180° position were 
taken and averaged together giving a minimum of 8000 
coincidences for any posit ion, 

For the second measurement, the source was rotated 
through an angle of approximately 70° from its position 
in the previous experiment. Although a longer resolving 
time of 7 10~8 sec was used, the ratio of true to chance 
coincidences was 80 because the source activity had 
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Potentiometer “Reading 


Fic. 3. Low-energy portion of electron spectrum of Hf!*! 
decayed in the intervening time. Readings were taken 
at 15° intervals and at least 16000 coincidences were 
counted at each position. 

The coefficients A» and A, in the angular correlation, 


W (6) =1+A oP 2(cosé)+ A 4P4(cos), 


were determined by a least square fit to the experimental 
points. The results given in Table I have been corrected 
for finite angular resolution of the detectors.'®'® The 
good agreement between the two results seems to indi- 
cate the absence of a preferred direction in the evapo- 
rated source. 
In order to decrease scattering of the electrons in the 
source and foil, the weaker source on aluminum backing 
ras used for the 133 K—482y angular correlation. 
Figures 3 and 4 show the electron spectrum of this 
source obtained with the lens spectrometer. Very little 
inelastic scattering is indicated. For the angular corre 
lation, the spectrometer was set on the 133 A electron 


16S. Frankel, Phys. Rev. 83, 673 (1951). 
16 A. M. Feingold and S. Frankel, Phys. Rev. 97, 1025 (1955). 
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Fic. 4. High-energy portion of electron spectrum of Hf 
peak and the gamma discriminator was biased just 
below the 482-kev photopeak. Since the counting rates 
the 
A slow-coincidence circuit with a resolving time of 
(0.4 usec gave a true to chance ratio of 70. Readings were 
again taken at 90°, 120°, 135°, 150°, and 180°, with a 
total of about 4000 coincidences at each position. The 
coefficients A» and A, listed in Table I were obtained 
from a least-squares fit to the experimental points. 
These values have been corrected for the finite angular 
resolution and for scattering of the electrons in the 
0.97 and 


were low, fast-coincidence circuit was not used. 


source.'® The scattering corrections were B, 
By=0.91, 

The 346 y—136 K angular correlation was measured 
with the spectrometer set on the 136K peak and 
pulse-height analyzer accepting the full energy 346-kev 
photopeak. This correlation proved to be almost iso 
tropic. The anisotropy, defined as 


A=[W (180°) /W (90°) ]—1, 


was measured as +0.02+0.02. 

The higher activity source was used to measure the 
angular correlation of the 133-kev gamma rays with 
the 482 K electrons. 20 pe/cm? thick, 
but the electron scattering rapidly with 
energy. For the 482 K electrons from this source, the 
calculated correction'’® for A, is By,=0.99. The spec 
trometer was focussed on the 482 K electron peak and 
the gamma discriminator was biased just below the 
133-kev photopeak. The 
but there was still a problem of chance 


The source was 2 
decreases 


fast-slow coincidence system 
was used, 
coincidences due to a high gamma counting rate and 
difficulties in limiting the 133-kev gamma rays in the 
fast circuit. The x-ray shield described above helped the 
situation, but the best true to chance ratio was about 10. 
After several 9°, 135°, and 180° 
rest of the data was 
A, shown in 


measurements at 
A, was small, the 


The 


indicated that 


collected at 90° and 180°. value of 


TABLE I. Angular correlation coefficients in evaporated 


hafnium oxide sources 


Measurement Ai As 


133 y—482 y (1) 0.000-+-0.008 
133 y—482 y (2 0.061 40.006 
133 K —482 0.13 +0,02 
133 »—482 A 0.03340.014 
346 y—136K 0.013 


0.02640.010 
0.012+4-0.008 
0.02 +0.02 
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TABLE II. Previous y-y angular correlation coefficients 
in liquid sources 


Measurement Investigator A: As 

0.058 40.003 
0.029 40.014 
0.053 40.014 
0,071 40.010 
0.03 +002 
0.071 +0.004 


0,280 +0,004 
0.11040,012 
0,202 40,009 
Paul and Steffen 0,291 40,006 
Paul and Steffen O11 40.02 

Heer et al. 0.281 40.010 


McGowan* 
McGowan 
McGowan 


133 y ~482 
133 7 ~346 
146 7 ~136 
133 y ~482 
1337 ~—346 
133 7 ~482 ¥ 


McGowan, Phys. Rev, 93, 471 (1954 
Steffen (private communication with | 
Kuetechi, Gimmi, and Kundig, Helv. Ph 


*P, K 
»R.M 
© Heer 


Snyder 


. Acta 28, 436 (1955 
Table | has been corrected for chance coincidences, 
finite angular resolution, and electron scattering. Pre 
vious y-y angular correlation coefficients in liquid 
sources are listed in Table IT. 


(b) Coincidence Measurements 


A careful visual examination of the photographic 
electron spectrum made in the fixed field spectrograph 
showed a very weak line just above the 136 K electron 
line. This line had also been observed in unenriched Hf 
sources by Mihelich'? and Sunyar.'? Unfortunately it 
was not resolved by the densitometer, and appears only 
as a small bulge on the high-energy side of the 136 K 
peak. This may be seen in Fig. 5, the densitometer plot 
of the spectrum of the unenriched metal Hf source. 
Comparing spectra of enriched and unenriched sources 
indicated that this line was not due to an activity in 
another isotope. If this transition precedes the 482-kev 
transition, it should be possible to see it in an electron 
gamma spectrum the 136-kev 
transition is not in coincidence with the 482-kev transi 
tion and so would not appear. Figure 6(a) shows the 
electron spectrum over the 133 K and 136K peaks. 
Curve (b) was obtained by biasing the gamma dis 
criminator well above the 133 photopeak and plotting 
coincidences per gamma ray versus spectrometer cur- 
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bic. 5. Densitometer plot of film exposed in 180° fixed-field 
spectrograph showing the low-energy portion of the electron 
spectrum. The source was unenriched hafnium metal. The abscissa 
is linear in momentum which increases to the right 


"A. Sunyar (private communication, 1955). 
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rent. The 136 K peak appears since it is in coincidence 
with the 346 gamma ray. Curve (c) was obtained by 
biasing the discriminator above the 346 photopeak and 
plotting coincidences per 482-kev gamma-ray versus 
spectrometer current. The small peak that appeared 
seemed to be slightly less than 1 kev above the 136 
peak in (a) and (b). Measuring the position of the lines 
on the film gives an energy difference of about 0.9 kev. 
To check for possible triple coincidences, a thin lead 
shield was placed on the gamma counter. Triple coinci- 
dences could arise through simultaneous detection of a 
133- and 346-kev gamma ray in the 482-kev counter 
and coincidence with the 136 K electron. The thickness 
of lead was chosen to attenuate the 133-kev gamma ray 
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Fic. 6. Single and coincidence spectra showing the 133 K, 
136K, and 137K lines. (a) Single spectrum taken with lens 
spectrometer. (b) Electron spectrum in coincidence with 346-kev 
and 482-kev gamma rays. (c) Electron spectrum in coincidence 
with 482-kev gamma ray showing 137 K electron peak. 


by a factor of 0.1 while the 482-kev gamma ray was 
only attenuated by 0.9. Within the statistics of the 
measurements, there was no reduction of the coinci- 
dences per 482-kev gamma-ray. The ratio of coincidence 
rates indicates that this 137 K peak is (11+2)% of the 
133 K peak. 

Figure 7 is the fast-delay curve of the 137 K—482 7 
coincidences. Chance coincidences which were about 
3% of the peak have been subtracted. The asymmetry 
shows that the 137-kev radiation precedes the 482-kev 
radiation, and the slope of the delayed side gives a half- 
life of (1.0+0.1)X10~* sec, which agrees with the 
half-life for 133 K—482y and 133 y—482¥ coinci- 
dences. This curve also shows that the coincidences 
were not due to 346 or 346—133 addition pulses in 
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coincidence with the 136 A electrons, because in this 
case any delay would have been in the opposite 
direction. 

Sunyar"’ has observed fast beta-gamma coincidences, 
i.e., with a half-life considerably shorter than 22 usec. 
We confirmed this result by taking a fast-delay curve 
with the spectrometer current at 0.1350 (see Fig. 3) 
and the gamma discriminator just above the 133 photo- 
peak. Since the delay curve showed the 10~*-sec life- 
time of the 482-kev state, it was impossible to measure 
the lifetime of the 137-kev transition. However, it is 
less than or of the order of 10~* sec. 

In order to‘explain the data it is necessary to have 
the 137-kev and 133-kev transitions parallel, as shown 
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Fic. 7. Fast delay curve for 137 K —482 y coincidences 

in Fig. 1, rather than in cascade. For a cascade arrange- 
ment would require the 137 K conversion coefficient to 
be about five times smaller than the smallest theoretical! 
value. A weak beta branch of nearly the same end- 
point energy as the strong one (as in Fig. 1) would 
probably not be seen in a Kurie plot. 

The beta branching ratio may be computed from the 
beta-gamma coincidence rate. ‘The assumption is made 
that the two spectra have nearly the same shape and 
end-point energy. This means that the spectrometer 
was counting equal fractions of the two beta transitions 
during the coincidence measurements. Dividing the 
coincidence rate by the beta and gamma single-count 
rates gives 

Ng (1) 
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Paste III. Ratios of areas of the beta spectrum 
and conversion lines. 


energy 


(kev K/p K/l K/M Other 


133 Lithu/Lin #1,5 40.3! 
146 
3460 
$40 


482 


0.214 + 0,008 0,86 40.04" 2.7 40.2 
0.088 40.005 741° large 
0.0059 40.0005 0.4 1342 K 
0.0047 40,0007 10.3 1242 

0.020 +0.001 £0.3 10 K 


(4M 17402 


4.4 
3.2 
4.1 


(L4+M 10.3 


* Corrected for the 136 1, electrons 

> Taken from the spectrograph films 

¢ Also includes the 137-kev transition 

4 Also includes the 343-kev radiation from Hf'’* 
* Corrected for the 343-kev radiation from Hf!"* 


where r is the fraction of disintegrations that decay via 
the weak beta branch. The source strength, mm, was 
computed by dividing the number of 133 KA —482 ¥ 
coincidences by the product of the single-count rates 


The value r= 0.065+0.010 was obtained 


(c) Conversion Coefficients 


The conversion coefficients were measured with the 
thin-lens spectrometer by comparing the number of 
conversion electrons to the number of beta transitions 
Irom the least squares fit to a Kurie plot, a normalized 
beta spectrum (count rate divided by lens current versus 
lens current) was drawn and graphically integrated 
Since the lens spectrometer did not resolve the and M 
lines into their various components, the conversion 
peaks were also normalized and integrated. The K/L 
and K/M ratios were obtained from the areas, and 
ratios to the integrated beta spectrum were used to 
determine the conversion coefficients. These ratios are 
listed in Table ITT. 

The 133-kev K/L ratio has been corrected for the 
136 L electrons, by measuring the 136 1/133 1 ratio on 
the spectrograph films. Since the the 
136 M conversion to be small, the contribution to the 
133 M peak was neglected. The 133 (Ly+11)/Lin 
ratio was taken from the densitometer plots of the 


films showed 


spectrograph films. Both area and peak value ratios 
were taken and the indicated uncertainty includes both. 
Energy measurements indicate the 114+ Li; peak to be 
due mostly to Ly conversion. The 136 K// ratio was 
likewise taken from the films, but since there is con 
siderable energy difference, the ratio was corrected for 
the variation in sensitivity of the film with electron 
energy.!® The ratios for the 346-kev 
corrected for the 343-kev radiation from Hf!”* assuming 
the 343-kev gamma radiation to be (8+4)% of the 
346-kev gamma radiation at the time the measurements 
were made. Conversion coefficients for the Hf'”® radia 
tion were taken from Burford, Perkins, and Haynes." 

The 133 K conversion coefficient was computed from 
the data of Table III by using the relationship 


transition were 


Pia) 


1taxi(1+L/K+M/K) 


16 R, A, Dudley, Nucleonics 12, 24 (1954) 
19 Burford, Perkins, and Haynes, Phys. Rev. 99, 3 (1955) 


NK) 


np 
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where p, is the fraction of total disintegrations that 
decay via the 133-kev transition, and ax, is the 133 K 
conversion coefficient. The number of 137-kev transi- 
tions was taken as 4.0% of the total disintegrations 
making p;=0.960. This estimate was based on the 
137 K/133 K ratio and the 137 conversion coefficient 
discussed later. Boehm and Marmier® obtained 4.1% 
as the strength of the 137-kev transition. 

A series of coincidence measurements yielded the 
ratio of the 136K to 133K conversion coefficients. 
In Fig. 8(b) are plotted the 346-kev and 482-kev peaks 
of the gamma spectrum, and in Fig. 8(a) are plotted 
the same two peaks in coincidence with the K x-rays. 
These curves were plotted simultaneously with the 
window of the one pulse-height analyzer straddling the 
K x-ray peak. The two spectra have been normalized 
by matching their 482-kev peaks. This was accom- 
plished by dividing the ordinates of each curve by the 
area of its own 482-kev peak. Since the K x-rays 
following K conversion of the 136-kev gamma rays are 
in coincidence with the 346- but not the 482-kev gamma 
rays, the 346-kev peak is enhanced in the coincidence 
spectrum. The difference between curves (a) and (b), 
for some baseline interval, is given by 


purke(e) 1 + das) 
(14-Soae) (14- Soars) ps (2) 


Ny ys Nys 
Ny y5 Nyy 
pias Puerks 
x emmele : :, 
1 +>oay 1 + Yay 
The subscripts refer to the transitions in order of in- 
creasing energy. ax, is the conversion coefficient, and 
><a, is the sum of the conversion coefficients for transi 
tion 1. (2), is the product of efficiency and solid angle, 
and the p,; are branching fractions. 
In Fig. 8(c) is plotted the spectrum in coincidence 
with the 133-kev gamma peak. This is compared with 
the single gamma spectrum, Fig. 8(d), by matching 


the 482-kev peaks as above. The enhancement here is 
346 y coincidences. The difference 


(3) 


due to the 136 ¥ 
between curves (c) and (d) for the same baseline interval 
as in Eq. (3) above is 


Pal ed) o(€2)4(1 + Yas) 
(1+ Seay) (1 + Sor) ps ()s 
pile): pal), ! 
x| : + e | (4) 
1 + Yay 1 + Yas 


By dividing the two differences, Eqs. (3) and (4), we 
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pa(1+ doa) 
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Since ps, the number of transitions that decay through 
the 137-kev transition, is small, the quantities in 
parentheses are small corrections to the ratio of the 
conversion coefficients. It was found that the correction 
multiplies the ratio of the coefficients by 0.96+0.02. 

In addition to background and chance coincidences 
there are several other corrections to the procedure 
outlined above. 

(1) The angular correlation of the gamma rays 
shows that the coincidence rate is not isotropic. Owing 
to the smallness of the correlation coefficients, however, 
the correction made was only 3%. 

(2) When the window of the pulse-height analyzer is 
set on the x-rays, there will also be some coincidences 
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Fic. 8. Single and coincidence spectra of 346-kev and 482-kev 
gamma-rays. (a) Gamma rays in coincidence with K x-rays. 
(b) Single gamma-ray spectrum. Curves (a) and (b) have been 
normalized so that their 482-kev peaks have the same area. 
(c) Gamma rays in coincidence with the 133-, 136-, and 137-kev 
group of gamma rays. (d) Single gamma-ray spectrum. Curves (c) 
and (d) have been normalized in the same way as curves (a) 
and (b). 


from the Compton distribution of the 133- to 137-kev 
group of gamma rays. The x-ray shield described above 
was used to differentiate between the two. The shield 
attenuated the x-rays by a factor of 0.10 and the 
133-kev gamma rays by a factor of 0.78. Although the 
difference between coincidence rates with and without 
the shield is due mostly to the attenuation of the x-rays, 
there is also some loss of coincidences from the 133-kev 
Compton distribution. A knowledge of the attenuation 
factors for the shield and the consequent reduction of 
the coincidence rate is sufficient to compute thé true 
x-ray coincidence rate. 

(3) The above method would in general allow a 
precise measurement of ax2/axi. However, in this case 
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the presence of radiations from Hf!”®, an impurity in 
the source, requires correction to Eq. (5). The 343-kev 
radiation will contribute to the 346-kev gamma rays 
and also give coincidences with x rays. This correction 
multiplies the ratio of the coefficients by 1.30+0.15. It 
was based on an estimate of 11% as the ratio of the 
343-kev gamma ray to the 346-kev radiation at the 
time the experiment was performed. The decay scheme 
of Hf!”® and its conversion coefficients have been 
reported by Mize, Bunker, and Starner,” and Burford, 
Perkins, and Haynes." 

Instead of taking the data from the curves in Fig. 8, 
the windows of the pulse-height analyzers were set to 
accept the entire photopeak of the various lines. The 
ratio of the left of Eq. (5), after making correction (2) 
above, was 3.2+0.2. After making correction (3) for 
the Hf!”* radiation and the correction for the 137-kev 
transition as given by the brackets in Eq. (5), the ratio 
of the conversion coefficients was found to be 2.5+0.3. 
The value of the 136 K conversion coefficient is shown 
in Table IV. 

Once the conversion coefficients for the 136-kev 
transition are known, the branching ratio between the 


TABLE IV. Present and previous determinations of 
the K-conversion coefficients. 


Boehm and 


Energy 
Marimier® 


(kev) Our results McGowan* Fan 
+-0.06 
+2.2 

1.1 

0.13 


0.024 +.0,003 


049 
1.2 


0.04 
0.027 


+-0.02 0.34 
+0.20 3.1 


0,08 
0.034 4.0,004 


0.50 +0.06 
12 0.2 


0,038 40.007 
0.023 +0,002 


0.48 
1.88 


133 
136 


346 
482 


«F. K. McGowan, Phys. Rev, 93, 163 (1954). 
+ Chang-Yun Fan, Phys, Rev. 87, 252 (1952). 
¢ F, Boehm and P. Marmier, Phys. Rev, 103, 342 (1956), 


346— 136 branch and the 482 branch may be computed. 
In the lens spectrometer the 137 K electrons are counted 
with the 136K electrons. ‘The ratio can be obtained 
from the 137 K—482y and 133 K—482 y coincidence 
ratio and the spectrum of Fig. 3. The ratio of the 136 
peak alone to the total beta-spectrum is 


pscrtke (1+ 32a»). 


ps is the fraction of total disintegrations that decay 
through the 346—136 branch. Solving for ps gives the 
346—136 branch as 0.136+0.015 of the total transi- 
tions. With the branching ratio known, the 346-kev and 
482-kev conversion coefficients were computed in the 
same manner as the 133-kev coefficient. The conversion 
coefficients computed from the data of Table III are 
listed in Table IV along with previous determinations. 

As a check on the internal consistency of this determi- 
nation of py we can compute p, from the ratio of the 
133 K and 346 K intensities obtained from ‘Table IL 
under the assumption that both these transitions are 
pure £2. (See discussion of spin assignment in Inter- 
pretation of Measurements.) We obtain py=0.12+0.02. 


NK2/Ng (6) 


*” Mize, Bunker, and Starner, Phys. Rev. 100, 1390 (1955). 
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TABLE V. Theoretical A-conversion coeflicients (Sliv*) 


nergy 


(key kl E2 3 Wl M2 


10.1 
9.48 


0.406 
0.146 


133 
136 
$46 
482 


1.61 
1.52 
O.115 
0.0481 


0.144 
0.136 
0.0132 
0.00628 


0.480 
0.460 
0.0487 
0.0171 


1,38 
1.32 
0.107 
0.0435 


*L. A. Sliv and I. M. Band, Tables of Internal Conversion ¢ oe flcient of 
y-Rays (Academy of Sciences U.S.S.R., Moscow, 1956), Part 1 (A shell 


INTERPRETATION OF MEASUREMENTS 


For use in the following discussion the theoretical 
K-conversion coefficients of Sliv are listed in Table \ 
These are computed taking into account certain finite 
nuclear-size corrections which are believed to yield the 
correct values on the average. (See, however, Church 
and Weneser*! for specific nuclear effects and the 
Discussion section of this paper.) ‘The ratios of the A 
and L conversion coefficients of Rose ef al., computed 
for point nuclei, are displayed in ‘Table VI. Although 
these ratios are expected to be incorrect, they are only 
used in this paper to furnish supporting evidence on 
the multipole assignments. Mixture ratios (M1+ £2, 
etc.) are obtained from the y-y correlation coefficients. 

The 6, and 6 coefficients of Biedenharn and Rose‘ 
which determine the angular correlation coefficients for 
e-y correlations are likewise calculated in the point 
nucleus approximation. Errors in these coefficients in 
magnetic transitions have as yet not been estimated. 
‘The measurements reported herein on the 346 y— 136 A 
and 133 y—482 K correlations are, however, not?sufli- 
ciently precise to examine possible corrections to the 
values of b, and 6 for these magnetic transitions. Finite 
nuclear size corrections to b, and 6 are not expected to 
be important for electric transitions and in fact a recent 
experimental measurement’ (= 134 kev, Z= 80) yields 
bo = 1.734-0.23 for K-conversion electrons in good agree 
ment with the value 1.70 of Biedenharn and Rose. This 
result, obtained from a comparison of the A-y and K-A 
correlations the 13/2(M4)5/2(£2)1/2 
Hg'’, is independent of extranuclear effects on the 5/2 


in cascade in 
intermediate state. 

The measured ax, A/L ratio, and by correlation 
coefficient and the observation that the 11+ Li peak 
obtained in the 180° spectrograph is mainly Ly, are in 
excellent agreement with a pure £2 assignment for the 


Ratios of the theoretical K- and L-conversion 


coeficients (Rose*) 


TABLE VI 


nergy 

(kev) El 
133 6.2 
136 6.2 
3406 6.8 
482 Ful 


k2 k3 Mi 


64 
6.5 
6.6 
6.7 


().82 
0.87 
3.3 
4.3 


0.145 

0.100 

1.41 
24 


®M. E. Rose, in Beta and Gamma. Kay Spectroscopy, edited by K. Siegbulin 
(North-Holland Publishing Company, Amsterdam, 1955 Appendix IV 
Kose, Goertzel, and Swift (privately circulated tables 


2. Church and J. Weneser, Phys. Rev. 104, 1382 (1956) 
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Fic. 9, The theoretical correlation coefficients for the sequence 


§(M1+-£2)§ as a function of 6. 


133-kev transition. The conversion coefficient allows 
at most a 0.2% admixture of M3. The theoretical 
(Lit Liy)/Lin for M1 and £2 are 121 and 1.42, respec- 
tively, allowing at most a 0.3%, admixture of M1. An 
M1 admixture is ruled out by the spin assignment of 
Fig. 1, 

The 482-kev transition is mostly £2 on the basis of 
the conversion coefficient measurement, The high purity 
of the 133 #2 transition allows use of the gamma 
gamma angular correlation to obtain a sensitive meas 
urement of the 482 M1422 mixture, while the y-K 
correlation can be employed to verify the internal con- 
sistency of the spin assignments. The spin assignments 
suggested by McGowan’ require a negative 6 (the ratio 
of £2 to M1 reduced matrix elements) to fit the gamma- 
gamma correlation whereas a positive 6 is required to 
fit the y-A correlation. The only spins consistent with 
all the data are shown in Fig. 1. The ground state spin 
has been measured to be §.%* The theoretical gamma- 
gamma correlation coefficients for the } (#2)3(M1+ £2) 


sequence, following the notation of Biedenharn and 


Rose,’ are 
14= Fy (24 Bball 5 
where 
bom Fol 5 8) 4+-6F 2(2 § $)4+-26(90)'G2(1 2 F 3) 
and 


5 
§). 


ps bP 4 2 j 


The functions @, and 4 must be normalized by 
y= 1+6*%. The normalized functions ¢2/do and 4/0 
are plotted in Fig. 9 as a function of 6. The experimental 
coefficients A, and A, divided by F,(2 4 $) and F,(2 4 3) 
are indicated on these curves. The values shown are 
those of Paul!’ and Heer et al.™ The average of the 
133 y—482 y correlation results requires 6= 6.2+0.3. 

A comparison of the 133 y—482 y correlation coeffi- 


# J. H. Gisolf and P. Zeeman, Nature 132, 566 (1933). 
* Heer, Ruetschi, Gimmi, and Kundig, Helv. Phys. Acta 28, 
436 (1955) 
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cients of Table I with those of Table IT shows that the 
correlation in the solid evaporated source has been 
attenuated by the factors g2=0.21+0.02 and g,=0.3 
+0.2. The g. appears to have reached the hard core 
value of 0.20, and the hard core value of 0.11 for gy is 
within the large experimental uncertainty. 

The theoretical 2(1 4 $)/@o coefficient for 482 K 
conversion electrons is shown in Fig. 10. The experi- 
mental value indicated in the figure is our 133 y—482 K 
coefficient corrected for the attenuation and divided by 
F,(2 4 $). This value is consistent with the value of 6? 
obtained from the gamma-gamma correlation and also 
yields the same sign of 6. Our corrected experimental 
value for this correlation, A2= —0.16+0.07, is in dis- 
agreement with the value A,= +0.19+0.13 obtained 
by Gimmi, Heer, and Scherrer.* 

Dividing the 133 K—482 ¥ correlation coefficients by 
the 133 y—482 ¥ coefficients obtained in the same H{fO, 
source allows a determination of b, and 0b, for the 
133 £2 transition. We obtain b.=+2.1+-0.4 in agree- 
ment with the theoretical value +1.81. The theoretical 
b,= —1.03 is outside the limits of our crude determina- 
tion, bg=+1+1. Our result is in disagreement with 
the value of Gimmi, Heer, and Scherrer, b,=+-0.74 
£0.07. The 346 conversion coefficient requires that 
this transition be £2 with less than 0.5% M3. The K/L 
ratio supports this assignment. The 136-kev and 303- 
kev states in Ta'*' are strongly excited in Coulomb 
excitation.“ Their energies fit the rotational energies 
closely and independently determine the spins shown 
in Fig. 1. These spins rule out M1 admixtures in the 
346-kev transition. The 133 y—346y theoretical cor- 
relation coefficient with these spin assignments is 
A»=+0.102 in good agreement with the results listed 
in Table I. 

The conversion coefficient for the 136 transition 
allows M1+ £2 or £2+M3 mixtures, the large K/L 
ratio restricting the choice to M1+-£2. Here again the 
346 y— 136 y correlation coefficient of McGowan, using 


rTM rr 7 my Trim 


Fic. 10. The theoretical correlation coefficient for the sequence 
§(M1+£2)} as a function of 6 when the 482K electron is 


observed. 


*“T. Huus and C, Zupancic, Kgl. Danske Videnskab. Selskab, 
Mat.-fys. Medd. 28, No. 1 (1953); T. Huus and J. Bjerregard, 
Phys. Rev. 92, 1579 (1953). 
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the present spin assignments, allows the most sensitive 
determination, 6= +0.46+0.02, which is consistent 
with the value of 6 obtained from our K/L ratio. 
The method employed by McGowan to measure this 
correlation coefficient removes interference from the 
(1334+137) y— (346+482) y coincidences. When one 
uses the above value for 6, the calculated A» for the 
346 y—136 K correlation is 0.0156, so that the meas- 
ured value, ~0.013, is consistent with the 346 y— 136 y 
correlation. 

We cannot, on the basis of our measurements 
alone, assign a unique spin to the 619-kev state. Our 
137 K/133 K intensity (0.11) and 8(404)/8(408) in- 
tensity (6.5%/93.5%= 0.07) rule out a }+ assignment 
which would make the 137-kev transition £2. Both the 
}— intrinsic state and the $+ rotational state built up 
on the 4+ state at 615 kev are available on the Nilsson 
model."* Using our 137 K/133 K intensity and the 
Boehm and Marmier® value for the 137 y/133 y in- 
tensity, we obtain the 137 conversion coefficient ax (137) 

1.31, requiring that the transition be M1+£2 
(6°=0.2+0.1) and that the spin be 3+. 

The spin assignments shown in Fig. 1 are in agree- 
ment with those of Boehm and Marmier and Sunyar.® 


DISCUSSION 


The value of b. obtained from the 133 K—482 y and 
133 y—482 7 correlation coefficients is in good agree- 
ment with the theoretical value. The 133 y—482 y 
correlation coefficient can be obtained from the experi- 
mental (1334-137)—482 correlation coefficient by cor- 
recting for the 137—482 correlation coefficient using 
the 137/133 intensity ratio of Boehm and Marmier.® 
To do this the M1— £2 mixture in the 137-kev transi- 
tion must be known. However that value of 6?(137) 
producing the greatest change in the observed gamma- 
gamma coefficient cannot reduce the observed b, below 
the theoretical value, 1.81. Thus the atomic excitation 
following upon K conversion in the 133 transition does 
not appear to have an observable effect on the 
133 K—482 7 correlation. Recently’ measurements of 
the 165 K—134 y and 165 y—134 y correlations in Hg!” 
also failed to show any effects of atomic excitation 
on the measured correlation coefficients. The only 
evidence that the after effects of K-hole formation on 
measured correlation coefficients exist, to the extent 
that they are measurable, appears in early measure- 
ments of the well-known gamma-gamma correlation in 
Cd" following AK capture in In". Here correlation 
coefficients below the minimum value for static quad- 
rupole interactions have been obtained®®** and these 
reduced correlations have been attributed to time 
dependent perturbations following the K-hole forma- 
tion. Recently Steffen?’ has observed that these strong 


2*H. Frauenfelder, Ann. Rev. Nuclear Sci. 2, 129 (1953). 
26 R, M. Steffen, Phil. Mag. 4, 293 (1954). 
27R. M. Steffen (private communication, 1956) 
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attenuations may depend on the chemical purity of the 
source. It is thus no longer certain that such perturba- 
tions are the result of K-hole formation. The resolution 
of these difficulties is important for the worker using 
conversion electron correlation measurements in nuclear 
spectroscopy. 

The quantum number assignments shown in Fig. 1 
(the spectroscopic classificatjon in the limit of vanishing 
distortion, A, and /) are in excellent agreement with 
the predictions of Nilsson.” The 152-kev and 303-kev 
states are not populated in the decay of Hf'*' because 
of their high spins. The 152-kev state has been observed 
by Cork ef al.”* and placed in the decay of W'*! by 
De Brunner ef al.” The small £2 transition probabilities 
for the 346, 482, and 133 transitions (1/47, 1/50, and 
1/200 single particle) are understandable in the frame 
work of the strong-coupling theory. A detailed theo 
retical discussion of this decay scheme is soon to be 
published.” 

There does remain however one serious discrepancy 
in the de ay of Hf'*' which may be of considerable 
theoretical interest. The value of 67(482) obtained from 
the 133 y—482 y correlation coefficient is 38+4. Cor 
recting the measured correlation for the effect of the 
137 
6*> 20. Using our value for the 6°(137), we obtain 
6°(482) = 25. On the other hand none of the measured 
values of the 482 conversion coefficient 
Table IV allow such large values. ‘The largest value, 
6°=7, is obtained from the lower experimental limit of 
our determination of the conversion coefficient, 

It is quite possible that we have here a rather sensitive 
example of the dependence of M1 conversion coefhi 
cients on specific nuclear properties as proposed recently 
by Church and Weneser.*! These authors point out 
that there may be rather large finite nuclear size cor 
rections to M1 conversion coefficients in forbidden M1 
transitions. They obtain the correction form 


1)C(Z,k) }?, 


482 correlation can reduce this value at most to 


shown in 


Bi (AJB (1) 1— (A (7) 


where f;(1) is the Sliv conversion coefficient, C(Z,k) is 
a coefficient tabulated by Church and Weneser, and A 
is defined as 


ur(a-r)/R*) 


> m tm (L+ 2ye 
mM, > m &@m:(L+po) 


The usual M1 matrix element (L+ye) vanishes in 


I, 
(8) 


(Al 
transition 


l-forbidden transitions Q). In the zero coupling 
limit the 482-kev Ta'® is /-forbidden 
(dsjx—87/2). In fact the observed partial M1 lifetime is 
5X10°* times the single-particle value. One would 
therefore expect to find appreciable 6; corrections in 
this transition. We obtain B)(A) = (54+2)8,(1). 


in 


28 Cork, Nester, LeBlanc, 

% De Brunner, Heer, Kundig, and Ruetschi, Helv 
29, 235 (1956) 

”S. G. Nilsson (to be published 


and Brice, Phys. Rev. 92, 119 (1953) 
Phys. Acta 
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Because the usual M1 matrix element vanishes in the 
denominator of \ for such transitions, this form of X is 
not readily amenable to calculation. For /-forbidden 
transitions the numerator reduces to 


ym tm: (ur(a- 4) /R?) (9) 

and A may be rewritten as A=add’. The first factor is 
a=[5/(2m4) |(he/R)?(2Mc’E)', (10) 
where £ is the gamma-ray energy and R is the nuclear 
radius (R=1,2K10~"A! cm). The second factor, 4, is 


the £2/M1 mixture ratio obtained from the experi- 
mental y-y angular correlation, and the third factor is 


N= Pom em (ur(o-r))/> mV". (11) 
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This factorization is independent of the form of the M1 
matrix element which may in actuality contain spin- 
orbit and exchange operators. \’ does not contain 
l-forbidden matrix elements and is independent of the 
nuclear radial matrix elements. Thus the use of 6, the 
experimental mixture ratio, may serve as an aid to the 
computation of A. 
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Nuclear Levels in Si** and P*'+ 
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Lead-phosphate targets have been bombarded with protons accelerated by an electrostatic generator to 
energies of 6.5 and 7.0 Mev. Charged reaction products (alpha particles and elastically and inelastically 
scattered protons) were observed at 50, 90, and 130 degrees to the proton beam with a high-resolution 


magnetic analyzer 


The ground-state Q-value of the P™(p,a)Si* reaction has been measured as 1.909+-0.010 Mev. Levels were 
observed in Si** at 1.771 and 4.617 Mev and in P® at 1.267, 2.234, 3.133, 3.293, 3.414, 3.505, 4.188, 4.257, 


4.430, 4.590, 4.633, 4.784, and 5.012 Mev. 


I, INTRODUCTION 
HE reaction Si*(p,y)P" is being investigated at 
present in Chalk River,' Liverpool, and Utrecht, 
in order to determine spins and parities of nuclear levels 
in P®™. For the analysis of the complicated gamma-ray 


ALPHA-PARTICLE ENERGY IN MEV 
T t 1 }} I T /h 
42 v 46 4 56 66 

TARGET Pb. (PO) 


INCIDENT PROTON ENERGY : 704 Mev 


ANGLE OF OBSERVATION ; 130° 





40 
RADIUS OF CURVATURE IN CM 
1. Energy spectrum of alpha particles observed from the 


proton bombardment of a lead-phosphate target 


t This work has been supported in part by the joint program 
of the Office of Naval Research and the U. S. Atomic Energy 
Commission. 

' Paul, Bartholomew, Gove, and Litherland, Bull. Am. Phys. 
Soc. Ser. I, 1, 39 (1956) 


spectra observed in this reaction, it is extremely helpful 
if the excitation energies of levels in the final nucleus 
are known with good precision. The present high- 
resolution magnetic analysis of the P®(p,p’)P® reaction 
was started to provide such data. The photoplates used 
to record the elastically and inelastically scattered 
protons also showed alpha-particle groups from which 
new information was obtained on the P*(p,a)Si** 
reaction. 

Prior to this work, only the first level in both Si** 
and P* had been observed from high-resolution (p,p’) 
magnetic analysis,** while higher levels had been 
reported from (dn) and (p,y) experiments.‘ 


Il. EXPERIMENTAL PROCEDURE 


Protons accelerated with the MIT-ONR electro- 
static generator’ were used to bombard thin lead- 


2 Van Patter, Swann, Porter, and Mandeville, Phys. Rev. 103, 
656 (1956). 

‘Browne, Zimmerman, and Buechner, Phys. Rev. 96, 725 
(1954). 

‘P. M. Endt and J. C. Kluyver, Revs. Modern Phys. 26, 95 
(1954). 

* Buechner, Sperduto, Browne, and Bockelman, Phys. Rev. 91, 
1502 (1953). 
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Fic. 2. Energy spectra of protons observed at two different spectrograph field settings and at different angles from the proton 
bombardment of a lead-phosphate target. The spectra overlap to a certain extent. 


phosphate targets obtained by evaporation onto Form- 
var films strengthened by a thin evaporated gold layer. 
Energies of charged reaction products emitted from the 
target at angles of 50, 90, or 130 degrees to the proton 
beam were determined with a broad-range magnetic 
spectrograph.° 

Four different bombardments were performed at an 
incident proton energy of 7.037 Mev. Both at 6=90 
degrees and at 6= 130 degrees, exposures were made at 
two different spectrograph field settings so as to focus 
either the high-energy (3.0 to 7.0 Mev) or the low- 
energy (1.5 to 3.5 Mev) part of the secondary-particle 
energy spectrum on the nuclear emulsion serving for 
particle detection. Two additional exposures of the 
low-energy spectrum were obtained at an incident 
proton energy of 6.513 Mev and at angles of 6=50 
degrees and 6= 90 degrees. 


III. RESULTS 


The alpha-particle spectrum obtained from the £, 

7.037 Mev, 6= 130 degree, bombardment is shown in 
Fig. 1. From comparison with the £,=7.037 Mev, 
6=90 degrees, exposure it could be concluded that, of 
the six observed groups, three have to be assigned to 
the P®(p,a)Si** reaction and three to the Na™(p,a)Ne” 

* Buechner, Mazari, and Sperduto, Phys. Rev. 101, 188 (1956), 
and C. P. Browne and W. W. Buechner, Rev. Sci. Instr. 27, 899 
(1956). 


reaction. The presence of such an unexpectedly large 
amount of sodium in the target was confirmed by the 
observation of the corresponding elastically and ine 
lastically scattered proton groups (see Fig. 2). The 
( values computed for the three Na”(p,a) groups agree 
well within the experimental error with those reported 
by Sperduto and Buechner.’ The three P"(p,a)Si* 
groups correspond to a ground-state V value of 1.909 
t+ 0.010 Mev, and to excited states in Si** at 1.771 
t0.008 and 4.6174+0.008 Mev. Although the group 
leading to level (2) is of low intensity, both in the 90 
and 130-degree exposure, it is very sharp; furthermore, 
the background in this energy region is completely 
negligible 

The proton spectra observed from the 7.037 Mev, 
6=130 degrees, bombardment at high spectrograph 
field settings and from the 7.037 Mev, 6=90 degrees, 
bombardment at low field setting are shown in Fig. 2 
Proton groups are found from elastic scattering by Pb, 
Au, K®, S®, P®!, Na¥% O'8 NN“ C and C”,. Two weak 
groups, also observed by others*® in analogous experi 
ments with the same apparatus, were ascribed to 
scattering by Au!®’, 
arising from inelastic scattering were observed from 


inelastic Contaminant groups 


7A. Sperduto and W. W. Buechner, Progress Report, Labora 
tory for Nuclear Science, Massachusetts Institute for Technology, 
May 31, 1956 (unpublished). 

* 8. Elbek and C. K. Bockelman, Phys. Rev. 105, 657 (1957). 
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Cc? C8, and, notably, from Na™. The excitation 
energies of Na™ levels obtained in this work agreed 
well with those measured by Sperduto and Buechner.’ 
The remaining groups were assigned to P® because 
they could not be attributed to any of the contaminants 
known to be present and because they showed the 
expected energy shift as a function of angle and bom- 


AR Cs B. 


PARIS 


barding energy. They correspond to levels at 1.267, 
2.234, 3.133, 3.293, 3.414, 3.505, 4.188, 4.257, 4.430, 
1.590, 4.633, 4.784, and 5.012 Mev, all +0.005 Mev. 


IV. DISCUSSION 


The ground-state Q value of 1.909+-0.010 Mev found 
for the P®(p,a)Si** reaction is in exact agreement with 
an earlier MIT value of 1.909+0.010 Mev® and in 
very good agreement with a recent measurement at the 
Bartol Research Foundation of 1.911+0.005 Mev.” 

The excitation energy of the first level in Si**, which 
was found to be 1.771+0.008 Mev, is also in fair 
agreement with the values of 1.777 Mev reported from 
the Si®*(p,p’)Si* reaction’ and 1.782+-0.010 from the 
Al**(B~)Si?® reaction.“ With low-resolution methods, 
this level has been observed from many reactions. 

The second level at 4.617+0.008 Mev has also been 
given as 4.47+0.10 Mev" and as 4.54+0.2 Mev” from 
the Al?’ (d,n)Si?* reaction and as 4.6+0.3 Mev from the 
Si?*(p,p’)Si** reaction.” This level probably decays with 
a 2.8-Mev gamma ray to the Si” first level.! 

The first level in P#, here observed at 1.267+-0.005 
Mev, has also been reported from magnetic analysis of 
the P®(p,p’)P® reaction at 1.264+0.004 Mev. Scintil- 
lation spectrometer measurements yield 1.26 Mev from 
the Si#(8-)P®" decay,'!® 1.264+0.015 Mev from the 
P#(p,p')P™" reaction,® and 1.26 Mev from the 
Si®(p,y)P® reaction.! A level at 2.23 Mev has also been 
observed from the latter reaction.’ A level at 3.4 Mev 
may have been observed from the Si®(d,n)P* reaction. 

The present information on the P® level scheme, 
along with older data, is presented in Fig. 3. 


* Van Patter, Sperduto, Endt, Buechner, and Enge, Phys. Rev. 
$5, 142 (1952). 

H. T. Motz and D. E. Alburger, Phys. Rev. 86, 165 (1952). 

R.A. Peck, Phys. Rev. 76, 1279 (1949), 

'2 Rubin, Ajzenberg-Selove, and Mark, Phys. Rev. 104, 727 
(1956). 

'9H. W. Fulbright and R. R. Bush, Phys. Rev. 74, 1323 (1948). 

' Rutherglen, Grant, Flack, and Deuchars, Proc. Phys. Soc. 
(London) A67, 101 (1954) 

'® W. S. Lyon and J. J. Manning, Phys. Rev. 93, 501 (1954). 

'6 J. W. Olness and H. W. Lewis, Phys. Rev. 99, 654(A) (1955). 
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F'*(n,d)O"* Reactions and Energy Levels of O'*+ 
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(Received January 16, 1957) 


The differential cross sections for the reactions F(n,d)O'* leading to the ground- and first-excited states 
of O'* have been measured. Higher excited states were also observed but with insufficient accuracy for meas 
urement of the corresponding cross sections. Comparison with results of pickup theory indicates a proton 
s-wave transition to the ground state of O'* and a probable d-wave transition of approximately equal reduced 
width to the first excited state. The estimated ratio of the two reduced widths is in agreement with recent 


theoretical results. 


INTRODUCTION 


HE use of pickup and stripping reactions to in- 

vestigate single-particle nuclear transitions is 
well established.' For example, the angular distribution 
of the reaction 


(A,Z)+n—-(A—1, Z—1)+d (1) 


determines the angular-momentum and parity changes 
in the corresponding single-particle transition 


(A,Z)>(A—1, Z—1) +9, (2) 


even though the latter transition is not generally 
energetically possible for the ground state of the initia] 
nucleus (A,Z). In addition one may make use of the 
magnitude of the differential cross section of the reac- 
tion (1) in order to determine the reduced width y,? for 
the transition (2) and hence the overlap of the wave 
functions which represent the two sides of Eq. (2). 
Thomas and others? have shown that the essential 
normalizing factors of the Butler angular-distribution 
functions! which produce the magnitudes of the differ- 
ential cross sections are just the single-particle reduced 
widths. One may thus expect to extract the purely 
kinematical effects of the pickup process, such as varia- 
tion of peak cross section with the angular-momentum 
transfer and center-of-mass energy in reaction (1), and 
to obtain the absolute values of the reduced widths. 
Where comparisons have been made between the re- 
duced widths so derived and those obtained directly by 
analysis of nuclear resonance reactions, it is found that 
there is a discrepancy in absolute magnitude of as much 
as a factor of four but that relative magnitudes are 
quite dependably represented.* ° 

Another interesting application of stripping and pick- 
up studies in the determination of reduced-width ratios 
is that in which these ratios are compared with those 
which can be deduced directly from the wave functions 


t Work done under the auspices of the U. S. Atomic Energy 
Commission. 

1S. T. Butler, Proc. Roy. Soc. (London) A208, 36 (1951) 

2R. G. Thomas, Phys. Rev. 100, 25 (1955). This paper gives a 
bibliography of earlier pertinent theoretical work. 

*R. G. Thomas, Phys. Rev. 91, 453(A) (1953). 

‘Fujimoto, Kikuchi, and Yoshida, Progr. 
(Japan) 11, 264 (1954). 

5G. Abraham, Proc. Phys. Soc, (London) A67, 273 (1954) 
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found theoretically for the initial and final states 2of 
transitions such as (2). Recently French ef al.® have 
made such a comparison in the case of the transitions 
from the ground state of B" to the ground and 2.43-Mev 
excited states of Be’. The results of an experimental 
study’ of the pickup reaction B'(,d)Be* were com 
pared with those of their intermediate-coupling deter 
mination of the wave functions of B'” and Be’, with good 
agreement. 

There has been considerable interest recently in the 
nuclides of masses 18 and 19 due to their extensive 
theoretical investigation by means of intermediate 
coupling calculations.’ The present experiment on the 
pickup reactions F"(n,d)O' was undertaken largely 
for the purpose of obtaining some experimental com 
parison with the theoretical predic tions of the properties 
of the low-lying (even-parity) levels of O'*. We shall 
report measurements of the differential cross sections 
of the reactions leading to the ground and first excited 
state of O'* for a neutron bombarding energy of 14.1 
Mev. 


APPARATUS AND EXPERIMENTAL PROCEDURE 


The apparatus for measuring the angular distributions 
of the deuterons consisted mainly of a counter-scin 
tillator coincidence telescope mounted on a rotatable 
stand and has been described in detail in connection 
with a similar previous experiment.’ Thin radiators 
or two-mil sheets of 
14.1-Mev 
neutrons produced by means of the T(d,n)He* reaction, 


of fluorine in the form of one 
Teflon were bombarded by monoenergetic 


using the 250-kev deuteron beam of a Cockcroft-Walton 
accelerator. The charged reaction products were de 
tected by means of their triple coincidences in the two 
proportional counters and the NaI (TI) scintillator which 
had the form of a one-inch circular disk of 2.5-mm thick 
ness. The scintillator pulse-height spectrum correspond 
ing to triple coincidences was presented on an 18 
channel pulse-height analyzer. In addition a 10-channel 
analyzer displayed the ionization (d#/dx) pulses derived 
from the proportional counters through which the 

* French, Halbert, and Pandya, Phys. Rev. 99, 13%7 (1955) 

7F. L. Ribe and J. D. Seagrave, Phys. Rev. 94, 934 (1954) 

* J. P. Elliott and B. H. Flowers, Proc. Roy. Soc. (London) 


A229, 536 (1955), and private communication 
9M. G. Redlich, Phys. Rev. 99, 1427 (1955), and 95, 448 (1954 
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charged particles passed on their way from the radiator 
to the scintillator. Following the design of Igo and 
Kisberg,"’ a special selector circuit was used in the pro- 
portional-counter channels which fed the smaller of the 
two dE/dx pulses to the 10-channel analyzer. With a 
7.6-mm Hg counter filling of Kr—CO, mixture (3% 
CQ,) the resolution of the dE/dx pulse group cor- 
responding to 8-Mev deuterons was about 30%, full 
width at half-maximum. With this resolution it was 
possible to set a bias window on the dE/dx channels of 
the coincidence circuit so that pulses from protons, 
tritons, and alpha particles could be excluded from 
reasonably wide ranges of the deuteron scintillator 
pulse-height spectrum without appreciably affecting 
the numbers of deuterons detected. Such discrimination 
was employed during most of the experiment, partic- 
ularly when the very low yields of deuterons from the 
excited-state I'"(n,d)O"* reactions were being measured. 

The radiator mount was such that it could be rotated 
by means of a magnet external to the counter telescope 
in order to expose either the Teflon radiator, which was 
mounted on a platinum backing, or a clean platinum 
blank to the active counting volume, thus allowing 
background runs to be made in order to correct for 
triple-coincidence signals arising from counter-gas nu- 
clear disintegrations and other causes. 


DATA AND RESULTS 


With the axis of the counter telescope set at zero 
degrees with respect to the incident neutron direction, 
a strong group of 8.3-Mev deuterons was observed in 
the scintillator pulse-height spectrum. The energy of the 
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” G. Igo and R. M. Eisberg, Rev. Sci. Instr, 25, 450 (1954). 
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group was determined by means of the following pro- 
cedure; a thin foil of deuterated polyethylene (CDz2) 


was mounted on that side of the radiator mount 
normally occupied by the platinum blank, and both 
this foil and a two-mil foil of Teflon were bombarded 
alternately with the counter-telescope angle set at zero 
degrees. In each case the scintillator pulse-height spec- 
trum was recorded. After removing the effects of energy 
loss by the deuterons in the radiators and counter gas, 
slight nonlinearity of the electronics and of the NalI(TI) 
luminescent energy response," and a slight shift of the 
effective angle of observation away from the zero- 
degree axis setting of the spectrometer due to the effect 
of its finite window,’ the energy spectrum of Fig. 1 was 
obtained. Here the energy scale has been normalized to 
the value 12.53-Mev for the zero-degree elastically 


"J. E. Brolley, Jr., and F. L. Ribe, Phys. Rev. 98, 1112 (1955). 
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scattered deuterons represented by the peak of higher 
energy. The result for the 0 value of the ground-state 
reaction F!(n,d)O'8 is —5.79+0.08 Mev. 

For further runs the CD, foil was removed, exposing 
the platinum blank, and a one-mil Teflon foil was used 
as a radiator. At all telescope angles it was observed 
that deuteron yields corresponding to excited states 
of O'* were very low, and in order to obtain reasonably 
accurate data it was necessary to remove competing 
proton disintegrations from the scintillator pulse-height 
spectrum by biasing of the dE/dx coincidence channels. 
In particular, no excited-state group of deuterons of 
intensity comparable to that of the ground-state group 
appeared at zero degrees. Typical data giving the deu- 
teron energy spectra at larger angles are shown in Fig. 2. 
Again the energy scale is corrected, and the ordinate 
scale is corrected for the fact that equal pulse-height 
channel widths correspond to unequal deuteron-energy 
differences due to slight nonlinearity of the electronics 
and to energy loss by the deuterons in the radiator and 
counter gas. 

Analysis of the data of Fig. 2 gives the value 1.9+0.1 
Mev for the excitation energy of the first excited state 
of O'*. In addition there is a wide group of deuterons in 
the region of excitation from 3 to 4 Mev which appears 
at allangles. 

The experimental values of the differential cross sec- 
tion for the ground-state reaction F(n,d)O"* are plotted 
versus laboratory angle in Fig. 3. Also plotted are 
theoretical curves for the pickup angular distribution 
which will be discussed later. In Fig. 4 are plotted the 
experimental values of the differential cross section 
for the F%(n,d)O" reaction leading to the 1.9-Mev 
excited state of O'%, along with theoretical angular dis- 
tributions which will be discussed later. Note that the 
peak differential cross section for the excited state is 
lower than that for the ground state by a factor of 14. 
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Fic. 4. Experimental and normalized theoretical differential 
cross sections for the F%(n,d)O" reaction leading to the first 
excited state of O", 


A careful search was made for ground-state protons 
from the competing reaction F"(n,p)O"” at a counter- 
telescope angle of zero degrees, and none were observed 
to within an upper limit of 0.2 millibarn/steradian ; 
although some protons in a continuous spectrum of 
energies corresponding to excitations in O” of greater 
than 1.5 Mev were found. At 50 degrees there was a 
trace of ground-state protons, amounting to about 0.7 
mb/sterad. 

DISCUSSION OF RESULTS 


Although the determinations of the energies of the 
excited levels of O'* indicated in Fig. 2 are not suffi 
ciently accurate to contribute greatly to their quantita 
tive energy assignments, there is nevertheless con 
firmation of the accurate charged-particle-spectrometer 
measurements of Jarmie’” who used the F'(t,a)O" 
reaction to observe levels with excitations as great as 
6.33 Mev in O'*. The first level found in the present 
work corresponds to the well-known level placed by him 
at 1.99 Mev. The broader group in Fig. 2 between 3 and 
4 Mev corresponds to the next two levels found by 
Jarmie at 3.50 and 3.93 Mev. These levels were un 
resolved in the present experiment, due largely to the 
effects of the radiator thickness which was necessary to 
give an observable yield. Observation of levels whose 
excitations are greater than that of this unresolved 
group was made impracticable both by lack of resolu 
tion and background. There is no indication of a level 
at 2.45 Mev as reported in preliminary observations” 
of the O' (d,p)O"* reaction 

In order to make spin, parity, and reduced-width as 
signments for the reactions I'"*(n,d)O"* it is necessary to 
compare the experimentally determined differential 


12 Nelson Jarmie, Phys. Rev. 104, 1683 (1956) 
’ Holmgren, Hanscome, and Willett, Phys. Rev 
(1955). 
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TABLE I. Dimensionless reduced widths of the F%+O'*+- p 
transitions between the ground state of F and the ground- and 
first-excited states of O'*, assuming various orbital angular 
momenta l, for the proton 


Relative 
reduced 
width 


Reduced 
width 
State 6, 


Proton orbital 
angular momen 
tum /» 


1,00 
<0.041 
<0.19 
<0.87 


0.036 
<0.0015 
< 0.0068 
<0.031 


0 Ground 
0 Excited 
1 Excited 
2 Excited 


cross sections with the theoretical expressions for the 
pickup differential cross section. We have used the ex- 
pressions given by Thomas? on the basis of plane-wave 
Born-approximation calculations. In Fig. 3 the dotted 
curve da/dQ is a graph of his expression for an angular 
momentum /,=0 of the picked-up proton and nuclear- 
radius parameter r9= 5.10 10°" cm. The solid curve 
Aa /AQ represents the “smeared” theoretical differential 
cross section in which account has been taken of the 
finite window of the counter telescope, according to a 
procedure discussed elsewhere.’ It is seen that there is 
good agreement between the experimental and theoret 
ical angular distributions, as would be expected in the 
present case where the low atomic number of the target 
nucleus and high bombarding energy make Coulomb 
effects almost negligible. Since the ground states of 
I and ©!* are known to have spin 4+ and Of, only s 
wave pickup is allowed. 

In order to normalize the theoretical differential cross 
section of Fig. 3 to the experimental data, we have 
assigned the value 0.036 to the dimensionless reduced 
width 6,’, which is given in terms of the reduced width 
Ys" by 

65° = (2M r¢/h*)y,’, (3) 


(A, 
the ratio of masses of the final and target nuclei. We 


where M is the nucleon mass, and e 1)/A;_ is 
shall use this value for the ground-state s-wave reduced 
width as a standard of comparison for those reduced 
widths which are found for the transitions to the 1.9- 
Mev excited state of O'. 

The differential cross section for the excited-state 
reaction shown in Fig. 4 is not as clear-cut as that for the 
ground-state reaction, owing largely to the low yield. 
In order to obtain an estimate of the d-wave reduced 
width and an upper limit for the s-wave reduced width, 
we have assumed an isotropic “compound nucleus” 
contribution to the differential cross section, on top of 
which we have plotted the theoretical expressions for 
the s- and d-wave differential cross sections with the 
dimensionless @duced widths 0.0015 and 0.031 respec 
tively, which best represent the data. The assumption is 
made that interference between the compound-nucleus 


and single-particle (pickup) terms of the collision-matnx 


RIBE 


component representing the (,d) reaction vanish. The 
justification? for this assumption in the case of the 
present experiment is that the levels of the highly- 
excited compound nucleus F” are closely spaced com- 
pared to the energy spread of the incident neutron beam 
and that the signs of their reduced-width amplitudes are 
expected a priori to be uncorrelated. 

A summary of the experimental! results for the re- 
duced widths is given in Table I. The third column gives 
the values of the reduced widths for s-wave pickup to 
the ground state of O'* as well as the upper limits of 
the reduced widths found for various assumed angular- 
momentum values of the picked-up proton in pro- 
ceeding to the first excited state. As was pointed out 
in the introduction, these absolute values are not ex- 
pected to be accurate to better than a factor of four. 
Therefore in the fourth column we have plotted the 
more dependable ratios of the experimental reduced 
widths to that for the s-wave ground-state reaction. 
From these ratios we see that s- and p- wave transitions 
to the first excited state are much weaker than the 
ground-state transition, while the upper limit for the 
d-wave transition has approximately the same strength. 
The fact that the corresponding d-wave differentia] 
cross section is actually much smaller than that for the 
ground-state s-wave reaction is accounted for by kine- 
matical effects. This analysis is consistent with an 
assignment of any of the spins 1*, 2+, or 3+ to the 1.9- 
Mev excited level of O'. 

This spin assignment is also consistent with the 
theoretical results of Elliott and Flowers* whose inter- 
mediate-coupling calculations of the even-parity levels 
of O'* result in a ground state with spin O* and a first 
excited state with spin 2+ with excitation energy lying 
between 1.5 and 2.0 Mev. In addition there is remark- 
able agreement between the theoretical ratio of reduced 
widths for the ground-state s-wave and excited-state 
d-wave F-»0'*+ > transitions and the experimental 
upper limit given in Table I. Elliott* has calculated this 
reduced-width ratio on the basis of the mass-18 and 
mass-19 wave functions of reference 8 for the value 
V.= 40 Mev of the coupling parameter which best fitted 
all other data and found the value 0.87, in agreement 
with the experimental upper limit. 

In addition to the first excited level of O'%, Elliott and 
Flowers predict a group of three even-parity levels of 
spins 0, 2, and 4 in the region of excitation from 3 to 4 
Mev. The J 
effects in a pickup reaction. This assignment is therefore 


4 level would be supressed by kinematical 


not contradicted either by the present results or those 
of Jarmie” if it is assumed that the F!(t,a)O"* reaction 
observed by him also proceeds predominantly by proton 
pickup. Unfortunately the present data on these higher 
excited states are not of sufficiently good quality to allow 


“ J. P. Elliott (private communication). 





F!®(n,d)O}8 


quantitative comparison with the reduced-width ratios 
of 0.36 and 0.12 calculated by Elliott for the J/=0 and 
J =2 excited states. Qualitatively the second value is in 
agreement with the size of the differential cross section 
which was observed, but the first value would appear to 
be too high, since there was no clear indication of an 
excited state in this region of excitation at a laboratory 
deuteron angle of zero degrees. 
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Matrix elements of the two-body spin-orbit interaction between two-nucleon states in LS coupling are 
expressed in a convenient form which is particularly suitable for oscillator wave functions. The interaction 
between an almost-closed shell and an external inequivalent nucleon is also considered 


1. INTRODUCTION 


HE tensor operator methods of Racah' have been 
used to evaluate the matrix elements of two-body 
noncentral nuclear forces between antisymmetric LS- 
coupling states arising from two inequivalent nucleons* ® 
and for configurations involving almost-closed shells.’ 
The results obtained expressed the elements of the 
energy matrix in terms of radial integrals and their 
coefficients, the radial dependent terms of the operator 
being first separated from the remainder. 

In this paper we obtain expressions for the elements 
of the radial-orbit amplitude matrix of the spin-orbit 
operator in which the radial terms are not entirely 
separated from the orbital coefficients. It is shown that 
this approach leads to a gain in simplicity of form, and 
that the elements are not unduly difficult to evaluate. 
The true two-nucleon case is considered first, and some 
results for configurations involving almost-closed shells 
are derived later. 

In the course of this work we evaluate single-nucleon 
amplitude elements for the tensor operators R' and ?! 
with oscillator wave functions. 


*Much of this work was carried out at the University of 
Southampton, Southampton, England, and forms part of the 
writer’s Ph.D. thesis 

1G. Racah, Phys. Rev. 62, 438 (1942). 

2 J. P. Elliott, Proc. Roy. Soc. (London) A218, 345 (1953) 

3L. W. Longdon, Phys. Rev. 90, 1125 (1953) 

‘J. Hope, Phys. Rev. 89, 884 (1953) 

‘J. Hope and L. W. Longdon, Phys. Rev. 101, 710 (1956), 
referred to as I 

®*J. Hope and L. W 
referred to as IT 

7 The term “almost-closed shell” as used in this paper implies 
a shell closed except for a single vacancy. 


Rev. 102, 1124 (1956), 


Longdon, Phys 


2. SPIN-ORBIT OPERATOR 


We begin by recalling some results in II 

Apart from the intrinsic spin* and isotopic spin‘ 
dependences, the two-nucleon spin-orbit operator is of 
the form J (rj.)L', in which J(rj2) is a distance function 


and L' is a two-nucleon tensor operator 
It is convenient, following the methods used in 
calculations, to expand the 


nuclear central force 


distance function 


> Janine) (Co 
ke 


I(r») *» Ca") (1) 


in terms of the radius vectors of the individual nucleons 
and scalar products of the single-nucleon tensor oper 
ators C*. In this the radial and orbital components of 
the function are separated. 

The operator 1; can be expressed 


2 
L' -iv2 > (R,,)'O'P wy), 


4,t=l 


(2) 


in which the single-nucleon tensor operators R' and 7! 
are constructed from the Cartesian components of the 
individual nucleon position and momentum vectors. 
‘ach of the operators R' and 7 contain both radial 
and orbital components, so that the radial component 
of the operator L! is not separate. The tensor product 
© is defined in I. 

* An expression for the amplitude elements of the spin-orbit 
intrinsic spin operator is quoted in II 

’ The elements of the isotopic spin operator for neutral, sym 
metric, and charged dependences are given in I 
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3. TWO-NUCLEON ENERGY 


Hitherto the operator J(1;.)l) has been expressed in 
a form in which its radial component has been sepa- 
rated, as in II, Eq. (7). But it is suggested here that 
advantage is to be gained by not taking this approach. 

For the configurations involving two inequivalent 
nucleons, and for any particular value of k, the elements 
of the amplitude matrix are of the form 


(nil) ,Nolo,L Ta lry re) (€ ‘ay ( 2)" )L\\ny'Ly' no'ly’,L’), 
and can be expressed as 


(nl; nolo, L || Je (11,72) (C ay" Ceay*)|| eA, vadA0,L) 
a (vyAy,¥r2,L)| L! |\y'l;' ,o'le’,L’), (3) 


in which we have employed a dummy suffix notation 
implying summation over all v, X. 

The first element of this product is of the type 
encountered in central-force expressions and, following 
common practice, we separate its radial term and arrive 
at 


(nl; ,nole| Ja (1),12) VA, Var) (UyloL ¢ ‘ay* “¢ cay *l|AAoL) 
x (vA1,v2rA2,L!) I} |9y/ly’ no'ly’,L’), (4) 


in which the element of the amplitude matrix is ex- 
pressed as a linear combination of radial integrals of 
the central-force type, or of the type /* defined in II, 
Eq. (16). The coefficients of these radial integrals 
consist of an orbital term of the central-force type, 
which is dependent on k, together with the amplitude 
elements of the operator L', which are independent of 
k but contain a radial component. 

The operator L' can be expanded as in Eq. (2), and 
if s=¢ the tensor product reduces to the single-nucleon 
angular momentum operator £', whose elements are 
quoted in II, Eq. (14). For this reason the expansion of 
the element (v;A;,vAo,L!! L'(,20)!/ yl) ne'le’, L’) contains 
a term 6(v,,91')6(v9,n9')6(A4,1;')6 (Ao,l2’) and the elements 
of the amplitude matrix for the operator J(r,.)L' for 
s=tin the expansion of L' lead to the coefficient of the 
radial integral /* given in II, Eq. (16). Since the 
single-nucleon elements of £' contain no explicit radial 
dependence other than the Kronecker deltas quoted 
above, the approach suggested here is identical with 
that used in II, and we shall content ourselves with 
giving the coefficient of /* as it appears in I. 

(91), alo, L)|F (ry2) LL (aee || tal’ na’ le’ ,L') = 42-4 

K O(ilely'Le’; LL; kk; ROOO){L(L+1))(L,L'), (5) 
in which the functions 4 and © are defined in I, Eq. 
(10). 

The remaining “crossed” terms of the expansion of 
L', for st, lead to two-nucleon tensor products, and 
their amplitude elements can be expanded using I, 
Eq. (3). The result is 
(vA, Mra, LL ey) aly’ mta'ly’,L’) 

3-4 (PR) —V(RP))xQroli'l’; LL’; 11; 1), (6) 


in which 
(V(PR)—V(RP)} 
= —iv2{ (vyA5)| P*l)905/L)') (vars |R')\9'ly’) 

— (vydq| R'\,0y'L,') (vadal| P*||na'le’)}, 
and in the next section we shall derive explicit expres- 
sions for the single-nucleon amplitude elements of the 
operators R! and P'. 

We can thus express the typical element of the 
amplitude matrix for two-nucleon configurations, apart 
from the coefficient of /* quoted in Eq. (5), using the 
well-known result for the amplitude elements of a 
scalar product of tensor operators,'® and Eqs. (4) and 
(6) as follows: 


(nil; ,Mole,L)| J (112) L (4 e0)\\ a/b’ ma'le’,L’) 
= (— 1) Ae-L. Z-4W (Lledo; Lk) 
Kx (Asrobi'le’ 5 LL’; 115 1) (Li|!C*l|A1) (Lal|C*|| 2) 
K(V(PR)—WV(RP)} 
X (nyl,nole| Su (11,72) | vrd1,v2d2). (7) 


4. FUNCTION & 
Before we can evaluate the function {¥(PR) 
W(RP)}, we must find expressions for the single- 
nucleon amplitude elements of the operators R' and P'. 
Now, using II, Eqs. (5) and (6), we may write 


(nl|| R'\\n'l') = (UCL) (nl |r| nl’), (8) 
in which (/||C"\/’) can be found by using I, Eq. (8), and 


in which the single-nucleon radial integral is equivalent 
to 


(nl|r\n'l’) = [Un(PrU wel pprap, 


a 


where U,i(p) is a_ single-nucleon wave function, 
p=1/do, and do is the well parameter. 
For oscillator wave functions, we have 
U nlp) = (— 1)" (278 (n4+-4)0 (n—D} bp! 
Xexp(—}p)Tyin"(p*), 
in which 7),;""'"'(p*) is a Sonine polynomial. It can 
be shown!" from this that, for //=/+-1, 
(nl|r\n'l’) 
I (n’+4)0(n—L) 


= do} - {6(n’, n+1)—45(n',n)}. 
r(n+4)0(n'—1’) 


We then find, from Eq. (8), the result 
ay *(nl!| R'|\n'l’) 
— { (14-1) (n+4)}6(U, 14-1)6(n’, n4+1) 
+{ (1+1)(n—1—1)} 45 (/’, 14+-1)6(n’n) 
— {l(n—1)}48(U', l—1)6(n' n) 
+{l(n—4)}48(U', 1—1)4(n’, n—1), (9) 


See reference 1, Eq. (38). 
" For an account of this derivation see J. Hope, Ph.D. thesis, 
London University, 1952 (unpublished). 
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together with a similar result for the operator P! which 
can be derived from the above by use of the relation 


ag? (nb\| Pin’) = — (iN (nl||R'\\n'1'), (10) 
in which V=2n—/—1 is the total quantum number of 
the single-nucleon state. Equation (10) can be demon- 
strated by an argument similar to that used in the 
matrix theory of the linear oscillator. 

Using Eqs. (9) and (10), we list in Table I the 
function {¥(PR)—W(RP)}. We find that there are 
only eight values of the parameters v, \ for which the 
function is nonzero.” This is not too cumbersome a 
result. 


5. OPERATOR IN SINGLE-NUCLEON FORM 


The expansion of Eq. (7), together with Table I, 
can conveniently be used for the evaluation of the 
spin-orbit energies of two-nucleon configurations. If, 
however, we are to consider the interaction between 
an almost-closed shell and an external nucleon, we must 
express the operator in terms of tensor products of 
single-nucleon tensor operators. To do this, we may 
rewrite Eq. (1) and expand the distance function in a 
form in which the radial and orbital components are 


not separate : 
J (112) = Lee, i, (IC ay* JEcm)"), (11) 


in which i@)*=/fi(r,)Cq)*, where we have made a 
formal expansion of the function J,(r,,r2) of the type 


; i,j Silty )fi(r2). 


We note that the operators @* are radial-orbit tensor 
operators, in that 


Ji (71,72) 


(nl||C*) n'l’) = (UCL) (nl f(r) | nl’), 

where (nl! f(r) |\n'l’) is a single-nucleon radial integral. 
We can now write the spin-orbit radial-orbit operator 

in the form 


2 
I (ry)L'= —iv2 © (—1)**" 


s,t=l 


a p (1@(1)*- JCy2)*) (Res)'O'Pwy'), 


ki? 


and we are interested in the evaluation of the amplitude 
elements of this operator for s not equal to /. 

For convenience of notation, we shall consider an 
operator of the form 


Aja*(PR) = —iv2¥ ;, ;(i@qy* j@cy*)(Poy'O'Re»), (12) 


and note in passing that, for s not equal to /, the 
complete operator may be written 


J (9:2) La et) Ajo*(PR)—A yo" (RP). (13) 


For convenience we have here omitted the primes, writing 
n’, l’asn, l. 


ENERGY 
TABLE I, The function {¥(PR)—¥(RP)}. 


A Ae (¥(PR)—¥(RP)} 
(itl) Get) On +d) (mn 1))¢ 
+4 Ua) a1) (mi ti —1) (re a)? 
( (i +1 da (ns +4) (me — 9) 4 
29> + i +1 la (mi hi — 1) (a =) 
(i (da -+1) (a —ti) (ma ls —1) |9 
+ (i a +1) rr — 4) Oe 4)? 
(iida (mi bi) (ma — 4) ) 
+ (lite (mi —$) (ta ty) | 


i+ a+ 


We can now expand Eq. (12) in single-nucleon form, 
using LI, Eq. (8), by writing 
Aj*(PR) IV2> i nu(—- DX Lally ]}! 
XK W (xk11; Ly) (iP )7O' JR”), 


in which i0?= (i@*O7P!), 7RY= (j@*O “R'). From this, 
we evaluate the general element of the amplitude 
matrix for this operator, which is 


A*(PR) = (nl), Mole, L!| A yo" (PR)|| 904/11 na'la’ ,L’), 


by using first the relation I, Eq. (3) to write the 
element in terms of single-nucleon amplitude elements 
together with a x function, and then breaking down 
the single-nucleon amplitude elements by means of II, 
Kq. (13). We arrive at the result 


A*(PR)=¥ 1. V(PR)Q'4*, (14) 


in which ¥(PR) is as in Eq. (6), 
Dh = Sy (mls! i@*!] vA) (Male! FC"! vars), 


and 


=o y(—1)7ter*{(1 x Ly J}! 
Kx (glob sled’ ; |i Bee xy; 1)W (xk 1; ly) 
KW (RAL 5 2A.) W (RI Lolo’; yr2). 


The summation over y, \ is to serve as a reminder that 
we have made use of a dummy suffix notation, as we 
did before. 

The factor Q* can be written 
Q' (L,||C’ Ay) (ls Cc ho) (nil; ,nole Ji (1,12) ViA1,V2A2), 


by using Eq. (11), and we can now replace Eq. (7) by 
the equation 
(nl) nolo, L (nil et) ny'1y' no'le’,L’) 

> rll lic* 1d) (Lei C Aa)®*(V(PR) V(RP)} 


K (nil; ,nole| Jk 1,172) ViA1,V2AQ). (15) 


In the next section we shall consider the application of 


this result. 


6. TWO-NUCLEON AND ALMOST-CLOSED 
SHELL CONFIGURATIONS 


The factor * of Eq. (15), which is for a two-nucleon 
configuration, can be reduced as follows 
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It can be shown that!* 


> (—1)'Lr |W (eckd; rf )W (echg ; ra)W (bgkd ; rh) 


(—1)**#-@W (ab fk; eh)W (hadc; fg), (16) 


and the x function can be expanded in terms of W 
functions 


x(abed; ef; gh; k)={Lell fig Aly > [1] 


KW (eckd; 1 f)W (echg; ra)W (gbkd; rh). (17) 


If we expand the x function in &* using Eq. (17), then 
apply Eq. (16) to the summation over each of x and 
y, and finally apply Eq. (17) again to the summation 
over the remaining parameter, we obtain the result 


Dh = (—1) th 3-SW (Lledo; LR) 


Kx (Arrvoly'le’; LL’; 11:1), (18) 


which, in conjunction with Eq. (15), brings us back to 
kq. (7). 

If, on the other hand, we are concerned with the 
direct term for the interaction between an almost-closed 
shell and an external nucleon, we must, following the 
methods of Sec. 4 of I, insert a factor (—1)?*' under 
the summation in the expansion of ®*. After having 
expanded the x function, we are faced with a sum over 
six W functions which can be reduced as follows. We 
note that /; is now equal to J;’, and make use of Eq. 
(16) in the summation over y to reduce the expression 
to a sum over five W functions. We then use Eq. (17) 
on the summation over x to write this as a sum over 
two IW functions and a x function. After some tedious 
manipulation, the expression finally reduces to a simple 
result containing a Wigner 12— 7 coefficient.’ We find, 
using a notation similar to that employed in I and II, 
L)itiernerrae TILL ILL}! 
{i h Les 

yk & I 
li Ae 1 il 


(D)®* 1) ( 
i 


| (19) 


/ 


x 


® 


for the value of #* appropriate to the direct ‘‘normal” 
terms. 

The exchange “normal” term can be evaluated by 
the methods of Sec. 4 of I, and reduces to an explicit 
expression. We here quote the result for the general 
exchange “normal” amplitude element for the operator 
I(r) Ly et). It is as in Eq. (15) except that the func- 
tion (¥(P?R)—¥(RP)} is to be replaced by the function 
(E){(V(PR)—WV(RP)}, which can be obtained from 
(¥(PR)—W(RP)) by interchanging m/l)’ with n’l,’ 

“ This result was demonstrated to the writer by J. P. Elliott. 
It is also given by L. C. Biedenharn, Oak Ridge National Labo 
ratory Report No. 1098, 1952 (unpublished). 

4 See, for example, H. A. Jahn and J. Hope, Phys. Rev. 93, 


4318 (1954) 
'® For the relevant relation see the addendum to reference 14 
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and then putting ,;'1,' equal to n,/,, and the function 
‘* is to be replaced by (£)®*;»,, 1), where!® 


(B)®* oy, -4) = (— DEPLETE LICL ys 


KW ALLL’; 1k)W (RA ds"; LX,)W (Rll, LA2). (20) 


Corresponding expressions for the almost-closed shell 
‘null’ terms, and for the closed shell configurations 
considered in I and II, are easily derived, and are not 
given here. 


7. COMMENTS ON THE RESULTS 


The typical element of the two-nucleon amplitude 
matrix is expressed in Eq. (7) in a more simple form 
than in the corresponding result of II, Eq. (16). The 
functions P(a,b,c) which involve a sum over two W 
functions do not appear, and the coefficient of the 
radial integral is, on the whole, less complex than the 
function ©, defined in I. Also, in place of the radial 
integrals J*, C*, and D* we have only radial integrals 
of the type /* which are of the central-force kind. 

On the other hand, in place of a summation over x 
and y we have a summation extending over all of v 
and A, with a different radial integral for each set of 
values of these parameters. However, as can be seen 
from Table I, this can involve at the most eight terms, 
and we note that if either m,’=1,'/+1 or no’ =1,'+1, the 
number of terms reduces to six and if both conditions 
are complied with, this reduces to four. Also we would 
remark that in any series of calculations extended over 
a number of different configurations the same radial 
integrals will occur many times, whereas with the 
method of II different integrals are required for each 
configuration. 

The direct “normal” terms for the interaction of an 
almost-closed shell with an external nucleon are not 
hard to evaluate for lighter nuclei, and the exchange 
“normal” terms are, as usual, relatively simple. 

The elements of the operator C* can be calculated by 
using I, Eq. (8), and the W function has been tabulated 
in convenient form.” 

The writer has carried out a series of calculations 
involving the nuclear shells (1s), (2p), (2s), and (3d) 
by a method similar to the above in order to check 
values obtained using the results of II, and has found 
this method to be the more tractable of the two. 
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The angular distributions of the ground-state neutrons from the reaction B"(d,n)C™ have been measured 
in the deuteron energy range of 0.500 to 1.15 Mev. A single stilbene crystal counter was employed as a 
neutron detector. At a bombarding energy of 0.8 Mev the neutron angular distribution exhibits a strong 
forward component, while at 1.15 Mev the distribution is more isotropic. The data are consistent with an 


analysis based on nuclear stripping theory. 


INTRODUCTION 


REVIOUS investigations! of the angular distribu- 
tions of the ground-state neutrons from the 
B"(d,n)C" reaction in the deuteron energy range from 
1.6 to 4.7 Mev have shown a backward component in 
addition to the customary forward component which is 
expected from deuteron stripping theory.’ It has been 
suggested*® that neutron stripping from the target 
nucleus might account for the backward component. 
An investigation’ at 0.6-Mev bombarding energy 
indicated that the angular distribution in this energy 
range was characterized by a forward throw. The 
present experiments study the variation of the angular 
distribution with energy in the range from 0.5 Mev to 
1.15 Mev. 


EXPERIMENTAL ARRANGEMENT 
A. Targets 


The targets were prepared from H;BO ;. No attempt 
was made to use enriched B", since any neutrons from 
the reaction B'°(d,n)C" would not be measured by our 
apparatus. B,O; was evaporated onto a copper backing. 
An optical flat was placed in the bell jar and the deposit 
on the flat gave a measure of the deposit on the copper 
backing. The target thickness was determined by 
measuring the channel spectra of the light reflected 
from the surface of the optical flat. The average target 
thickness used in these experiments was about 150 kev 
for 1-Mev deuterons. The average energy of the inter- 
action was, however, much closer to the incident energy, 
because the total cross section of the reaction at these 
energies is varying as the barrier penetrability. At 1 Mev 
the apparent thickness of the targets was less than 50 
kev. 

The deuteron beams were provided by the Van de 
Graaff generator of the Johns Hopkins University 
Nuclear Laboratory. 


* Supported by the U. S. Atomic Energy Commission. 


Price, and Risser (private communication, to be 


1 Class, 
published) 

2S. T. Butler, Proc. Roy. Soc. (London) A208, 559 (1951); 
A. B. Bhatia et al., Phil. Mag. 43, 483 (1952) 

41. Madansky and G. E. Owen, Phys. Rev. 99, 1608 (1955). 

*A. Ward and P. Grant, Proc. Phys. Soc. (London) A68, 637 


(1955) 


B. Neutron Detector 


A single stilbene scintillation crystal mounted on a 
6342 photomultiplier was utilized to detect the neutrons 
from this reaction. The preliminary runs were made 
with a crystal 1 cm in diameter and 5 mm in thickness 
Because of the low total cross section at energies around 
600 kev, it was necessary to work with the 1-cm crystal 
about 7 cm from the target. ‘The final data were ob 
tained with a stilbene crystal 2 cm in diameter and 
4.3 mm in thickness. These runs were performed at a 
distance of 12.5 cm from the target. 

In both cases it was necessary to shield the crystal 
from the high-energy electrons from the B'(d,p) BY 
(8-)C” reaction. A series of background checks showed 
that the final measurements were free from the electron 
background when the crystals were shielded by a lead 
disk one-quarter inch thick. 

In addition to the electron background, there is a 
high-energy gamma-ray background. However, the 
pulses from the interaction of these gamma rays in the 
crystal are not high enough to cause interference in 
the proton recoil spectrum of the ground state neutrons 
of the reaction B"(djn)C”. 

It is apparent that the best results are obtained when 
the volume and thickness of the crystal are kept to a 
minimum value commensurate with the intensity of 
the neutrons and the range of the highest energy recoil 
protons, 

The efficiency of the detectors has been calculated 
and the nonlinearity between the energy of the recoil 
proton and the associated pulse height has been checked 
with previous measurements. 

The pulse-height spectra were displayed on two 
Atomi 20-channel analyzers 


arranged in tandem. 


Instrument Company 


C. Measurements of the Beam Intensity 


The experiments were monitored by a current inte 
gration of the beam, and in a given angular distribution 
at a specified beam energy the relative intensities were 
monitored by a stilbene crystal counter which detected 
the electrons from the decay of B’ to C"*, as well as 
the other reaction products. In most cases, for a given 


incident energy it was found that the ratio of current 
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Fic. 1. Pulse-height spectrum of recoil] protons from the 
neutrons of the B"(dn)C™ reaction. The two steps clearly 
represent the recoil groups from the ground and first excited states. 


integrator counts to monitor counts was constant to 
within 5%, 


D. Analysis of the Data 


A typical pulse-height spectrum of the recoil protons 
from the neutrons of the B'"(d,n)C™” reaction is shown 
in Fig. 1. 

The theoretical step function which arises from the 
n-p scattering is distorted mainly by the finite resolution 
of the detector system, the nonlinear pulse height 
response of stilbene, and end effects. 

It is seen in Fig. 1 that although the recoil proton 
spectrum corresponding to the ground state neutrons 
shows little distortion, the proton spectrum for the 
first excited state is not so well defined. The major 
distortion in the first excited state spectrum arises from 
the presence of the end point of the high-energy gamma- 
ray background. Since the B” contaminant contributes 
a large number of these gamma rays, it seems necessary 
to use enriched B" targets for the study of the first 
excited state. Also smaller crystals will discriminate 
against this gamma background. 

The data of the ground-state neutrons were analyzed 
in the following manner. First the pulse-height spectrum 
is integrated and the number of pulses above a height 
S is plotted against S. At the high proton energies 
involved in this reaction, the pulse height versus energy 
function is quite linear in the region near the end point, 
and therefore the integrated plot is a straight line 
except for the resolution distortion near the end point 
and end effects. After correcting for the end effects, the 
extrapolation of the straight line gives the pulse height 
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corresponding to the end point and thus allows conver- 
sion to an energy spectrum. Once the corrected pulse- 
height spectrum is converted to an energy spectrum, 
the calculation of the neutron intensity is straight- 
forward. An integrated energy spectrum is shown in 
Fig. 2. 

End-effect corrections were made in all cases. This 
effect arises from the fact that a proton may escape 
from the crystal before giving up its full energy. 
Figure 2 shows the result of performing this correction. 
It should be noted that the linearity of the plot is 
improved. This correction must be made if total cross 
sections are to be obtained. Since there is not a large 
variation in neutron energy over a single angular 
distribution, the end-effect correction does not make a 
marked change in the shape of the angular distribution 
curves. 

Since the data involve many different neutron 
energies, a check of the pulse-height nonlinearity curve 
was possible. The results showed agreement to better 
than 5%. The neutron intensity calculation is based 
on energy ratios; therefore the final intensity calcula- 
tions are more accurate than the nonlinearity correction. 

Neutron intensities were measured at the same angles 
on both sides of the beam axis to check the centering 
of the target. 


RESULTS 


The angular distributions of the ground state neu- 
trons for deuteron bombarding energies of 0.5; 0.6; 0.8; 
1.00; and 1.15 Mev are shown in Fig. 3. It can be seen 
that the distributions are relatively isotropic in the 
region of 1.15 Mev and that there is a characteristic 
forward throw at lower energies. 

The total cross section was obtained by integrating 
the angular distributions. This is presented as a function 
of energy in Fig. 4. The total cross section is a smoothly 
varying function increasing quite rapidly, as is char- 
acteristic of Coulomb barrier penetrability. 
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Integrated recoil proton energy spectrum for the — 
ground-state neutrons. The curves show the result of making the 
end-effect correction. 


Fic. 2. 





B'!(d,n)C'? GROUND 


STATE NEUTRONS 








ROSS SECTION IN MILLIBARNS PER STERADIAN 


c 


DIF FERENTIAL 








aa: 


180 


0 


0 





150 ie] . 30 
4 


a ae 











. a 
CENTER -OF-MASS ANGLE IN DEGREES 


Fic. 3. Angular distributions of ground-state neutrons from B"(d,n)C” reaction for deuteron bombarding energies of 0.5, 0.6, 0.8, 1.00, 
and 1.15 Mev. Differential cross sections are in millibarns per steradian. Solid curves are fits based on nuclear stripping theory 


DISCUSSION 


The data are consistent with an analysis in terms of 
compound nucleus formation or in terms of a direct 
first order interaction similar to the deuteron stripping 
theory. An analysis® of the reaction B"(d,n)C” based 
on a nuclear stripping theory has been completed for 
the energy range 0.6 to 4.7 Mev. This particular 
discussion® of the reaction is based upon a Born approxi 
mation. The use of a final state wave function for the 
outgoing neutron which is antisymmetric for the ex 
change of the neutron from the deuteron and the outer 
shell neutrons of the B" includes the probability of 
heavy-particle stripping’ from the B". The exchange 
wave function for the final state neutrons also intro- 
duces interference between the deuteron stripping and 
heavy-particle stripping. This interference is large 
below the Coulomb barrier. 

The differential cross section can be written as 


da | Ae 2 
C(E)|Gp(K1) 7: (RiRi) +—Gul(K 2) jo(RaR2) | , 
dQ | Ay 


center-of-mass wave number of the outgoing 
center-of-mass wave number of the inci- 


where k,= 
neutron, ka 


*G,. E, Owen and L, Madansky, Phys. Rev. 105, 1766 (1957) 


dent deuteron, 
K [ k,?+ tka’ ~kyka cosd }i, 


‘ 
k Ra € os] , 


6 


1 e.g j 
bv) { k,ka cos . 
11 11 


ko=[hka + (tRn)?+4knka cosd |}, 


2(2maa)! 
ad } K rt 


ap’ | By? 


an’—K7? By’+K? 


* {0.535 sin(K wp) +ji(Kyp)). 


The 7,(kR) terms are the spherical Bessel functions of 
order 1. 

A»/A; is proportional to the ratio of the amplitudes 
of the exchange term and the deuteron stripping term. 
A»/A, has been taken as the principal adjustable 
parameter of this analysis. 
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Fic. 4, Total cross sections for the ground-state neutrons from 
B'(dn)C# in millibarns. Solid curve is best 
fit to experimental data 


Cross sections are 


For simplicity the interaction radii R; and R» of the 
centrifugal barrier terms 7:(4i:R:) and jo(koR2) were 
set equal and held constant for the theoretical curves 
shown in Fig. 3. The use of the interaction radius is a 
method of accounting for distortions of the plane waves 
which are inherent in the Born approximation. There- 
fore it would not be unreasonable to expect the inter- 
action radii to vary slowly with the energy, particularly 
below the Coulomb barrier. In fact if the radius R; is 
allowed to approach zero for the energies which we are 
considering, the theoretical curves agree very well with 
the experiment. ‘This lowering of R; implies that the 
Coulomb distortion of the captured wave shifts the 
first maximum of the probability amplitude away from 
the origin. 

All of the data presented here were fitted with a 
radius of 3.8 10~" cm, and A»/A; was adjusted to give 
the best fit at 15° and 120° (c.m.). Values of A»/A; are 
to be found in Table I. These values decrease as the 
energy decreases. The data could also be fitted by an ex 
pression of the form 1+-a cos#. Table I shows values of 
aor, Ao/ Ay, and the coefficient a at different energies. 
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Since the center of mass of the deuteron must appear 
at the surface of the target nucleus for the heavy- 
particle stripping process (or deuteron capture), one 
would expect that A2»/A; would decrease with energy 
below the Coulomb barrier. 


CONCLUSION 


The measured angular distributions show a forward 
throw at 0.800 Mev, and are more isotropic at 1.15 Mev. 
This information is particularly interesting in the light 
of the higher energy experiments performed by Class 
et al. 

The calculations based upon an exchange stripping 
formalism indicate that there is strong positive inter- 
ference between the forward and backward components 
just below the Coulomb barrier. This behavior is 
consistent with the observed experimental isotropy at 
1.15 Mev. Further, the amplitude of the backward 
component might be expected to decrease relative to 


TABLE I. Total cross sections, A»/A; and the coefficient a as a 
function of the incident deuteron energy. 


FE (Mev) Aa/At a 


0.25 
0.34 
0.43 
0.33 
0.17 


or (mb 


0.53 

1.03 

5.64 
14.4 
28.0 


0.5 
0.6 
O.8 
1.0 
cs 


0.32 
0.36 
0.43 
0.52 


the amplitude of the forward component in this region. 
Thus below the region of strong positive interference 
we could expect to find that the angular distribution 
is mainly made up of the forward component. This 
behavior is consistent with the experimental 
distributions. 

The interference term is most important in the 
behavior of the theoretical curves. The effects must be 
gross effects, since no attempt has been made to use 
properly distorted waves. 

It must be recognized that theoretical fits have been 
attempted in regions of high distortion, and that except 
for the choice of radii, no attempt has been made to 
use exact wave functions. This approach is reasonable 
only under the assumption that the variations in the 
theoretical curves arising from kinematics and inter- 
ference are larger than the corrections brought about 
by the distortion of the plane waves. 

The authors wish to acknowledge the many helpful 
discussions and comments of Dr. L. Madansky. 
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Fission Modes of ,,Pu?**t 


A. B. Smiru, P. R. Frecps, anp A. M. FRIEDMAN 
Argonne National Laboratory, Lemont, Illinois 
(Received February 13, 1957) 


The neutron induced fission of Pu™ (Pu*!+-ny,= Pu*) and the spontaneous fission of Pu were studied 
by using a back-to-back ionization chamber. The two processes were found to be asymmetric and essentially 
identical. The most probable values of the mass ratio and total fragment kinetic energy were measured to be 
1.38 and 174 Mev, respectively. The experimental results are compared with those from other fission proc 


esses and with existing theory. 


I. INTRODUCTION 


a data published by other workers who have 
studied the kinetics of spontaneous and particle 
induced fission,'~® it is possible to form theoretical and 
empirical concepts regarding the fission phenomena. ‘To 
increase the experimental foundation upon which these 
concepts are based a continuing program of fission 
studies has been undertaken. This experiment is a part 
of that program. 

Pu fission (7, fission = 7.06 10" yr) occurs sponta- 
neously® and as the result of slow-neutron irradiation’ 
(nin+ Pu = Pu*, ¢,= 1060 b). This makes possible 
the direct comparison between the slow-neutron-induced 
and spontaneous fission in the same nuclei. From charge 
and mass considerations, one would expect the fission 
of Pu to be similar to the fission of U¥*® and Pu™. 
Owing to the limited amount of higher Pu isotopes 
available, no radiochemical yield studies of these fission 
processes have been made. 


II. EXPERIMENTAL PROCEDURE 


The electron collection, back-to-back, 
chamber employed in this experiment is of conventional 
design.* The chamber, with the associated circuitry,® 
measures the ionization energy loss of each of the 
fragments from binary fission in a one-to-one time 
correspondence. When used to study the energy dis- 
tribution of 5-Mev alpha particles the instrument is 
capable of better than one percent resolution. The 


ionization 


samples were volatilized onto thin (5-10 yg/cm*) 
formvar films supported by brass collimators, and the 
active deposit was kept to less than 2 ywg/cm?. The 
isotopic purity of the Pu samples was sufficient to 


t This work performed under the auspices of the U. S. Atomic 
Energy Commission. 

1D. Brunton and G. Hanna, Can. J. Research 28A, 190 (1950). 

2M. Deutsch, Manhattan District Declassified Document 
MDDC-945 (unpublished) 

3R. B. Leachman, Phys. Rev. 87, 444 (1952). 

4 E. Segré and C. Wiegand, Phys. Rev. 94, 157 (1954) 

§ Smith, Fields, and Friedman, Phys. Rev. 102, 813 (1956). 

6 J. F. Mech et al., Phys. Rev. 103, 340 (1956) 

7P. R. Fields et al., Nuclear Sci. and Eng. 1, 62 (1956). 

®D. Wilkinson, /onization Chambers and Counters, (Cambridge 
University Press, New York, 1950). 

91. Hewig et al., Rev. Sci. Instr. 26, 929 (1955). 

(, Bunemann et al., Can. J. Research 27A, 191 (1949). 


exclude significant contributions from other fissile 
nuclei under the conditions of the experiment. 

The neutron irradiations of Pu*' were carried out at 
Argonne’s CP-5 reactor. More than 20000 coincident 
events were recorded in several days time. ‘The measure 
ment of the Pu spontaneous fission events was con- 
siderably more tedious. Some 5000 fissions were ob 
tained in a number of weeks. In both sets of measure 
ments the energy calibration was made by comparison 
with the fission of a U™® standard. The result is cor 
rected for the nonionizing energy loss of the fragments 
as determined from the U® velocity studies of Stein." 
Further very small corrections were made for source 
thickness and collimator effects. 


III. RESULTS AND CONCLUSIONS 


The raw data were punched onto IBM cards and these 
were machine processed to determine the desired fission 
parameters. The m,4+-Pu™ process was found to be, 
within the statistical uncertainty of the measurements, 
identical to the spontaneous fission of Pu. This is in 
agreement with the Pu studies of Segré et al.4 In the 
following we will confine our discussion to the neutron 
induced event with the understanding that the same 
results apply to the spontaneous process. 

The characteristics of Pu fission are presented 
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Popological plot of Pu™* fission 
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Taste I, Tabulation of some fission processes. 


Energy light® Energy heavy* 


Z/At 


1374 
1370 
1422 
1479 
1475 


frag. (Mev) 


98.2 
99.8 
100.0 
110.8 
105.5 


1520 
1418 


107.0 
101.0 


8 in reference 11 


between fragments. 


frag. (Mev) 
62.26 
66.2 
71.5 


85.8 
80.0 


81.0 
73.0 


4 Glendenin, Steinberg, Inghram, and Hayden, Phys. Rev. 95, 867 (1954 


« Glendenin, Steinberg 


Inghram, ¢ 


und Hess, Phys. Rev 


84, 860 (1951 


‘1D. Brunton and W. Thompson, Can. J. Research 28A, 498 (1950 

«i. Steinberg and M. Friedman, Radiochemical Studies 
National Nuclear Knergy Series, Plutonium Project Record, Vol. 9, Div 

» Steinberg and L, Glendenin, Phys, Rev, 95, 431 (1954 

‘kh, L. Shurey, 

1 See reference § 

ki. Steinberg and L 1, 45 (1955) 


Glendenin, J. Inorg. Nuclear Chem 


graphically in the topological plot of Fig. 1. Qualita 
tively, the process is seen to be highly asymmetric with 
a large peak-to-valley ratio. The mass-ratio distribution 


The Fission Products (McGraw-Hill Book Company, Inc., 
IV. 











Fic. 2. Mass yield curve from the fission of Pu™ 


as determined from energy measurements 


Mn/Mi» 
(kinetic 
meas. ) 


1.58 
1.51 
1.40 
1.29 
1.32 


Mu/Mi 
(chem. 
meas.) 


1.46 c, 
1.45 Cc, 
1.39 f, 
1.13 h, i 
tee Recent work 
by authors 


Total energy* 
of frag. (Mev 


160.45 
166.0 
171.5 
196.6 
185.5 


Reference 


d 


188.5 
174.0 


1.28 i, 

This work 

192.0(?) Preliminary work 
by authors 


New York, 1951), Paper No. 210, 


University of California Radiation Laboratory Report UCRL-793 (unpublished). 


is plotted directly in Fig. 2, the most probable value 
being 1.38. Fig. 3 gives the total fragment kinetic energy 
distribution for various mass-ratio increments. These 
energy distributions, when corrected for the sorting 
increment, have full widths at half maximum of 
~13.5%. This is in agreement with the 12% energy 
spread measured by Cohen et al.” Only an estimate of 
the symmetric energy distribution is given in Fig. 3. 
Even with the many events studied, the low probability 
of the symmetric mode makes it impossible to accurately 








| A 


wae an oe 
¢ 180 
Frag. Energy in Mev 


Fic. 3. Total fragment energy distributions 
as a function of mass ratio. 
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determine the energy distribution near symmetry. The 
peak values from Fig. 3 are plotted directly as a function 
of mass ratio in Fig. 4. From this curve it appears that 
the fragment energy increases in a smooth manner as 
one approaches symmetric mass division. This is similar 
to the results of ionization studies of other fission 
processes but not in agreement with velocity measure- 
ments." The energy and mass distributions do not show 
any fine structure of the type usually found in radio- 
chemical yield studies. This is not unexpected as such 
structure, if present at fission, would be masked by the 
energy dispersion given above. 

The results of this experiment are compared with 
other fission processes in Table I. It is noted that there 
is a general trend toward increasing energy and sym- 
metry as one considers the fission of nuclei with larger 
charge to mass ratios, This is shown graphically in Fig. 
5 where we have plotted the total energy of fission 
fragments for a number of fissile nuclei as a function of 
Z*/A‘, As more nuclei are studied it is hoped that the 
distribution will be better defined. 
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Fic. 4. Most probable experimental and calculated 
fragment energies as function of mass ratios. 


An effort has been made to apply a “statistical 
theory of fission’’*~'® to this and other fission processes. 
By adjustment of mass surfaces and energy distribu- 
tions Fong has been able to obtain good agreement with 
experimental data in the fission of U¥® and Pu. 
However, the results are critically dependent on the 
shape of the mass surface far from the region of beta 
stability and on the form of the fragment energy 
distribution. We used several mass formulations in 
attempting to calculate the fragment-energy and mass- 


8 Peter Fong, thesis, University of Chicago, 1953 (unpublished). 
4 Peter Fong, Phys. Rev. 102, 434 (1956). 


‘6 Peter Fong, Bull. Am. Phys. Soc. Ser. II, 1, 303 (1956). 


ecPuté® 








I'ic. 5. Total fragment energies as a function of Z*/A‘ 

yield distributions, ‘The mass tables of Levy'® gave the 
most reasonable results for Pu and also for U“® and 
Cf. The calculated energy distribution is shown in 
Fig. 4. It is considerably higher than the experimental 
values and the energy dispersion predicted is much 
smaller than found experimentally. The calculated mass 
yield distribution is somewhat irregular but indicates a 
most probable mass ratio of 1.25. This is smaller than 
the value shown in Fig. 2. However, it is perhaps too 
critical to ask for closer agreement between theory and 
experiment. Very small errors in the energy distribu 
tions and in the poorly known regions of the mass 


sufficient to account for the 


surface are more than 
discrepancy with experiment. A more certain test of the 
theory will have to wait for much more precise experi- 


mental work, particularly mass determinations. 
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Angular Distribution of Gamma Rays from Coulomb Excitation of Pt and Wt 


W. I. GotpspurG* anp R. M. WILLIAMSON 
Duke University, Durham, North Carolina 


(Received January 30, 1957) 


Data on the unresolved 330- and 358-kev gamma rays from thin natural platinum bombarded by 2- to 
4-Mev protons show that the anisotropy of the angular distribution agrees closely with first order Coulomb 
excitation theory. The thick-target anisotropy of the 114-kev gamma rays from natural tungsten was found 
to be much more isotropic than the theory predicts. This result can be explained by assuming an extranuclear 
interaction between the excited tungsten nuclei and electric field gradients within the tungsten lattice. 


INTRODUCTION 


HE original semiclassical theory of Coulomb 

excitation’ has been shown experimentally to be 
inadequate in its description of the incident energy 
dependence’ and the angular distribution® of gamma 
rays. More refined theoretical considerations, which 
give better agreement with observation, have since 
been published.“* We wish to describe measurements 
of the incident energy dependence of the anisotropy of 
the unresolved 330- and 358-kev gamma rays from a 
thin platinum target Coulomb-excited by protons of 2 
to 4 Mev. Complete angular distributions of these 
gamma rays have been reported by Stelson and Me- 
Gowan,* who used thick platinum targets. The major 
experimental problem in gamma-ray measurements is 
the determination of the background components in 
crystal scintillator spectra. Therefore, it is worthwhile 
to report angular distribution data which were obtained 
with considerably different experimental conditions 
than those of Stelson and McGowan. Also, our thin- 
target data may be compared directly with theory, but 
this is not a large advantage because thick-target 
corrections are small.** 

We have also remeasured, with more precision, the 
thick-target anisotropy of the 114-kev line in natural 
tungsten.’ This gamma ray is the sum of contributions 
of the many isotopes of natural tungsten. Most of the 
photopeak intensity comes from the 0—2—0 transition 
in the three even-even isotopes.”"* Our data show an 
attenuation of the anisotropy, which appears to be a 
result of the interaction between the quadrupole 
moment of tungsten nuclei and the electric field 
gradients existing within the tungsten lattice. 


t This work was supported by the U. S. Atomic Energy Com 
sion 
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(1954) 

3 F. K. McGowan and P. H. Stelson, Phys. Rev. 99, 127 (1955) 

*K. Alder and A. Winther, Kgl. Danske Videnskab. Selskab, 
Mat.-fys. Medd. 29, No. 19 (1955), also CERN Report T/KA 
AW-4, October, 1955 (unpublished). 

* Biedenharn, Goldstein, McHale, and Thaler, Phys. Rev 
662 (1956). 

® Breit, Ebel, and Russell, Phys. Rev. 101, 1504 (1956). 

7 McClelland, Mark, and Goodman, Phys. Rev. 97, 1191 (1955). 

* McClelland, Mark, and Goodman, Phys. Rev. 93, 904 (1954). 


101, 


The proton beam from a Van de Graaff accelerator 
was collimated to 1° and the diameter of the target 
spot was ¢ in. The last collimating slit was followed 
by an antiscattering slit. The target chamber consisted 
of a 2-in. diameter, 3-in. deep cylindrical brass chamber 
with 4y-in. walls. The chamber was lined with 0.002-in. 
Ta and was insulated and electrostatically shielded 
from the collimators. Targets were supported by a thin 
brass ring. This ring was free to rotate about an axis 
perpendicular to the beam. The 0.0001-in. Pt foils, 
backed by 0.005-in. W discs, were mounted on the ring. 
When turned 45° with respect to the incident beam, 
these Pt foils had thicknesses which produced 310-kev 
and 220-kev energy loss for 2-Mev and 4-Mev protons, 
respectively. The target assembly and the scattering 
chamber were electrically connected for purposes of 
current integration. The gamma counter was a 1.5-in. 
diameter, 0.5-in. thick NalI(Tl) crystal mounted 2 in. 
from the axis of the chamber and centered to within 
(0.010 in, relative to the axis of the chamber. Appropriate 
absorbers were placed in front of the detector, and the 
pulse-height spectrum was recorded by a 10-channel 
analyzer. 

PROCEDURE 


The procedure for the platinum measurements was 
to record at each proton energy the gamma-ray in- 
tensity at counter angles of 270°, 0°, and 90° and target 
angles of plus and minus 45°. These angles are measured 
relative to the incident beam. When the settings were 
such that the gamma rays did not pass through the 
0,0005-in. tungsten backing, an extra 0.007 in. of 
tantalum was placed in front of the detector to provide 
the equivalent absorption (this absorption was about 
5% for 350-kev gammas). When the tungsten backing 
was turned toward the incident beam the observed 
radiation in the 350-kev region consisted of bremm- 
strahlung, slit background, and machine background. 
It was this spectrum from the tungsten backing alone 
that was actually used in making the background 
subtraction. This procedure is valid if (a) the proton 
beam is sufficiently steady that a target measurement 
and a corresponding background measurement take 
about the same time, and (b) the bremmstrahlung 
produced by the thin platinum foil plus backing is 
about equal to that produced by the beam striking the 
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lic. 1. The measured anisotropy of the unresolved 330- and 
358-kev gamma rays from proton bombardment of thin natural 
platinum. The solid line corresponds to the first order theory of 
Alder and Winther.‘ The theoretical curve has been corrected 
for the solid angle subtended by the counter and for finite target 
thickness. The energy dependent parameter £ is defined as 
t=ny—m, where ny,,=Z\Z2¢7/hvy,,. Here Z;=1, Z.=78, and the 
subscripts on v refer to the average proton velocities in the target 
before and after excitation. 


backing alone. Both conditions were fulfilled, the latter 
by virtue of the fact that the atomic numbers of 
platinum and tungsten are about the same, resulting 
in their cross sections for bremmstrahlung production 
being approximately equal. In this experiment the 
areas under the bremmstrahlung spectrum were 8% to 
20% of the corresponding photopeak areas. Gross 
changes were made in the proton beam position and 
therefore in the target spot illumination. These changes 
indicated that the uncertainties due to beam position, 
current integration, and background from collimators 
were less than 2% for the normal stability experienced 
during runs at any one proton energy. 

The experimental procedure for the tungsten angular 
distribution measurements was the same as described 
above. The tungsten gamma-ray spectrum shapes were 
analyzed by comparison with known line shapes of 
x-rays and Ta gamma rays.’ The determination of the 
background below the photopeak was somewhat less 
certain for these thick-target measurements than for 
the platinum data. 


RESULTS 


The anisotropy C of the unresolved 330- and 358-kev 
gamma rays from thin platinum is compared with the 
theory in Fig. 1. C is defined as the ratio of the gamma- 
ray yield at 0° minus that at 90° divided by the yield 
at 90°. The incident energy-dependent parameter £ is 
defined in the caption of Fig. 1. In Fig. 1 & corresponds 
to the mean energy of the proton in the target. The 
theoretical curve corresponds to quadrupole excitation 
of a target of spin zero to a state of spin two.* The 
calculation is completely quantum mechanical but is 
carried to first order only. The theoretical curve has 
been adjusted to take into account the finite, though 
small, thickness of the target as well as the solid angle 
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Fic. 2. Anisotropy of 114-kev (average energy) gamma ray 
from proton bombardment of thick tungsten. The dashed line 
corresponds to the (thick-target) theory of Alder and Winther.‘ 
The solid line represents the maximum attenuation of the theo 
retical anisotropy that can result from interaction of the tungsten 
nuclei with the electric field gradients within the tungsten lattice. 
This curve corresponds to the assumption of axial symmetry of 
the field gradients at the positions of the excited nuclei. 


subtended by the Nal detector.’ The solid-angle cor 
rection to the anisotropy amounts to about 4%; the 
thickness of the target results in about a 10% increase 
of the anisotropy over the zero-target-thickness value. 

Figure 2 shows the observed anisotropy of the 114-kev 
tungsten line as a function of & It is seen that the 
experimental points fall far below the upper dotted 
curve, which is a plot of the exact theory’ corrected 
for the thickness of the target. 

The discrepancy between the theory and the data 
can be the result of (a) the “reorientation effect’ and 
(b) the interaction of extranuclear with the 
tungsten nuclei. The reorientation effect refers to the 


fields 


alteration of the target nucleus orientation brought 
about by the electric field of the impinging projectile. 
The magnitude of this effect has been calculated by 
Breit et al.° and in the case of 2.4 Mev protons on 
tungsten is estimated to be a correction to the ani 
sotropy of the order of several percent. This correction 
is not large enough to account for the attenuation 
actually observed 

The attenuation of the anisotropy can be explained 
as the result of the interaction of the quadrupole 
moment of the nucleus with the interstitial field gradi 
ents within the tungsten lattice (there is a corresponding 
interaction between the magnetic moment of the nuclei 
with the crystalline magnetic fields but this is a much 
smaller effect in metals), A possible description of the 
excitation process is as follows: The Coulomb-excited 
nucleus, on being struck by an incident proton, recoils 
from its regular lattice position to perhaps an interstitial 
position where the field gradient is nonzero (since the 
tungsten crystal has cubic symmetry the field gradient 


9M. E. Rose, Phys. Rev. 91, 610 (1953) 

Breit, Gluckstern, and Russell, Phys. Rev. 103, 727 (1956) 

' R.M. Steffen, Advances in Physics (Taylor and Francis, Ltd., 
London, 1955), Vol. 4, p. 293. 
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is zero at regular lattice positions, provided there is 
little effect from strains or imperfections in the lattice’). 
For impinging protons in the energy range 2-4 Mev 
the tungsten nucleus recoils several nuclear diameters 
and comes to rest in a time of the order of 10~” sec.” 
The nucleus remains at the interstitial position in an 
excited state, finally returning to its ground state in 
~10~ sec, the lifetime of the nuclear level(s) under 
consideration.” Because this lifetime is so long, the 
extranuclear fields are capable of appreciably altering 
the angular distribution of the emitted gamma ray." 
It is also to be expected that the impinging projectile 
causes many of the excited nuclei to vibrate about their 
equilibrium positions rather than recoil through the 
lattice.” These vibrational frequencies are of the order 
of 10” ops; the amplitudes of vibration are of the order 
of an atomic diameter. These excited, vibrating nuclei 
would be expected to move into regions of large field 
gradient many times during the lifetime of the state, 
thereby experiencing an interaction which would 
contribute to the attenuation of the anisotropy. 

Quantitatively, the condition that the angular distri 
bution be appreciably attenuated is that the precession 
period of the excited nucleus in a quadrupole field be 
comparable to the lifetime of the excited state. 

The precession frequencies of a quadrupole nucleus of 
moment Q in an inhomogeneous axially symmetric 
field (e.g., around the z axis) for the 0— 2—0 transitions 
with which we are dealing are given by" 


CO 1 OF, 
f,=n ( ) cps, n=1, 3, 4. 
8h Xe 0, 


The quadrupole moment is in units of cm*, The factor 
in parenthesis is the field gradient expressed in units 
of cm *, As is customary, we shall henceforth abbreviate 


this term as g 

The attenuation of the anisotropy of the gamma ray 
is determined by /, and the lifetime of the excited state. 
The observed anisotropy of the 114-kev line is consistent 
with a “hard core” correlation." It is the hard-core 
anisotropy (corrected for the effectively infinite thick- 
ness of the target) which is plotted as a function of 
in Fig. 2 (solid line). This curve corresponds to the case 
where (a) the sample is polycrystalline and (b) the 
field gradients at the sites of the decaying nuclei are 
axially symmetric. The dotted line in Fig. 2 represents 
the theory of Alder and Winther‘ for nuclei in a field 
free environment. The excellent agreement between 
the data and the hard-core theory may be fortuitous 
in that condition (b) above may not be fulfilled. 

In the absence of detailed knowledge of the potential 
listribution within the tungsten lattice, one of course 
cannot calculate the positions into which the Coulomb- 
excited nuclei recoil. Nonetheless one might empirically 

"FF, Seitz and J. S. Koehler, Solid State Physics (Academic 


Press, Inc., New York, 1956), Vol. 2, p. 3085. 
8 A. W. Sunyar, Phys. Rev. 95, 626 (1954). 
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define an “average quadrupole interaction frequency” 
corresponding to the observed transitions!!:"*: 


(fo)=4(EQ/h)(q) cps. 


This equation may be regarded as defining the “mean 
field gradient” (qg) in terms of the quadrupole moment 
of the tungsten nuclei and the observed interaction 
energy. Our measurements give a lower limit on (fo) of 
10** cps. Using known Coulomb excitation data*”:* in 
conjunction with the collective model of nuclear exci- 
tation, one can estimate the quadrupole moment of the 
tungsten nucleus in the excited state(s) under consider- 
ation to be 1.0X%10~* cm*. We then find (g)> 2x10 
cm *. This figure does not take into account polarization 
effects,!® which probably enhance Q, thus causing the 
above estimate for the lower bound of the mean field 
gradient to be too large. 


SUMMARY 


The thin-platinum anisotropy measurements de- 
scribed above are in good agreement with the first-order 
quantum-mechanical calculations of the angular distri- 
bution of Coulomb-excited gamma rays. There is some 
indication from these data (in agreement with the 
experimental results of Stelson and McGowan*) that 
the theoretical anisotropy is slightly larger than is 
actually observed. 

Recent semiclassical calculations by Breit ef al." 
contain a second-order “reorientation”? term, which 
reduces the first order anisotropy by several percent. 
This correction was not applied in calculating the 
theoretical curve of Fig. 1 because of the limitations of 
semiclassical approach? and because the correction term 
contains an unknown factor, the expectation of the 
square of the radius of the nucleus in the excited state. 

The tungsten anisotropy measurements establish the 
fact that for long-lived nuclei it is possible to observe 
the effect of the interaction of Coulomb-exciied nuclei 
with extranuclear fields. Additional experiments are 
required to determine whether the extranuclear fields 
at the sites of the decaying nuclei result from the excited 
nuclei recoiling into the lattice or whether the interac- 
tion is a result of the vibration of these nuclei on being 
struck by the impinging particle. By measuring the 
anisotropy of long-lived nuclei in various environments, 
by using different types of bombarding particles, and 
by making measurements at various temperatures, one 
could perhaps resolve the above question. As has been 
illustrated with the calculation in the previous section, 
it is also possible that Coulomb-excited nuclei can be 
used as a probe to measure field parameters in solids. 

The authors are grateful to Professor E. Merzbacher, 
Professor R. Smoluchowski, and Professor W. Kohn for 
valuable discussions. 
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The radiations of W'** and W'*? have been examined in a thin-lens magnetic spectrometer, by coincident 
scintillation spectrometers, and with a gray-wedge analyzer. W'** was found to emit no detectable gamma 
rays. Its beta spectrum is first-forbidden (AJ = 1, yes!) and of maximum energy 440-+-5 kev. By observation 
of internal conversion lines and photoelectric peaks, fourteen gamma rays have been resolved in the decay 
of W'*’, Three beta-ray spectra are emitted with end-point energies of 340+20, 630410, and 1325415 


kev with relative intensities of 10%, 70%, and 20% 


. The most energetic spectrum has the unique shape 


associated with a spin change of two and a change of parity. 


INTRODUCTION 


HEN naturally occurring wolfram is irradiated 

by slow neutrons, radionuclides W'* (140 day), 
W!* (73.2 day), and W'*? (24 hr) are formed. Although 
numerous investigations have been performed, their 
precise decay schemes have remained undecided. In 
the present studies, certain aspects of the disintegration 
of two of these elements have been clarified with 
utilization of such instruments as a thin-lens beta 
spectrometer, coincident-scintillation spectrometers, etc. 
In addition isotopically concentrated W'™ has been 
employed as the target material in forming W'* so 
that its radiations could be studied with decreased 
interference from those of W'*'. 


Wise 


The radiations of W'* were first reported to consist 
of beta rays! at 428 kev’ and a single gamma ray 
of energy 133.7 kev.’ Other investigators*® reported 
no evidence of any gamma radiation from W?*°, Subse- 
quent to these latter papers in which W!** was said to 
emit no gamma rays, one at 55.6 kev was stated to be 
present.’ Still other measurements have led to the 
conclusion that gamma rays are present at 57 kev,’ 
570 and 770 kev,* and 132 kev.’ The aforecited data 
are evidently highly contradictory in character. In 
order to reinvestigate the radiations of W'*, targets 
of wolfram isotopically concentrated in W'* were 


irradiated by slow neutrons in the Brookhaven reactor. 
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Spectra of the radiations of W'* are shown in Fig. 1. 
In Fig. 1(a) are presented the beta-ray continuum of 
W'* as detected in an anthracene crystal along with 
the gamma-ray spectrum of the same source, detected 
in a crystal of Nal(Tl). Naturally occurring wolfram 
was the target material. Electromagnetically separated 
W'* (isotopic enrichment 95%) was employed as a 
target in obtaining the W'* of Fig. 1(b). The beta 
spectrum appears as before, but the quantum radiations 
are greatly reduced in intensity, showing that these 
quanta are not related to the decay of W'’. In obtaining 
the data of these two sets of curves, the geometries 
were identical, and the beta-ray intensities equal. The 
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Fic. 1. (a) Beta and gamma spectra of naturally occurring 
wolfram, aged after irradiation. An energy scale is not indicated 
for the gamma-ray spectrum. (b) Beta and gamma spectra of an 
aged sample of wolfram enriched in W'™, The material had been 
irradiated by slow neutrons. 
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Fic, 2. Fermi-Kurie plot of the beta spectrum of W!*, 


electromagnetic radiation of Fig. 1(a) is interpreted as 
x-radiation of ‘Ta, emitted following K-capture in W!". 
A search was made for any gamma rays emitted in the 
disintegration of W'**, and a series of measurements 
were performed to place an upper limit upon the 
intensity of any gamma rays present. ‘The source was 
located before an anthracene beta-ray counter and 
subsequently before a sodium iodide counter of a 
scintillation spectrometer. The number of gamma rays 
per disintegration emitted in any given energy interval 
could thus be determined. The upper limits of gamma- 
ray intensities so obtained are given in Table I. Smaller 
values of these upper limits were unobtainable by 
counting singles because of the presence of the complex 
gamma-ray spectrum of ‘Ta!™ which gave rise to a back 

ground widely distributed in energy. Attempted chem- 
ical separations of ‘Ta from W did not better background 
conditions. It is probable that the more part of the 
counting rates, from which the upper limits of ‘Table I 
have been calculated, actually arise almost entirely 
from the presence of ‘Ta'™ so that the intensities of any 
gamma rays from W'" are in fact much lower. This 
conclusion is confirmed by the fact that the gamma-ray 
intensity per disintegration could be estimated in 
various portions of the gamma-ray spectrum by meas- 
uring the beta-gamma coincidence rate. By this latter 
method it was concluded that the upper limit of 
intensity of any 57-kev gamma-ray coincident with the 
beta rays of W'*® is (2.4+1.2)10™ y/disintegration. 
A conversion coefficient’ of 3.3 was assumed in making 
this estimate. 
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Fic, 3. Detection efficiency of the anthracene beta-ray detector 
of the lens spectrometer as a function of momentum. 


MUKERJI, AND POTNIS 

In a similar measurement, it was concluded that any 
gamma rays coincident with beta rays and of energy 
greater than this amount could have an intensity of at 
most (4.6+1.3)10~ y/disintegration. 

A Fermi-Kurie plot of the beta spectrum of W!* is 
given in Fig. 2. These data were obtained in a thin-lens 
magnetic spectrometer of resolution 1.8% in momen- 
tum, as measured by observing the conversion electrons 
of the 662-kev gamma ray of Cs’. The end-point 
energy calculated from the data of Fig. 2 is 440-++5 kev. 
A beta-ray component of end-point energy 370 kev has 
been previously reported®.” with an intensity of 0.10 
0.15 per disintegration. No spectrum of this energy or 
intensity can be inferred from the data of Fig. 2. 

The detecting device of this spectrometer was an 
anthracene crystal of thickness 2 mm, covered by a 
silver foil of thickness 0.18 mg/cm*. The phototube 
was a DuMont 6292 photomultiplier, enclosed in a 
solenoid designed to provide a compensating field to 
counteract the effects of the magnetic field of the thin 
lens itself upon photomultiplier operation. The current 
of the solenoid was in parallel with the current of the 
lens so that as the lens current was changed, compen- 
sation was automatic. A curve of the detection efficiency 


TABLE I. Upper limits of intensities of possible 
gamma rays from W!*, 


Upper limit of radiation intensity 
(gamma ray per beta ray) 


3.5K 10% 


1.3 10°4 
2.4104 


Energy interval 
33 kev<Ey< 88 kev 
88 kev< FE, <154 kev 
154 kev< EF, < « 


of the anthracene counter as a function of Hp is shown 
in Fig. 3. This curve was obtained by measuring the 
known beta spectrum of Co™. 

The beta-ray sources were mounted upon thin back- 
ings of Nu-skin. Color fringes were often observable 
across the faces of the sources; so it was estimated that 
the beta-ray sources were in general of thickness only 
a few micrograms/cm?. 


W's? 


The radiations of W'*’ have been investigated in 
extensive detail over a period of many years by numer- 
ous authors. Recent relatively complete studies have 
been carried out by Cork ef al.,° using a photomagnetic 
semicircular focusing beta-ray spectrometer, and by 
Sunyar.’ Gamma rays have been detected” with 
quantum energies of 72, 106, 113, 134, 206, 239, 246, 
480, 513, 619, 625, 686, 774, and 866 kev. An additional 
gamma ray at 552 kev was also reported."' Coincidence 
studies, determining lifetimes, multipolarities, and 
cascade relationships, have been made of the gamma- 

” Cork, Brice, Nester, LeBlanc, and Martin, Phys. Rev. 89, 


1291 (1953). 
4 A.W. Sunyar, Phys. Rev. 90, 387(A) (1953) 
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ray spectrum." Scintillation counters were employed 
in these latter Several measure- 
ments’®*.4 of the beta-ray spectrum have indicated as 


measurements. 


many as three groups of beta rays, having maximum 
energies of approximately 1330 kev, 630 kev, and 330 
kev. 

Fermi-Kurie plots of the presently observed beta-ray 
spectra of W'*’ are shown in Fig. 4, where the high- 
energy portion of the curve has been replotted at the 
upper right as {N/[_ pF (Z,n)a,]}!, where a, is given by'® 


(2n+1)!(2v+1)! 
a,= >, g” "L,(p, FZ). 
v=0 2?”(y!)?(2n—2yv+1)! 


ven 


The linearity of this plot of the spectrum of highest 
energy (1325+ 15 kev) shows it to be in the category of 
the “unique” forbidden transitions (AJ=2; yes). The 
1225-kev beta spectrum of Mo” was also examined in 
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Fic. 4. Fermi-Kurie plots of the beta spectra of W!*7, 


the thin lens spectrometer and was found to have the 
allowed or more usual first forbidden shape, yielding a 
straight line on a Fermi-Kurie plot, without introduc- 
tion of any correction factor, to beta-ray energies as 
low as 550 kev. This measurement was taken as further 
evidence of unique shape of the high-energy spectrum 
of W!*7, From the data of Fig. 4, it is clear that two 
inner spectra of lower energies are also present having 
maximum energies of 630+10 kev and 340+20 kev. 
Other data pertinent to these spectra are shown in 
Table II. 

The gamma-ray spectrum is depicted by way of 
internal conversion lines in Figs. 5 and 6. Low-energy 


2 Germagnoli, Malvini, and Zappa, Nuovo cimento 10, 1388 
(1953) 

4 C.L. Peacock and R. G. Wilkinson, Phys. Rev. 74, 297 (1948) 

4 Hole, Benes, and Hedgran, Arkiv Mat., Astron. Fysik 35A, 
No. 35 (1948) 

© FE. J. Knopinski, in Beta- and Gamma-Ray Spectroscopy, 
edited by Kai Siegbahn (Interscience Publishers, Inc., New York, 
1955), Chap. X, p. 292. 
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TABLE IT. Characteristics of the beta-spectrum of W'*? 


Eg max Rel, int 
or 
~10Y 
70% 


20% 


340+ 20 
6304 10 
1325415 


conversion lines are shown in Fig. 5, and the high-energy 
region is depicted in Fig. 6 where a somewhat thicker 
source was employed. In all, fourteen gamma rays were 
detected. The data of Figs. 5 and 6 are summarized in 
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Fic. 5. Internal conversion lines of the soft gamma rays of 
W?*7, The correction for the detection efficiency is indicated by 
the broken line 
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Fic. 6, Internal conversion lines of the harder gamma rays of W!*? 


Table IIL. The probable error in kilovolts of the gamma 
rays can be taken as that of the A-shell conversion 
line in each case. 

Photoelectric lines of the gamma rays of W'*’ were 
also observed, The source was located inside of a brass 
capsule of sufficient thickness to absorb the primary 
beta rays of W'*’, This capsule was in turn encased in 
an aluminum cylinder on the bottom of which was 
placed a radiator of thickness varying from 5 to 10 
The spectrum of photoelectron lines 
is shown in Fig. 7, The data of Fig. 7 are interpreted 
Table IV. The photoelectron energies of Table IV 


mg/cm? of gold. 
in 
TABLE ITT, Conversion lines of the gamma rays of W!*? 


Interpretation (gamma Conversion 
ray energy in kev) coefficient ratio 


72K 

136A 
72(M+N) 
1361 L 
136M 

200K 
226k 
241K 

249K 

2061, 

206M 

226] 
24114249] 
482K 

SIOK 
482L 

552K +482M 
621K +627K 
o21L 
O86K 4+-6271 
775K 
86604 


klectron 
energy in kev 


6042 

0442 

70 
124 
134 


K/L=5.0+0.5 
M =3.5+0.5 


K/L=4.5+0.5 


AK/L=40+0 


have been translated into the gamma-ray energies of 
Table V. Moreover, from the areas under the photo- 
electric peaks of Fig. 7, the relative intensities of the 
unconverted quantum radiations have been calculated. 
For reasons of energy or intensity or the masking 
effects of other more intense radiations the relative 


intensities of the unconverted quanta of the 72- and 
At low 
energies (e.g., 72 and 136 kev) absorption in the 


206-kev gamma rays have not been calculated. 


TABLE IV. Photoelectron lines of the gamma rays of W!87. 


Interpretation 
(gamma ray energy, 


klectron energy 
in kev 


52 

56 

69 
121 
133 
150 
160 
168 
192 
213 
226 
234 
399 
426 
463 
471 
498 
542 
605 
613 
672 
694 
761 
785 
852 


kev) 


Auger electrons from Au 

136K +-72L 
72M 

136L4-206A 

136M 

226K 

241K 

249K 

206L 

227L 

241L 

249L 

482K 

510A 

4821 

552K 

510L 
552L+621K +627K 

686K +6211 

627L 

O86L 

775K 

775L 

866K 

866L 
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Fic. 7. Photoelectric lines generated in gold by the gamma rays of W!8?, The correction for the detection 
efficiency is indicated by the broken line 


converter itself becomes important, and no corrections 
have been made for this effect in this paper. 

Cascade relationships among the various gamma rays 
were investigated with the use of coincident scintillation 
spectrometers. The resolving time of the circuit was 
0.2 microsecond. Some observed gamma-gamma Coinci- 
dence rates are shown in Fig. 8. In Fig. &(a), one 
channel of the coincidence arrangement was placed so 
as to count only pulses of the 866-kev gamma ray, 
while the other channel was permitted to pass through 
the region of lower energies. The coincidences of Fig. 
8(a) show the 866-kev gamma ray to be in cascade 
with the 136-kev radiation. In this case, gamma-(x-ray ) 
coincidences are also observed, because the 136-key 
gamma ray is to some extent converted. In Fig. 8(b) 
are recorded coincidences between the 482-kev gamma 
ray and the 136-kev gamma ray, the 72-kev gamma, 
and x-rays. That the 866-kev gamma ray is noncoinci- 
dent with the 72-kev gamma ray is indicated by the 
smaller ratio of the peak at ~60 kev to the 136-key 


TABLE V. Energies and relative intensities of some 
of the unconverted quanta of W!*7 


Relative intensity® of the 
unconverted quanta 


Gamma-ray energy 
in kev 


136 45» 
224 2 
241 4 
249 2 
482 100 
510 12 
552 40 
621 x0 
627 15 
686 185 
775 20 
866 12 


® Obtained from areas under the photopeaks of Fig. 7, and from photo 
electric absorption coefficients associated with article by C. M, Davisson, 
in Beta- and Gamma-Ray Spectroscopy, edited by K. Siegbahn (Interscience 
Publishers, Inc., New York, 1955), Chap. II, p. 24 

» Taken from reference 11 


peak, in Fig. 8(a). Coincidences were also noted be 
tween the 482-kev gamma ray and radiation near 210 
kev. The 686-kev gamma ray was found to be non 
coincident with gamma radiation of all energies. This 
gamma ray was found to be coincident with a beta 
spectrum of maximum energy about 630 kev. Several 
supplementary experiments with a gray-wedge analyzer 
were carried out. Gamma radiation of a mixture of 
energies of 750 kev or greater was found to be coincident 
with the 72- and 134-kev quanta. 


DISCUSSION OF RESULTS 


The foregoing measurements can be summarized in 
decay schemes of W!* and W!*? shown in Figs. 9 and 
10. Since no gamma rays were actually detected in the 


decay of W!*, only upper limits of intensities having 
been assigned, its decay scheme can be best represented 
by a single beta transition (see Fig. 9). The ground 
{16 


state spin of Re'** has been measured'® as §, and the 





Fic. &. (a) Coincidences between the 860-kev gamma ray and 
the 136-kev gamma ray. (b) Coincidences between the 480-kev 
gamma ray and gamma rays at 136 and 72 kev and x-rays 


‘© Hf. Schuler and H. Korsching, Z. Physik 104, 468 (1937) 
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Fic. 9. Disintegration scheme of W'**, 


beta spectrum of W'* is first-forbidden, suggesting a 
spin of } for the ground state of W'**, Shell-model 
indications are that the ground-state orbitals of W'*® 
and Re'* are respectively (p4,p4) and dy. A first-for- 
bidden spectrum is usually interpreted as being associ- 
ated with a spin change of zero or one unit, unless it 
exhibits the unique shape. Such a shape is not found 
in the Fermi-Kurie plot of Fig. 2. When these data 
were distorted by the factor (a,)', a curve differing 
markedly from the observed plot of Fig. 2 was obtained. 
Thus, it can be concluded that a spin change of at 
most one unit is involved so that an orbital value of p, 
is predicted for the ground state of W'*. 

The ground state spin of Re!*’ has also been measured!* 
as §, and the nature of the ground state transition is in 
accord with a spin assignment of § for the ground state 
of W'*7, Possibilities suggested by shell model consider 
ations indicate orbitals of py and dy for the ground 
states of W'*? and Re'*’, The measured!’ ground-state 
spin of W'* is 4. That the spin of W'* is also 4 is 
consistent with this measurement. However, the spin 
value of 3 assigned to W'** is somewhat at variance 
with the simplest possibility presented by shell-model 
considerations, 

For the first-forbidden nature of the beta spectrum 
of maximum energy 630 kev, the spin of the 686-key 
level can be taken as 4+ or $+. The energy levels 
indicated for Re!*’ in Fig. 10 have been ordered to best 
conform to the energy measurements and coincidence 
studies previously described. 

From a study of its Liy/L1 ratio, Cork et al."° have 
concluded that the 136-kev gamma ray is emitted in 
a transition which is M1 or M1+-£2 in character, 
whereas Goldhaber and Sunyar'* have constructed an 
empirical curve for K/L ratios of M2 transitions which 
is based upon the assumption that the 136-kev gamma 
ray is emitted in a magnetic transition of multipole 
order two. In the present investigation, the measured 
K/L ratio for the 136-kev gamma ray of 5.0+0.5 has 
been compared with values theoretically obtained." 

17H. Kopfermann and D. Meyer, Z. Physik 124, 685 (1948) 

'*M. Goldhaber and A. W. Sunyar, Phys. Rev. 83, 906 (1951) 

1% Rose, Goertzel, and Swift, ‘“Table of Conversion Coefficients” 
(privately circulated). 


MUKERJI, AND POTNIS 

The theoretically calculated value of the K/L ratio 
for an M1 transition of this energy is 4.8 in close 
agreement with the experimental value so that the 
136-kev transition may be regarded as predominantly 
M1. From similar considerations of K/L ratios, the 
multipolarities of the 206-, 482-, and 621-kev gamma- 
ray transitions can be adjudged M1+ £2, £2, and E2 
respectively. However, as pointed out by Rose,” K/L 
ratios may not be conclusive in determining the 
multipole orders of transitions in heavy nuclei. 

The 136-kev level in Re'*’ has been identified in 
Coulomb excitation experiments” as the first excited 
rotational level belonging to the ground-state band 
(K=§) and therefore may be assigned a spin of 3+. 
From the systematics” of energy levels of isomers of 
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odd isotopes of gold, the separation of the levels having 
orbitals dy and d, for a neutron number of 112 is ex- 
pected to be a bit more than 200 kev. Accordingly, the 
orbital of the 206-kev level in Re'*’ may be taken as dj. 
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We have estimated the role of final-state interactions in the theory of the total cross section for photo 
disintegration of the deuteron at high energies. The Feshbach-Lomon model of nucleon-nucleon scattering 
was employed. Within the context of this model, final-state effects were found to enhance the total cross 


yy 


section by about 15 to 20% over the usual electric dipole calculation for photon energies around 60 Mev. 


I, INTRODUCTION 


T is well known! that for photon energies as low as 

60) Mev there exists a discrepancy between the meas- 
ured total cross section for the reaction y+d—n-+ p and 
a theoretical electric dipole transition calculation based 
on a Hulthén wave function for the deuteron 4S, state 
and plane waves for the final two-nucleon state. In 
particular, the measured cross section at 60 Mev is 
greater than 109 ub (Whalin ef al. give 109 ub for 
65-Mev photon energies') and the simple dipole theory 
gives 82 ub for the same energy, a discrepancy of the 
order of 25 or 30%. At higher energies the measured 
cross section falls off much less rapidly than the theory 
as described above and even begins to increase above 
100 Mev. However, in this note we shall only be con- 
cerned with the theoretical understanding of the 60 
Mev total-cross-section data. 

We begin by noting that there are at least 6 ways in 
which the simple calculation described above may be 
improved : (a) We may include higher electric moments. 
(b) We may include magnetic moments. (c) We may 
change the form of the deuteron 4S; state. (d) We may 
include the effect of the *D, part of the deuteron ground 
state. (e) We may consider mesonic current effects in the 
interaction of the deuteron with the photon. (f) We 
may consider the final 
states. 

It is generally agreed that the modifications intro 
duced by (a), (b), and (d) in the total cross section are 
only of the order of a percent or two at this energy. 
The magnetic-moment terms entirely 
negligible.' If one estimates the 60-Mev electric quad- 
rupole contribution, again assuming a Hulthén deuteron 
wave function and plane wave final states, one finds 
that this term is about 1% of the electric dipole element 
calculated in the same way. Austern’ has shown that the 
introduction of the *D, state cannot be expected to 
contribute more than a few percent to the total cross 
sections at the energies of interest. 

Variations in the “S; wave function can in principle 


interactions in two-nucleon 


seem to be 


1 See especially Whalin, Schriever, and Hanson, Phys. Rev. 101, 
377 (1956), where references are given to earlier experimental 
work. For the details of the electric dipole calculation see, for 
example, J. F. Marshall and E. Guth, Phys. Rev. 78, 738 (1950 
or L. I. Schiff, Phys. Rev. 78, 733 (1950). 

2.N. Austern, Phys. Rev. $5, 283 (1952). We are also pleased to 
acknowledge several stimulating and informative conversations 
with Dr. Austern on photoeffect problems 


cause large uncertainties in the total cross section 
calculation. For example, if one naively uses an ex- 
ponential form with the effective-range normalization, 

” ila 2a 

ice? 

(dar)! 1 are 
down to the origin, then the electric dipole term at 60 
Mev changes from 82 ub with the Hulthén, to 121 ub 
with the exponential. 

An accurate estimate of the meson current contribu- 
tions is complicated by all of the difficulties of a strong 
coupling field theory and no very convincing calculation 
of these has been made to date. In particular, it is not 
obvious that they are negligible even at 60 Mev.’ 

This brings us to the subject of the present work : The 
effect of final-state interactions in the total cross section 
for photodisintegration. To compute final-state inter 
actions one would need to know the continuum wave 
functions for the interacting neutron-proton system. 
These are not known except in the asymptotic region 
where the wave functions are characterized by the 
spherical Bessel functions appropriate to a given angular 
momentum state and the scattering phase shifts for the 
state. To find the scattering states in all detail, one 
would need to solve the meson-nucleon problem in a 
manner which seems beyond reasonable present ex 
pectation. Hence it seemed to us worthwhile to employ 
in this study a simple two-nucleon phenomenological 
model, that of Feshbach and Lomon,‘* which gives a 
fit to the scattering data in the relevant energy region, 
and which makes an explicit assumption about the 
continuum wave functions for all radial distances. In 
fact it is supposed that these functions take on their 
asymptotic values down to a core radius which depends 
on the angular momentum and spin state of the two 


For an interesting phenomenological treatment of meson 
effects see the paper of R. R. Wilson, Phys. Rev. 104, 218 (1956) 
It should be noted that the effect of virtual meson processes is not 
correctly estimated by Wilson for photon energies below the 
meson threshold. In particular he assumes that virtual photo 
P-wave meson emission from single nucleons in the deuteron 
vanishes below threshold, as would not be the case in any 
meson theory 

‘H. Feshbach and E. Lomon, Phys. Rev. 102, 891 (1956) 
In that work no explicit assumption is made about the wave 
functions inside the core. However the *Po-state force is shown to 
be essentially a repulsive hard sphere and in this spirit we have 
put the wave functions equal to zero inside the core radius. 


791 





792 JEREMY 
nucleon system and in general on the two-nucleon 
energies. Inside the core the functions shall be assumed 
to be zero. In an electric dipole transition from the 4S; 
state, the relevant final states are the *P», *P,, *P» 
states and for the energies of interest the core radii 
needed to fit the scattering data in this model turn 
out to be, respectively, 1.32, 0.88, and 0.88 (in units of 
10° cm). Within the context of the same theory, the 
deuteron wave function is taken to be its asymptotic 
form down to a core radius of 1.32% 10~" cm and zero 
within. The deuteron wave function is not normalized 
to unity in the usual way but we have fixed the scale of 
our results by normalizing the electric dipole term 
calculated at low energies with the Feshbach-Lomon 
theory to fit the experimentally measured total cross 
section at (hw—e)/e= 2. Here ¢ is the deuteron binding 
energy, and the choice of 2 in the parameter (hw— )/« 
corresponds to a photon energy of 6.68 Mev (in the 
lab system). The normalization of the ground state 
computed this way turns out to be N?=0.92 10" cm"! 
as compared to the usual effective-range normalization 
2a/(1 0.7710" em". 

Our choice of 60-Mev photon energy is motivated by 


ars) 


the fact that the two nucleons then have an outgoing 
kinetic energy of about 120 Mev in the laboratory. For 
this energy the Feshbach-Lomon model yields phase 
shifts which are at least in qualitative agreement with 
the scattering and polarization experiments. At higher 
energies the fit becomes more tenuous. It is in any case 
characteristic of the fit that a strong repulsive force is 
needed in the */o state. In fact, at 120 Mev the phase 
shifts are given as 
38°’, 
2°14’ 
8°48’, 


’ 


However, it turns out that even such strong final-state 
forces do not change the total cross section appreciably 
in the 60-Mev photoeffect, at least when the latter is 
computed with the Feshbach-Lomon model. An in 
teresting and much more difficult way of posing the 
problem would be to take the phase shifts as simply 
given and to explore how various modifications of the 
wave functions near the origin change the total photo 
disintegration cross section. Some crude attempts at 
this indicate that 
functions do not change the order of magnitude of the 
Feshbach 


sensible modifications of the wave 


final-state interactions as given by the 
Lomon calculation. 
We now proceed to that calculation. 


Il, CALCULATION 
Our starting point is the Rarita-Schwinger® formula 


for the total electric dipole photodisintegration cross 


*W. Rarita and J Rev. 59, 436 and 556 


(1941). 


Schwinger, Phys 
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section: 
re’ Mwi1 
(1?+37°+5].?). (1) 
3hc hk 9 


Here M is the nucleon mass, & the relative nucleon 
wave number, w the photon frequency, and 


I f rvo(u—V2w)dr, 


uw and w are the deuteron radial S and D functions and 
the v, are the continuum nucleon functions which must 
be further specified. The numbers 1, 3, and 5 are the 
statistical weights 2/+1 appropriate to the three 
angular momentum states. 

In making the calculation we drop the D-state con- 
tributions and in the spirit of the Feshbach-Lomon 
model suppose that 


u=e7N, £21.32K10-" cm 


(3) 
0, r<1.32K10~"% cm 


where V is evaluated as indicated in the introduction. 
The 2, are given by 


sin(kr+6,) 
0;™ —cos(k t 6;), ro", 
hy (4) 


0 r<I; 


’ 


where 6; are the relevant phase shifts and the r; are as 
given above. With these wave functions the integrations 
become elementary and at 60 Mev give a cross section 
of 96 ub to be compared with the 82 wb obtained with 
the Hulthén and plane-wave calculation. Hence the 
Feshbach-Lomon model gives an enhancement over the 
usual theory of about 15% at 60 Mev. We have applied 
the same ideas to estimate the cross sections at higher 
energies where the discrepancies with the ordinary 
theory are much worse and obtain results of about the 
same order of magnitude. Needless to say, this cannot 
be regarded as a definitive statement about the role of 
final-state interactions in the total deuteron photo- 
disintegration cross sections. But coupled with the 
knowledge that meson effects must be included at 
higher photon energies, our results would seem to 
indicate that these effects may be important in under- 
standing the data even in the 60-Mev region. 
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Differential cross sections for the elastic scattering of 17- and 
31.5-Mev protons by various nuclei have been analyzed according 
to the diffuse-surface optical model of the nucleus using a central 
interaction potential of the form —(V+iW)/{1+exp[(r—R)/a]} 
Calculated curves of the ratio of the differential to the Rutherford 
cross sections are presented and compared with experimental 
values. The adopted values of the four parameters of the model 
are those which either give best agreement with experiment or, 
insofar as ambiguities exist, permit the interaction radius R to 
be expressed as RoA! with Ro constant throughout most of the 
periodic table. The average values of the parameters chosen in 
this way were found at 17 Mev to be as follows: real part of the 
nuclear potential V=47 Mev, imaginary part of the nuclear 


1. INTRODUCTION 


HE introduction of the optical model of the 

nucleus by Fernbach, Serber, and Taylor’ was 
motivated by the transparency of nuclei to high-energy 
nucleons. The model has since been widely used for the 
analysis of the polarization,’ and the reaction, differ 
ential elastic, and total cross sections’ of high-energy 
nucleons. After some initial uncertainties, the results 
have been generally satisfactory but the parameters 
have not yet been very precisely determined, In 
particular, the effects of rounding the nuclear surface 
and the question of simultaneously fitting the four 
types of available experimental data have not yet been 
fully explored. 

The optical model has been extended by Feshbach, 
Porter, and Weisskopf* to intermediate- and low-energy 
neutron scattering in order to account for the variation 
of total neutron cross sections with energy and mass 


* This work was supported in part by a grant from the National 
Science Foundation. 

1R. Serber, Phys. Rev. 72, 1114 (1947); Fernbach, Serber, and 
Taylor, Phys. Rev. 75, 1352 (1949) 

2 Fernbach, Heckrotte, and Lepore, Phys. Rev. 97, 1059 (1955) ; 


R. M. Sternheimer, Phys. Rev. 97, 1314 (1955); 100, 886 (1955); 
T. Erikson, Nuovo cimento 2, 907 (1955); S. Kéhler, Nuovo 
cimento 2, 911 (1955); W. Heckrotte, Phys. Rev. 101, 1406 
(1956); W. B. Riesenfeld and K. M. Watson, Phys. Rev. 102, 
1157 (1956). 

3 Fernbach, Serber, and Taylor, see reference 2; K. M. Gatha 
and R. J. Riddell, Jr., Phys. Rev. 86, 1035 (1952); T. B. Taylor, 
Phys. Rev. 92, 831 (1953); Gatha, Shah, and Patel, Proc. Phys 
Soc, (London) A67, 773 (1954); W. Heckrotte, Phys. Rev. 95, 
1279 (1954); G. Z. Shah and K. M. Gatha, Current Sci. (India) 
24, 151 (1955); Y. Nakano, Phys. Rev. 98, 842 (1955); Coor, 
Hill, Hornyak, Smith, and Snow, Phys. Rev. 98, 1369 (1955); 
Chen, Leavitt, and Shapiro, Phys. Rev. 99, $57 (1955) ; Gol’danski 
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106, 219 (1956); C. B. O. Mohr and B. A. Robson, Proc. Phys 
Soc. (London) A69, 365 (1956); R. G. V. Poss and R. Wilson, 
Proc. Roy. Soc. (London) 236, 52 (1956); RK. Wilson, Phil. Mag. 
1, 1013 (1956). 

‘Feshbach, Porter, and Weisskopf, Phys. Rev. 96, 448 (1954). 


potential W=8.5 Mev, nuclear radius constant Ry=1.3310" 
cm, surface rounding parameter a=0.5X10°-" cm. A. similar 
35.5 Mev, W=15.5 Mev, Ro=1.33 
Ambiguities in the quoted values 


analysis at 31.5 Mev gave } 

«K10°4% cm, a=0.55K 10°" cm 
due to compensating effects of changes in V and Xo are discussed 
For intermediate and heavy nuclei like Ag and Pt, good agreement 
can be obtained at 17 Mev for values of A» ranging from 1.2 to 
1.410" cm, but for lighter elements like Co the range of R 
is much more restricted. Theoretical curves of the reaction cross 
section are presented at 17 and 31.5 Mev based on quoted values 
of the model parameters. It is pointed out that accurate experi 
mental measurements of this quantity may possibly resolve the 


ambiguity 


number as observed by Barschall.° Early analysis with 
a complex square well successfully reproduced this 
behavior, at least qualitatively, but the square well 
model was less successful in accounting for differential 


elastic and reaction cross sections.“® The use of a 


diffuse surface,’ however, seems to have eliminated 
most of the difficulties’ and the optical model is now 


proving quite satisfactory in the analysis of low- and 


intermediate-energy neutron scattering 

A complex square well was used even earlier in 
analysis of intermediate-energy proton scattering. The 
model exhibited at first a modicum of success*; more 
extensive analyses, however, indicated serious diffi 


10,11 


culties, especially for the heavier elements.’ Avain, 


the situation has been considerably improved by the 


4,43,12 


introduction of a rounded well. Indeed, this model, 


commonly referred to as the diffuse-surface optical 


> H. H. Barschall, Phys. Rev. $6, 431 
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Phys. Rev. 101, 1832 (1956); Beyster, Walt, and Salmi, Phys 

Rev. 104, 1319 (1956 
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model, was first introduced to overcome just this 
difficulty with the scattering of protons by heavy 
elements. 

Numerous attempts have been made to provide a 
firm theoretical basis for the optical model. Most 
successful, perhaps, has been the high-energy multiple- 
scattering treatment of Watson and his collaborators." 
The relation of the optical model parameters to two- 
body interactions, including the spin-orbit terms neces- 
sary to account for high-energy polarization, have been 
established, at least roughiy.’* The situation at low 
energies and the extrapolation to bound-state interac- 
tions, concerned as it is with a reasonably exact 
treatment of the many-body problem, is less satis- 
factory and many discrepancies remain to be worked 
out.!® 

Generally speaking, it thus appears that the optical 
model, no matter how sketchy its theoretical basis, can 
account for a large mass of experimental results. The 
parameters of the model are, however, still.in doubt. 
This uncertainty is primarily due to the following: 


(1) The model is, after all, only an approximation 
and accordingly it is difficult to fit the experimental 
data with any precision; the less precise the agreement 
with experiment, the greater the latitude in choice of 
parameters which are equally acceptable. 

(2) The results obtained from a single type of 
analysis such as that of elastic angular scattering do 
not lead to an unambiguous assignment of values to 
the parameters. We shall elaborate this point further. 


Apart from these considerations, experimental diffi- 
culties sometimes add to the uncertainty. Thus, for 
example, it becomes difficult to try to fit elastic scat- 
tering data at low energy because of the presence of 
appreciable compound elastic scattering which experi- 
mentally cannot be separated from the elastic scat- 
tering. 

The main purpose of this paper is to report on an 
attempt to fit experimental data on the differential 
cross section for elastic scattering of protons by various 
nuclei at 17 and 31.5 Mev, based on the diffuse-surface 
optical model. The results of this analysis should help 
to fix the values of the model parameters. Attention is 


4K. M. Watson, Phys. Rev. 89, 575 (1953); N. C. Francis and 
K. M. Watson, Phys. Rev. 92, 291 (1953); G. Takeda and K. 
M. Watson, Phys. Rev. 97, 1336 (1955); W. B. Riesenfeld and 
K. M. Watson, see reference 2; K. M. Watson (to be published). 

4G, Z. Shah and K. M. Gatha, Current Sci. (India) 23, 395 
(1954); Fernbach, Heckrotte, and Lepore, see reference 2; A. 
Kind and C. Villi, Nuovo cimento 1, 749 (1955); A. M. Lane 
and C. F. Wandel, Phys. Rev. 98, 1524 (1955); E. Clementel 
and C. Villi, Nuovo cimento 2, 176 (1955); Morrison, Muirhead, 
and Murdoch, Phil. Mag. 46, 795 (1955); R. J. Blin-Stoyle, 
Phil. Mag. 46, 973 (1955); W. B. Riesenfeld and K. M. Watson, 
see reference 2; A. Kind and L. Jess, Nuovo cimento 4, 595 (1956) 

* Brueckner, Levinson, and Mahmoud, Phys. Rev. 95, 217 
(1954); R. G. Thomas, Phys. Rev. 97, 224 (1955); Lane, Thomas 
and Wigner, Phys. Rev. 98, 693 (1955); M. Cini and S. Fubini 
Nuovo cimento 2, 75 (1955); A. Kind, Nuovo cimento 2, 443 
(1955); Brueckner, Eden, and Francis, Phys. Rev. 100, 891 
(1955). 
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called to further experiments which might help to 
establish them on a firmer basis. 

In part 2 we briefly describe the computational 
procedure. In part 3 the results are presented and 
described. In part 4 we discuss the procedure reported 
previously by us’"!.” for fitting the experimental data. 
In part 5 the significance of the results is discussed 
and compared with theoretical predictions. It is shown 
that the analysis does not fix the parameters unambigu- 
ously, but rather defines a certain acceptable region in 
the parameter space. The final values of the parameters 
are then somewhat arbitrarily chosen by fixing the 
nuclear density in such a way as to fit most of the 
periodic table at 17 Mev. In part 6 we present some 
results on the reaction cross section and point out the 
importance of this quantity in resolving the ambiguity 
that may still remain. 


2. COMPUTATIONAL PROCEDURE 


In order to compute the required cross sections, it is 
first of all necessary to choose a potential for the 
Schrédinger equation of the incident particle. ‘The 
potential chosen here is that used previously by us 
and consists of a rounded complex nuclear potential 
plus a Coulomb potential corresponding to a constant 
charge density within the nucleus: 


V=VatVe, (1) 
where 


Vy=(V+iW)/{1+expl (r—R)/a]}, 


and 
Ve= (Ze?/2R)(3—r°/R*) for 
= Le*/r for 


rc R, 
r>R, 


and!é 


R= R,A*X10-" cm. (4) 


The resulting Schrédinger equation cannot be solved 
analytically. The partial wave radial equations are 
solved by numerical integration; standard techniques 
are used: the numerical integration is carried out until 
the nuclear potential vanishes and the resulting nu- 
merical wave function is joined smoothly to the proper 
Coulomb function, thus yielding the complex phase 
shifts used to compute the cross section as a function 
of the scattering angle @. Calculations were carried out 
on the SWAC (Numerical Analysis Research, Depart- 
ment of Mathematics, University of California, Los 
Angeles) using a code prepared by Woods.'’ This code 


16 The problem was originally formulated in such a way that 
the charge radius and the radius of the nuclear potential could 
be independently assigned. It turned out, however, that the 
elastic scattering at the energies considered was insensitive to 
moderate changes in the charge radius alone and hence a common 
value was used. 

17 See reference 7. The numerical integration is carried out by 
using a Milne 5-points predictor-corrector scheme. The interval 
of integration is automatically adjusted to minimize the error 
without excessive time consumption, by requiring both a minimum 
and a maximum correction at each iteration. The numerical 
integrations are repeated for each partial wave either until the 
phase shifts become negligible or until 1 reaches 13. The average 
time for a run is about 15 minutes. 
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TABLE I. Parameters of the diffuse-surface optical model 
which were used to fit the differential cross section for elastic 
scattering of protons against various nuclei at 17 and 31.5 Mev 


E V Ww (0-4 a(io-# 
(Mev) (Mev) (Mev) cm) cm 


Cc 7» 50 0.43 
Als 17> 40 0.73 
Fe, Co, Ni, Cu,* Zn 46 0.48 
Rh, Ag* 17" 46 3. 0.50 
Pt,* Au 1 48 ' ‘ 0.50 


Li, Be, B, C,* N, O, F 5°4 44 11 
Mg, Al,* Si, P, S, Cl, A 31.5 35 9 
Ti, V, Fe, Ni, Cu,* 

Ga, Zr, Ag* 31.5 35 15 33 
Ta 31.5¢ 6 20 33 
Au,* Pb 31.5° 36 16 33 


0.50 
0.00 


0.50 
0.55 
0.55 


* These elements were individually analyzed by varying the parameters 

» In the center-of-mass system 

¢ In the laboratory system 

4 The incident energy was about 1 Mev lower for C, N, 
difference was found to be unimportant 


and © but this 


that it is limited to L<13. This 


necessarily determines the maximum energy for which 


was so constructed 


calculations can be carried out for a given nucleus, 


3. RESULTS 


The results of the analysis are presented in Figs. 1 
and 2 and in Table I. Figure 1 shows the theoretical 
fits to the experimental data of Dayton and Schrank.'* 
The elements C, Al, Fe, Ag, Au were investigated 
individually by varying the parameters V, W, a, and 
Ro, and the values of the parameters chosen for each 
of these elements were then used for neighboring 
elements. 

Figure 2 shows the theoretical fits to some of the 
experimental results available around 31.5 Mev. The 
data obtained from Kinsey’ are more numerous but 
extend over a smaller angular region than Wright’s” 
and Leahy’s.** Hence, we have chosen to specifically 
fit the latter for C, Al, Cu, Ag, Pt, ‘Ta, and Au. The 
values of the parameters obtained in fitting these 


’ 


elements were then again used for their neighbors. 
Differences in the results obtained by the various 
investigators, together with the fact that we 
specifically tried to fit Wright’s and Leahy’s data, 
probably account for discrepancies in the magnitudes 
of the theoretical curves and Kinsey’s experimental 


have 


results. Closer between these could be 


achieved by decreasing the value of W, and by allowing 
V and W to vary more smoothly with atomic number 
for the light elements 


agreements 


We have chosen to present the results by plotting 
the ratio of the differential to Rutherford cross section 
against angle. We regard such plots as more sensitive 


TE. Dayton and G. Schrank, Phys. Rev. 101, 1358 (1956) 

BB Kinsey and T. Stone Phys Rev. 103, 975 (1956) 

”B. T. Wright, University of California Radiation Laboratory, 
UCRL-2422, November, 1953 (unpublished) 

41 J. Leahy, United States Atomic Energy Commission Docu 
ment, UCRL-3273, February, 1956 (unpublished) 
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Fic. 2. Ratio of differential cross section to Rutherford for elastic 
scattering of protons against various nuclei at 30.6 to 31.5 Mev 
(lab energy). From Kinsey’s smoothed experimental data. 
x x X Experimental points of Wright. - - - Experimental points 
of Leahy. Theoretical curves. 
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Fic. 3. Differential cross section (in millibarns) for elastic 
scattering of 17-Mev protons against C. Experimental 
points by Dayton and Schrank. Theoretical curve, V = 50 
Mev, W=7 Mev, Ro=1.30K10~" cm, a=0.425 10™4 cm. 


than logarithmic plots of the absolute cross section. 
Evidently any graphical presentation (even a linear 
plot of the absolute cross section) is bound to distort 
the results in some sense. Our particular presentation 
is characterized by the following features: (1) emphasis 
of small-angle scattering and de-emphasis of large angle 
scattering for heavy elements; (2) de-emphasis of deep 
minima such as occur for intermediate elements; (3) 
emphasis of large-angle scattering and de-emphasis of 
small angle scattering for light elements. These features 
may be verified by comparing the curves for C, Cu, 
and Au in Fig. 1 with the logarithmic plots of the 
absolute cross sections for these elements in Figs. 3, 4, 
and 5. Note also that the small-angle oscillations show 
up clearly in Fig. 1, but are difficult to distinguish at 
all on the logarithmic plots. 


4. METHOD OF FITTING THE EXPERIMENTAL DATA 


Two main difficulties arise in this type of analysis: 
(1) the difficulty inherent in deciding qualitatively 
about the best fit to the experimental data; (2) the 
impracticability of carrying out a complete exploration 
of the four-parameter space. 

The first of these might perhaps be resolved by 
suitable choice of a quantitative criterion such as a 
least-squares analysis.” Our fits are sufficiently crude, 

22 Such a method was used by Hill, Freeman, and Ford in fitting 
the angular distribution of high-energy electrons scattered by 


nuclei; see Annual Review of Nuclear Science (Annual Reviews, 
Inc., Stanford, 1955), Vol. 5. 
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lic. 4. Differential cross section (in millibarns) for elastic 
scattering of 17-Mev protons against Cu Experimental 
points of Dayton and Schrank Theoretical curve, V = 46 
Mev, W=9 Mev, Ro=1.33K 10" cm, a=0.475K 107" cm 


however, that such an analysis would not be practical 
without an arbitrary assignment of weights to various 
regions, thus restoring the original difficulty. Such an 


assignment of weight would for instance have to de- 
emphasize the large-angle region for light elements in 
order to permit any kind of fit at all to be achieved. 
The second difficulty is somewhat tempered by the 
need for physically acceptable values of the parameters; 
nevertheless there exists a real danger of missing an 
important region and considerable effort is required to 
avoid this. The actual method used for fitting the 
experimental data is somewhat as follows 


(1) A broad physically acceptable region of the four- 
parameter space is located by trial and error, such that 
the number and approximate positions of the maxima 
match the experimental data. ‘This region, of course, 
need not be unique. 

(2) The parameters are varied independently to 
ascertain their individual effects on the theoretical 
curves, This is illustrated in Figs, 6(a), (b), (c), and (d) 
The effect of increasing a (i.e., increasing the rounding) 
as shown in Fig. 6(a), is to lower the whole curve, 
rotating it about its initial point. The effect of increasing 
W, shown on Fig. 6(b), is to smooth out the curve 
without affecting it otherwise. The effects of increasing 
V and Ro, indicated, respectively, on Figs. 6(c) and 6(d), 
are very similar; in both cases the curve moves left 
The effects described here are fairly well marked and, 
except for Ro and V, show independent and almost 
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hic. 5. Differential cross section (in millibarns) for elastic 
scattering of protons against Au. Experimental points of 
Dayton and Schrank. Theoretical curve, V=48 Mev, 
W=8 Mev, Ro=1.33K10™" cm, a=0.5XK10™ cm. 


linear behavior. Unfortunately, this is not always the 
case; thus, for light elements and at lower energies 
these effects are considerably less predictable, thereby 
increasing the labor required to obtain acceptable fits. 

(3) The parameters are changed so as to try to fit 
the magnitudes and positions of the minima and espe- 
cially the maxima. In the course of this manipulation, 
certain regions of the curve are sometimes abandoned 
as hopeless, such as the backward region for light and 
intermediate elements, where a better fit can only be 
achieved at the cost of seriously misfitting the rest of 
the data. 


Panie II, Values of the parameters which yield for given 
values of Ro, best fits to differential scattering data on Pt, Ag, 
and Co at 17 Mev. 


Ro 10°" om W (Mev) a (07% em 


1.07 81 11 
1.20* 62 10 
1.33 48 8 
1.45 37 7 


(Mev 


0.58 
0.55 
0.50 
0.48 


0.63 
0.58 
0.50 
0.48 


1.07 78 13 
1.20" 58 11 
1,33° 46 9 
1.45 36 8 


0.58 
0.48 
0.50 


1.20 58 11 
1.33° 46 g 
1.45 6 9 


* Indicate values of Re which gave the best fits to the experimental data 
(See Fig. 7.) 
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(4) In general there still remains ambiguity about 
the best parameter values but we select those which fit 
the largest number of elements over the periodic table. 
This final point will be elaborated upon in the following 
section. 


5. DISCUSSION OF RESULTS 
Over-All Fit 


The over-all fit to the experimental! data is fairly 
good. The heights and positions for most of the maxima 
and at least the positions of most minima are fairly 
well reproduced. Indeed it is rather remarkable how 
faithfully the experimental effect of varying A and Z 
is reproduced by the theoretical curves between 10 and 
130 degrees at 17 Mev. On the other hand, several 
difficulties still remain : 


(1) The theoretical curves oscillate too fast in the 
backward region, especially for the light and inter- 
mediate elements. We did not find any region in the 
parameter space where this effect could be eliminated. 
It might perhaps be attributed to a breakdown in the 
model for large momentum transfers. 

(2) At small angles the theoretical curves oscillate 
too fast for the heavy elements at 31.5 Mev. However, 
this effect probably does not represent a genuine dis- 
crepancy. The cross sections are falling so rapidly with 
angle in this region that it is difficult to interpret the 
experimental data. Indeed, this difficulty is almost 
imperceptible on a logarithmic plot of the cross section. 

(3) Generally the theoretical curves show stronger 
oscillation than manifested by experimental results 
especially at 31.5 Mev. Such an effect is responsible 
for the large holes which appear on the logarithmic 
curve. However, the smoothness of the experimental 
curves is partially due to a spread in 6, E, and A; still, 
this cannot account for the entire difference 


V—R, Ambiguity 


The similarity of the effects of increasing V and Ry 
mentioned in Sec. 4, creates a considerable ambiguity 
in choosing the best set of parameters for elements from 
Ag on up. The situation is illustrated schematically in 
Vig. 7. This figure was obtained as follows: For a given 
element several fixed values of Ry were chosen. For 
each of these, the remaining three parameters were 
varied until the best fit could be obtained. The more 
precise the agreement between calculated and measured 
cross sections, the more precisely are these parameters 
determined and conversely. In Fig. 7, the uncertainty 
in these parameter values is indicated schematically by 
the thickness of the shaded regions. Thus the thinnest 
region indicates the best fit. It may be observed that 
for Pt and Ag an almost similar fit may be obtained by 
using Ro=1.2 to 1.37. The other parameters would 
change of course, especially V. Table II indicates the 
value of the parameters for best fit at other values of 
Ro. While this large range is available for Ag and Au, 
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Fic. 6. Ratio of differential cross section to Rutherford for elastic scattering of 17-Mev protons against Ag 
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varying a, the surface thickness. (b) Effect of varying W, the imaginary part of the nuclear potential. (c) Effect of varying V, 


the real part of the nuclear potential. (d) Effect of varying Ro. 


considerably less freedom is permissible for Co. The 
fit (never as good as for the heavier elements) rapidly 
deteriorates on either side of Ro=1.33, especially for 
smaller values of Ry. Thus if one wishes, however 
arbitrarily, to use the same value of Ro throughout the 
periodic table, a value of Ry=1.3 to 1.35 is indicated. 
We have made such a choice and the values quoted in 
Table I as well as the curves shown in Figs. 1 and 2 
represent a deliberate attempt to keep Ro= 1.33. It will 
be noted, however, that for the very light elements this 
was not generally possible. 

As may be verified from Table II, the ambiguity in 
the optical model parameters can be summarized 
roughly as follows: equally good agreement with experi- 
ment can be obtained if V and Ro are varied over a 
considerable interval according to the law VRo"=con 
stant, with 2<n<43, and with relatively small changes in 
W and a. This behavior is fairly reasonable since Born 
approximation would give n=3 and the bound state 
limit would give n= 2. 


Comparison of Parameter Values with 
Theoretical Prediction 


It is rather gratifying to find that throughout the 
periodic table, except for the lighter elements, the 
parameters are fairly constant at a given energy. The 
empirically determined energy dependence of the pa- 
rameters has been discussed* and seems reasonable. 


% Melkanoff, Moszkowski, Nodvik, and Saxon, see reference 12. 


The values of the potential depths are close to theo 
retically predicted values."*'® The real potential depth 
V is 5 to 10 Mev larger than that found for neutrons. 
While this is in agreement with recent analysis of 
bound-state and shell structure,” the potentials could 
be made equal by appropriate choice of Ry. It should 
be noted at this point that the parameters describing 
the optical model for neutrons have recently been 
determined*® from an analysis which includes the reac 
tion and total cross section as well as the differential 
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hic. 7. Schematic representation of optical model parameters 
giving about equal fits to the experimental differential cross 
section for elastic scattering of 17-Mev protons. The thicker 
hashed regions describe poorer fits 


* Ross, Mark, and Lawson, Phys. Rev. 102, 1613 (1956) 
#6 Beyster, Walt, and Salmi, see reference 8 
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lic. 8. Reaction cross sections for 17-Mev (c.m.) protons 
computed on the basis of the diffuse surface optical model. The 
effect of varying Ry» is indicated for Co, Ag, and Au. The solid 
points were obtained from computations with the optical model 
parameters giving the best fits to the elastic differential cross 
sections. The open points were obtained from computations with 
the optical model parameters of the nearest “fitted” neighbor 


scattering cross section; these parameters are therefore 
more definite than the proton parameters. The value 
of a is also quite reasonable and agrees with the results 
of electron-scattering analysis.** Theoretical calcula 
tions of this quantity depend on the type of analysis 
and the assumed form factor; thus while some esti 
mates’’** are in agreement with the value quoted here, 
others differ considerably.” 

In order to discuss the value of the nuclear radius, 
it is important to distinguish the various quantities 
found in the literature; we shall define: 

(1) R,, the electromagnetic charge radius” as meas- 
ured by electron scattering, 4-mesonic atoms, and other 
electromagnetic data, 


Ls 
0, 
(barns) 


0 





——— 
70 60 





Fic, 9. Reaction cross sections for 30.6 to 31.5 Mev (lab) 
protons. The solid points were obtained from computations with 
the optical model parameters giving the best fits to the elastic 
differential cross sections. The open points were obtained from 
computations with the optical model parameters of the nearest 
“fitted” neighbor 


* R. Hofstadter, Revs. Modern Phys. 28, 214 (1956) 

7M. Rotenberg, Phys. Rev. 100, 439 (1955). 

*K. A. Brueckner, Phys. Rev. 103, 1121 (19560); T. H. R. 
Skyrme, Phil. Mag. 1, 1043 (1956). 

# Gombas, Magori, Molnar, and Szabo, Acta Phys. Acad. Sci. 
Hung. 4, 267 (1955); W. J. Swiatecki, Phys. Rev. 98, 203 (1955); 
RK. A. Berg and L. Wilets, Phys. Rev. 101, 201 (1956). 

» An excellent discussion of the electromagnetic charge radius 
is given by K. W. Ford and D. L. Hill, Annual Review of Nuclear 
Sctence (Annual Reviews, Inc., Stanford, 1955), Vol. 5. 
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(2) R,, and R,,, the nuclear density radii for neu- 
trons and protons respectively which enter, for example 
in the Weiszicker formula, 

(3) Ry, and Ry,, the nuclear potential radii for 
neutrons and protons, respectively, as determined from 
nuclear scattering experiments. 


It is, of course, quite possible that all of these have 
different values; there are therefore five quantities 
Re, Ron, Rop, Rvn, and Ry», to be considered, the last 
of which we called simply R in Eqs. (2), (3), and (4). 
Comparison of various results is further complicated 
by the use of a variety of form factors. The value of 
Ry, as found in the present analysis is about 20% 
larger than R,, in agreement with Ry, as found from 
neutron scattering data.”® The difference between R, 
and Ry, is in agreement with most theoretical predic- 
tions” if it is assumed that R<R,, as is most reason- 
able. If it is further assumed that Ry,— R,.Rv,—R,», 
then the agreement between Ry, and Ry, computed 
with the same form factor is in agreement with some 
calculations," but contrary to most theoretical pre- 
dictions” which yield R,,>R,,. The value of Ry, is, 
however, not too definite owing to the V— R ambiguity. 

For light elements, the situation is not too clear. 
Since the optical model is not expected to be valid for 
nuclei containing only a few particles, the surprise is 
not that the parameter values fluctuate considerably for 
such elements, but rather that the agreement is as good 
as it is. It might be mentioned here that we had con- 
siderable difficulty in fitting aluminum and that this 
could only be done by raising a to 0.725 as indicated 
in ‘Table I. 


TABLE III. Theoretical reaction cross section computed from 
the phase shifts used to fit the differential elastic scattering 
cross sections 


E=17 Mev (c.m.) 


or (mb) a, (mb) 


1132 
1068 
1050 


a, (mb) 


380 Ni 
895 Cu 
1070 Zn 1060 
1063 Rh 1177 


E =31.5 Mev (lab) 
ao, (mb) 


1045 
1063 


a, (mb) a, (mb) 


1200 
1238 
1392 
1470 
1830 
1843 
1870 


Si 703 


268 
318 P 749 
325 S 762 
390 Cl 832 


442 A 
496 Ti 
540 V 
640 Fe 
685 Ni 


9006 
1040 
1075 
1130 
1150 


* L. Wilets, Phys. Rev. 101, 1805 (1956). 

"2M. H. Johnson and E. Teller, Phys. Rev. 93, 357 (1954); 
K. Wildermuth, Z. Naturforsch. 9a, 1047 (1954); P. Mittelstaed, 
Z. Naturforsch. 10a, 379 (1955); R. J. Blin-Stoyle, see reference 14. 
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6. REACTION CROSS SECTIONS 


The total reaction cross section is easily obtained 
from the phase shifts; it has been calculated and is 
listed in ‘Table III. It is also shown in Figs. 8 and 9 at 
17 and 31.5 Mev as a function of Z. The points are all 
theoretical values and the curves are the best curves 
drawn through these points. 

In view of the ambiguity still existing for individual 
elements, the reaction cross section acquires special 
importance as it may differentiate between various 
sets of parameters equally acceptable for the differential 
elastic scattering curves. This is indicated on Fig. 8 
where predicted values of the reaction cross sections 
are indicated for various values of Ro. For heavier 
elements the differences are sizable, and it would there- 
fore be desirable to have accurate experimental determi 
nations of the reaction cross section. 

Preliminary information on the (p,”) cross section 
at 10 Mev® shows remarkable differences from one 
isotope to the next. Since the (p,m) cross section pre 
sumably gives the main contribution to the reaction 
cross section, this should be reflected by similar changes 
in the differential scattering cross sections. 
Experimental results on mixed isotopes do not show 
such an effect, but it would be of interest to search for 
it by measuring the differential elastic scattering cross 
section for individual isotopes. 

The reaction cross section at 31.5 Mev was only 
calculated for single sets of parameters. If, however, 
effects similar to those at 17 Mev are present as ex- 


elastic 


TABLE IV. Geometrical parameters which may be used to describe 
the reaction cross section at 31.5 Mev. 


A (10° cm) 


0.81 
0.81 
0.81 
0.81 
0.81 
0.81 


re (10-8 cm) 


1.18 
1.28 
1.35 
1.29 
Lao 
1.19 


% H. A. Howe (private communication). 
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raBLe V. Average values of the parameters of the 
diffuse surface optical model 


V (Mev 


47 8 
35 15 


W (Mev a (10°"% em 


0.49 
0.53 


pected, the resulting ambiguity in Ro will again empha 
size the importance of the reaction cross section 

On the basis of a simple geometrical interpretation, 
reaction cross sections are frequently represented by 
expressions of the form 


o,=m(roA'+h)?; 


the values of ro determined from this expression are 
listed in ‘Table TV and are seen to decrease from 1.35 
for the lighter elements (excluding the very light ele 
ments such as C and Al) to 1.19 for the heavier ones 
Such representation at 17 Mev is not 
because of the sizable effect of the Coulomb barrier, 


meaningful 


CONCLUSION 


We have analyzed the differential cross section for 
elastic scattering of 17- and 31.5-Mev protons against 
various nuclei on the basis of the diffuse-surface optical 
model. The average values of the parameters giving the 
over-all best fits are given in ‘Table V. These values are 
in reasonable agreement with theoretical estimates and 
seem to indicate a radius about 20% larger than the 
electromagnetic radius and a real potential depth 5 to 
10 Mev larger than the real potential for neutrons 
Ambiguity in the parameter values especially in V and 
Ro still exist and might be eliminated if adequate 
experimental reaction cross sections become known. 
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Comparison of the Reactions p+d—H'+ xt, p+d—He'+ =’ 
as a Test of Charge Independence* 


Kennet C, Banprer,t Witson J. Franx,t anp Burton J. Mover 
Radiation Laboratory, University of California, Berkeley, California 
(Received January 21, 1957) 


The pair of reactions p+d—+H*+7* and p+d—+He’+-7” have been investigated experimentally to see if the 
predictions of the theory of charge independence are fulfilled. Because of the low cross section (a few micro 
barns) and large background (heavy particles emitted at ~10° lab) the results do not provide as critical a 
test as might be hoped. We find that there is a 50% chance that the ratio of the reaction cross sections 
(p+d-on' +H?*)/(p+d—r®+ He’) is between 2.0 and 2.6. Charge independence predicts that the ratio 
should be exactly two. The experimental difficulties would be less at higher proton energies; this method 
would seem to provide a very stringent test of charge independence if the comparison could be made with 
sufficient accuracy 


INTRODUCTION made in this energy range. Schulter’s data are based on 
A STUDY comparing the reactions 102 deuterons ; total cross section and energy de- 
pendence are in agreement with the m* experiment, 
pt+d—l+m' within the accuracy of the data. 

and The experimental! results in this paper were obtained 
p+d—He'+7r° during the spring and summer of 1954.* In mid-1955, 
the experiment was intensively pursued again with 
various improvements and changes in instrumentation. 
Unfortunately the early results were not improved 
upon, because of the inherent experimental difficulties 
stemming from measuring a very low cross section 
(about a microbarn) yielding reaction products coming 

out at less than 10° from the beam direction. 


would provide information for a stringent test of the 
hypothesis of charge independence of nuclear forces.'” 
Other experimental investigations of this hy- 
pothesis have been concerned with the reaction 
pair, ptp-ort+d and n+p-n’+d. Hildebrand 
measured the angular distribution of the n+ p—-r'+d 
reaction’; Durbin, Loar, and Steinberger measured 
d+m'->p+p for the same center-of-mass (c.m.) Il. EXPERIMENTAL DETAILS 
energy.’ Both results closely fit the same angular 
distribution (i.e., 0.24-cos’@), in agreement with the A. Method 
predictions of charge independence. Schluter measured A 
the n+ p-—>r’+d reaction for incident neutron energies ; 
near 400 Mev.® He found the total cross section by 
integration (at a given c.m. energy) and compared 


liquid deuterium target was bombarded by 
340-Mev protons from the Berkeley 184-inch synchro- 
cyclotron. The heavy particles, H*® and He’, are 


; : ; , identified by measuring dE/dx and E at the selected 
twice the value with various total cross-section measure- 


ments of the p+p--mt+d reaction that have been JP2i COINCIDENCE NETWORK (TWO TUBES /PHOSPHOR) 


FIRST ~ SECOND THIRD PION 
SscinTic ator SCINTHL ATOR SCINTILLATOR COUNTER 
Scintillator Scintillator Scintillator ae a eas 
PULSE ADDER 
No. | No.2 No.3 AMPLITUDE ANO PAADL 
OURATION LIMITER 


PARTICLES oovsLe TRIPLE 
INCIDENT _ COINCIDENCE COINCIDENCE 


0.056 in. thick, 0.232 in. thick, 0,947 in. thick, pci toot gg 
0.146 g/cm? 0.612 g/cm? 2.496 g/cm? lf evince 


Provides Provides , Provides TO SWEEP TRiGoER OF 
He SL pulse He’ — pulse and HE pulse TEXTRONIK SIT SCOPE 
. 


5 
H ge pulse 
x S8i9 PULSE HEIGHT wetworr 





' : = ONE S819 TUBE Two sei TUBES ONE $819 Tu 
hia 1 Heavy partic le telescope plastic scintillators. All FinaT — 


scintillators are 4 in, square; the effective area is limited to a hole SCINTILLATOR 
3 in. in diameter by a lead collimator in front of the scintillators 





* This work was done under the auspices of the U. S. Atomic 
Energy Commission 
t Now at Radiation Laboratory, University of California, sain Ps a 
Livermore, California 
1A. M.L. Messiah, Phys. Rev, 86, 430 (1952). Fic. 2. Block diagram of electronics 
2M. Ruderman, Phys. Rev. 87, 383 (1952) 
1 R.H. Hildebrand, Phys. Rev. 98, 1090 (1953). * Bandtel, Frank, Madey, and Moyer, Phys. Rev. 95, 639(A) 
‘ Durbin, Loar, and Steinberger, Phys. Rev. 84, 581 (1951). (1954); Bandtel, Frank, Higgins, and Moyer, Phys. Rev. 98, 
®R. A. Schluter, Phys. Rev. 96, 734 (1954) 269(A) (1955). 
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Fic, 3. Physical arrangement of the experiment (not to scale), Beam and scattered 
particles travel in evacuated tubes 4 in. in diameter 


angle. The wt is detected at its expected angle; the 
difference in time of flight’? between it and the H?* 
helps to identify the p+d—+H’+-* process. The 7° is 
not detected because of uncertainties in the efficiency 
of a gamma-ray counter, and because of the spreading 
of photons in the r° decay. The p+d—He'+7° process 
is identified only by the He’ energy and ionization rate. 

The two heavy particles are detected concurrently 
in a “heavy-particle telescope” consisting of three 
plastic scintillators (Fig. 1). The first scintillator is the 
dE/dx counter for He*®; the second serves as both 
the He* E-counter and the H* dE/dx-counter; the 
third scintillator is the H*® #-counter. For He’® particles, 
a double coincidence is required between the first two 
scintillators. For H* particles a triple coincidence is 
required between the mt meson counter, delayed 
(owing to the H® time of flight), and the second and 
third scintillators of the telescope. The two types of 
events are measured concurrently, so that alternate 
runs to measure each process are not needed. 

Each of the scintillators is viewed separately by 
1P21 and 5819 photomultiplier tubes. The second 
scintillator is viewed by a double set of tubes for 
independent control of the H*® and He’ detection 
networks. The 5819 tubes provide pulse-height signals, 
and the 1P21 tubes provide signals for the coincidence 
circuit. The coincidence circuit output triggers the 
sweep of a Tektronix 517 scope. The four 5819 tube 
signals are delayed, mixed, and fed to the scope vertical 
amplifier. Figure 2 shows the electronics block diagram. 
The traces are photographed by a continuously moving 
roll of 35-mm Linagraph Pan film. The pulse heights 
are read on a microfilm viewer, transcribed on records 
with the use of a dictaphone machine, and finally 
played back and plotted. 

The pulse heights specify the coordinates of a point 
on a plot of E vs dE/dx. Protons, deuterons, tritons, 
He’® particles, etc., fall on separate lines on this plot, 
the is sufficiently good. The 
7Frank, Bandtel, Madey, and Moyer, Phys. Rev. 94, 1716 


(1954). 
®R. Madey, Rev. Sci. Instr. 26, 971 (1955). 


provided resolution 


position on the line depends on the energy of that 
particular kind of particle. 


B. Target 


Figure 3 shows a schematic representation of the 
experimental arrangement. (The deuterium condenser 
was designed by Roscoe A. Byrns of this Laboratory.) 
The proton beam comes into the experimental area in 
an evacuated tube and passes through a 2-mil brass 
foil several feet upstream from the target. The foil 
prevents water or oil vapor from the cyclotron tank 
from condensing on the deuterium target, which is at 
liquid hydrogen temperature and would make an 
excellent trap for such volatile vapors. The beam 
continues to the target, which consists of a ;’,-in. thick 
layer of liquid deuterium contained between two 1-mil 
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Fic. 4. dE/dx, E plot for first and second scintillators. Particles 

that penetrate into the third scintillator have not been plotted 

because they have a range greater than that of the desired He’ 

yarticles. (Protons, etc., occur below 7, 4 in great numbers; 

ata they pass through into the third scintillator and have 
not been plotted.) 
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TABLE I 


Units of 
integrated beam 


Counts per unit of 


Counts integrated beam 


178 10.56 
6.29 


Full target 
Empty target 36 
Difference (liquid 

deuterium events 


11.2+1.6 


stainless steel foils. A few feet after the target, the 
heam emerges through the exit foil into the atmosphere. 

‘The vacuum jacket around the deuterium container 
(in which the condensed by liquid 
hydrogen) is essential for providing heat insulation. 
The vacuum pipe for the scattered particles is necessary 
to prevent bad multiple scattering of the 85-Mev He’ 
from a 


deuterium is 


particles in air. Furthermore, it was found 
preliminary run that a 20-mil Dural window in the 
beam exit tube, the intervening air, and an entrance 
foil in the target enclosure all contributed appreciably 
to the background; therefore it was clearly desirable 
to provide the essentially complete vacuum path as 


shown. Since the thickness of the liquid deuterium plus 
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the foils that contain the liquid deuterium is limited to 
about 0.09 g/cm? by multiple-scattering requirements 
for the He’ particle, it can be seen that even the two 
1-mil foils that contain the liquid deuterium (0.04 
g/cm") contribute appreciably to the background. The 
low differential cross section (only a few microbarns) 
intensifies this problem. 


C. Geometry and Kinematics 


As shown on the experimental arrangement in Fig. 3, 
the heavy-particle telescope angle was 10.5°, and the 
correlated angle for the r+ particle was 37°. Because of 
the w+—7® mass difference, the kinematics for the two 
reactions transform differently from the laboratory to 
the center-of-mass system. For the triton, 10.5° in the 
laboratory system 129.03° in the 
center-of-mass system; for the He’, 10.5° lab corre- 
sponds to 134.35° c.m. Because of this effect, the 
experimentally measured ratio has to be corrected 
in accordance with the previously measured’ angular 
distribution for the p+d-—>nt+H?’ reaction so that 
the same c.m. angle is compared for both reactions. 
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Fic. 5, dE/dx, E plot for second and third scintillator liquid deuterium in target; 10.56 units of integrated beam, 
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Fic. 6. dE/dx, E plot for second and third scintillators; empty target; 6.29 units of integrated beam 


III. RESULTS OF THE EXPERIMENT 
A. Reduction of Data 
1. He Particles 


Figure 4 shows the results of plotting the pulse 
height in the first scintillator vs the pulse height in the 
second scintillator, considering only those particular 
cases in which the particle stopped in the second 
scintillator. The scintillator thicknesses have been 
arranged so that He* particles of the expected energy 
(85 Mev) should stop in the second scintillator. Many 
more pulses passed through into the third scintillator 
than stopped in the second. Many slow protons and 
other singly charged particles would appear in the 
lower left corner of the plot, but they all enter the third 
scintillator and so have not been plotted, The gains and 
voltages were set so that 85-Mev He’ particles would 
appear at approximately (10,10). This was accom 
plished by a preliminary calibration on the He* beam 
of the 184-in. cyclotron, which was degraded in energy. 
The degrading absorber was placed in the emergent 
beam of He’ particles just after they were deflected 
from their cyclotron orbit, and the steering-magnet 
current was lowered to direct the 85-Mev He’* particles 


into the experimental area. Calibration data showed 
that most of the He’® particles should fall within + 25% 
of the centroid of the distribution. This is approximately 
true for the pulse height in the first scintillator. The 
pulse height in the second scintillator spreads more than 
this, owing to the spread in energy in escaping from 
different parts of the target 

It seems extremely probable that the events in the 


center of the plot represent He® or Het partie les 
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7. Energy loss in second phosphor vs that in third phosphor 
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Fic. 8. Relative light output per unit energy loss in anthracene 
vs reciprocal specific energy loss. (The numbers arrayed along the 
curve refer to the kinetic energies of the indicated particles.) 


However, Het particles could not be produced by 
bombarding deuterium by protons, and any Het 
particles produced from the foils are subtracted out in 
getting the difference counting rate. The final results 
are given in Table I. 

Blank runs were accomplished by closing the exhaust 
valve above the target vessel, and slightly warming 
the latter electrically, so that the liquid phase was 
forced back out of the target into a reservoir by the 
pressure of deuterium vapor. It is estimated that the 
blank represents ~2% of the amount of deuterium 
contained when liquid deuterium filled the target 
(the presence of the foils contributes a background 
of about 30%). 

2. H® Particles 

Figures 5 and 6 show the results of plotting pulse 
heights No. 3 (H* dE/dx, Scintillator 2) and No. 4 (H* 
KE, Scintillator 3) for the full- and empty-target runs. 
(Although Pulses 2 and 3 are both proportional to the 
light in the second scintillator, the He* £ pulse is almost 
an order of magnitude larger than the H® dE/dx pulse. 
Since the dynamic range of the 517 scope vertical 
amplifier is just about an order of magnitude, two 
separate gain controls are necessary.) At first glance it 
is clear that a certain region of the full-target plot is 
more densely populated than in the empty-target 
plot; placing a line of demarcation, however, requires 
much consideration. 

Figure 7 shows a plot of relative energy loss for 
protons, deuterons, and tritons in the second and third 
scintillators, Because of saturation effects when specific 
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Fic, 9, Light output per unit energy loss vs kinetic energy. 
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ionization is high (particle energy is low), an expected 
pulse-height plot would be considerably modified. The 
light produced per Mev of energy loss as a function of 
specific ionization is given in Fig. 8; this curve is 
derived from experimental data for a number of phos- 
phors, but does not include our scintillator material— 
(C,H), plus a trace of terpheny!. It is assumed that 
saturation effects do not differ greatly from one organic 
scintillator to another. 

Figure 8 may be transformed into the curves of Fig. 9 
by use of the relation for dT/dx us T for (C2H2),. From 
integration over appropriate intervals of 7 under the 
curves of Fig. 9, we obtain the plots of relative light 
output in Fig. 10 corresponding to the relative energy 
losses shown in Fig. 7 for the phosphors employed. The 
curves of Fig. 10 would describe the distributions in 
Figs. 5 and 6 if resolution were perfect and light 
outputs were unique for similar events. 

The H* pulse height counters were calibrated by 
using deuterons of such as energy as to give the same 
dE/dx pulse as the expected tritons. The tritons were 
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Fic. 10, Calculated light output from second phosphor vs 
that from third phosphor 


expected to fall around (10,10), but instead they appear 
centered about (8,9). By a trial and error process, the 
information from Fig. 10 has been fitted to the data 
in Figs. 5 and 6. The lines on Figs. 5 and 6 are lines of 
constant mass, representing the probable particle mass 
in multiples of the proton mass. 

In Fig. 11, the number of particles per mass interval 
has been plotted against the mass; the trial and error 
procedure of calibrating the data involved centering 
the scattered proton peak around the proton mass 
location. Clearly, there are a number of mass-3 particles. 

The triton peak can be seen more clearly by plotting 
the difference-counting ratio per unit interval of mass 
(Fig. 12). In determining the interval, the whole length 
of the lines of constant mass has been included. Since 
the tritons have an expected energy of 87+10 Mev, 
the two dotted lines in Figs. 5 and 6 represent the 
expected limits. Figure 13 is a replot of Fig. 12 with 
the restricted triton data. Summed over these counts, 
the triton counting rate is 32.04+2.7. 

As another attempt to separate the tritons from the 
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background particles, two ovals have been drawn, 
centered on (8,9). The inner oval represents the 100% 
resolution width determined by the calibration run, 
while the outer oval is 50% larger, allowing for a margin 
of error. The resulting counting rates are 28.7+2.1 for 
the inner oval, and 31.5+2.9 for the outer one. 

The counting rate seems relatively insensitive to the 
separation criteria ; the first one (32.0+ 2.7 counts per unit 
of integrated beam) is used in subsequent calculations. 

do da 
(3 
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(wt ,45.7°) 
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do 
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ile: 


counting rate 
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da 
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R, is the raw data we get from the experiment. The 
error in this factor reflects the counting statistics of the 
experiment presented here. 

R, is information we obtain from the previous 
experiment.’ Unfortunately, we do not know this with 
much better accuracy than R;. In order to get an 
estimate of Re, we plotted the angular distribution 
data’ and drew lines through the extremities of the 
probable errors. Then we read off values and probable 
errors at 45.7° and 51.0°, took the ratio, and com- 
pounded the error in the ratio, thus obtaining the value 
of Ro. 

R; is just a matter of kinematical calculation. The 
following results were obtained: 
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(1/38.6)/(1/26.7) =0.692; 


Ri RoR; = 2.3(4 13%) 2.0 to 2.6 


(Probable errors are quoted here.) 
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B. Results 
The He* 


This means that the 7 


and H®* particles were measured at 10.5°. 


“is at 45.65° c.m., and the a* is 


at 50.97° cm. The measured angular distribution’ of 
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p+d—1+-n* was used to correct the rt to the same 
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c.m, angle as the 7°, since we must compare the same 


angles in the center-of-mass system in order to test 


charge independence: 
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Fic. 12. Differential mass spectrum for second and_ third 
scintillators; [ (full target)—(empty target) ] per unit of inte 
grated beam. 


C. Accuracy 


A comparison experiment was done to minimize 
errors in beam monitoring, solid angle, etc. Nuclear 
interactions that result in the loss of the particle being 
detected are estimated to be negligible. In the thickest 
yhosphor about 7% of the tritons suffer an inelastic 
nuclear interaction, and less than 7% are removed from 
the triton island, since an inelastic event does not always 
carry off energy in a way that does not produce light. 

Consequently, it is believed that the biggest single 
contribution to the error is the counting statistics of 
this and the previous experiment. 


D. Interpretation 
The results of this experiment indicate there is a 
50% chance that the ratio of the reaction cross sections 
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Fic. 13. Differential mass spectrum [ (full target)— (empty 
target) ] per unit integrated beam vs particle mass (in units of 
proton mass). 


(p+d—9t+- H*)/(p+d—7r"+He'*) is between 2.0 
and 2.6. 

The accuracy of the experiment is 
regrettably poor, but this is for the most part due to the 
low cross section of the reaction, which intensifies 


statistical 


the detection and background difficulties. 

One would have to say that the results of this 
experiment are in accord with the predictions of the 
hypothesis of conservation of isotopic spin, but in 
view of its poor statistical accuracy, this experiment 
does not provide a critical test of the conservation of 
isotopic spin. 
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Changes in the High-Latitude East-West Asymmetry of Cosmic Rays 
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A large long-term decrease in the east-west asymmetry has been observed at Hobart (A= 52°S; near sea 
level). This is apparently related to the level of solar activity. In 1950 the asymmetry amounted to a= 0.0246 
+0.0022, while in 1954 (a year of sunspot minimum) it was only 0.0108+0.0016. It is shown that the 
decrease cannot be explained by changes in the parameters involved in the Johnson theory of the high 
latitude east-west asymmetry, leading to the conclusion that the primary particles capable of producing 
a sea-level penetrating component at these latitudes are not completely isotropically distributed when 
they reach the upper atmosphere. The asymmetry is to be regarded as a very sensitive indicator of such 


anisotropy. 


I. INTRODUCTION 


HE high-latitude east-west asymmetry at sea level 
is usually attributed to the deflection of u-mesons 
in the earth’s magnetic field. The theory of the asym- 
metry as advanced by Johnson! and modified by 
Burbury and Fenton? assumes an isotropic distribution 
of primary particles having sufficient momentum for 
their effects to be observed at sea level. The positive 
u mesons are deflected by the earth’s magnetic field in 
such a way that more can penetrate the atmosphere 
and enter a counter telescope when the latter is set at a 
given zenith angle to the west than when it is set at the 
same zenith angle to the east. Negative particles are 
deflected in the opposite way, with more arriving from 
the east than the west. Since there are more positive 
than negative particles, the net effect is a preponderance 
of particles arriving from the west. There is reasonably 
good agreement between the results obtained by various 
observers and the values predicted using this theory. 
However, the theory does not take into account the 
possibility of a variation of the asymmetry with time. 
It is interesting to note, therefore, that a significant, 
long-term change has been observed in the asymmetry 
measured at Hobart (geomagnetic coordinates: 52°S, 
224°E; altitude: near sea level) during the period 1947 
to 1956. 
II, EQUIPMENT 


The data to be presented were obtained with more 
than one experimental arrangement. However, equip- 
ment differences are not likely to have influenced to 
any appreciable extent the values of the asymmetry 
obtained. The counter telescopes used for the early 
observations have been described by Burbury and 
Fenton.’ Full details of the more recent equipment and 
a more detailed discussion of the results will be given 
elsewhere in a separate report.’ For present purposes 
the following description of the telescopes used to 
obtain most of the data should suffice. 


!T. H. Johnson, Phys. Rev. 59, 11 (1941). 

2D. W. P. Burbury and K. B. Fenton, Australian J. Sci. 
Research 45, 47 (1952). 

5 Report to be issued by the Antarctic Division, Department 
of External Affairs, Melbourne, Australia. 


The counter array consisted of an east-pointing and 
a west-pointing telescope mounted on a_ turntable 
which was automatically controlled so that the two 
telescopes interchanged directions at the end of each 
hour. There were three counter trays of sensitive area 
approximately 400 cm? in each telescope, the separation 
of the extreme trays being 75 cm, giving an opening 
angle of about 30°. The data considered here were 
obtained at a zenith angle of 45°, with 12 cm of lead 
absorber in each telescope. Care was taken to keep the 
axis of rotation of the turntable vertical to appreciably 
better than 1 minute of arc. This is important since it 
may be shown that an error of 10 minutes in the 
verticality of the axis is sufficient to produce an appar- 


ent asymmetry of about 0.01, i.e., approximately the 
observed value. 


III. RESULTS 


The mean asymmetry calculated for the observing 
period during each of several years is plotted in Fig. 1, 
the errors shown being the standard deviations. Where 
necessary, correction made for accidental 
coincidences. The asymmetry a@ is defined as a 
= 2(Iw—Ip)/(Iw+T/), where Tw and [x are the ob- 
served intensities of particles arriving from the geo- 
magnetic west and east directions, respectively. The 
expected asymmetry for Hobart, if one uses a modified 
Johnson theory, is a=0.015. It may be seen that 
during the period 1950 to 1954 there was a decrease in 
the value of the asymmetry by a factor of about two. 
For comparison, the mean Zurich sunspot numbers for 
each year are also shown in Fig. 1. 

There is also supporting evidence from results ob- 
tained at the Australian National Antarctic Research 
Expedition’s base at Macquarie Island (geomagnetic 
coordinates 61°S, 243°E; near sea level). During this 
period, from June, 1951 to March, 1952, the monthly 
mean asymmetry at Macquarie Island appears to have 
decreased slightly, although the decrease is statistically 
less significant than the year to year change. Additional 
information is provided from an analysis of the Mac- 


has been 


quarie Island data into two groups according to mag 


‘K. B. Fenton, Ph.D. thesis, University of Tasmania, 1952 


(unpublished) 
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Fic. 1, The points shown © represent the east-west asymmetry 
obtained for the observing period in each year, with standard 
deviations. The point shown * for 1947 was obtained with a 
single twofold telescope, while the point for 1956 represents a 
few months’ data from a new telescope.’ In these cases the 
geometry is slightly different from that described in the text 
Points shown ® indicate the annual mean relative sunspot num 
bers, from data supplied by the Swiss Federal Observatory 


netically disturbed and quiet days. The asymmetry 
obtained for the disturbed days is 0.0138, with 0.0094 
for the quiet days, the 95% confidence limits being 
t-0,003. The predicted value for the asymmetry at 
Macquarie Island is 0.0105. This is evidence that the 
asymmetry is enhanced during magnetic disturbances, 
and in this regard it may be significant that the annual 
asymmetry has decreased during years of decreasing 
solar activity. The point in Fig. 1 for 1956 represents 
data for the few months during which new equipment 
has been in operation at Hobart. This suggests that the 
asymmetry has increased since the sunspot minimum 
of 1954. 
IV. DISCUSSION 


Although more data are required for a proper 
assessment of the significance of the long-term decrease 
in the E—W asymmetry, it is nevertheless worthwhile 
to examine some of the possibilities at this stage. 

There seems to be little doubt that the mechanism 
suggested by Johnson actually takes place in the 
atmosphere, producing a sea-level E—W asymmetry at 
high latitudes when the primary particles arrive iso 
tropically. If one accepts this, a variation in the 
observed asymmetry with time can be produced either 
(i) by a change in the value of one or more of the 
parameters involved in the theory, or (ii) by a super 
imposed anisotropic primary component of varying 
intensity which has an asymmetrical effect at the 
equipment, 
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Considering the first alternative, the theoretical 
expression for the asymmetry is 


_ fr-l 
a(Z) 2in( ) sanz, 
r+1 


where a(Z) is the asymmetry at zenith angle Z, and 6 
is the mean deflection of « mesons in the earth’s 
magnetic field, obtained by averaging over the energy 
spectrum. 4 is proportional to the horizontal component 
of the earth’s field and depends upon the shape of the 
energy spectrum; r is the ratio of positive to negative 
u-mesons, and \ is the exponent in the zenith-angle 
intensity distribution law. 

It is well known that the horizontal component, H, 
of the earth’s field changes slightly during the solar 
cycle, following an inverse relationship to the relative 
sunspot numbers, However, the change in H is so 
small that it could not alter the value of 6 by more than 
about 1%; furthermore, the change is in the wrong 
direction to account for a decrease in 6, and therefore 
in the asymmetry, during waning solar activity. 

Variations in the shape of the primary spectrum 
could lead to changes in the asymmetry, through their 
effect on 6, r, and X, but it is clear that the large observed 
asymmetry variation would require a drastic alteration 
to the spectrum. It seems highly improbable that the 
required change in the shape of the spectrum could 
occur without a large change in the sea-level intensity 
of the hard component. There is evidence® that during 
the period under consideration the intensity has in fact 
increased by a few percent; but this is too small to 
account for the spectral changes required to explain the 
large observed change in the asymmetry. Again, the 
direction of the change in a(Z) is opposite to that 
which would be expected if this were responsible for 
the effect, because in the Johnson theory the asymmetry 
is determined mainly by low-energy » mesons, so that 
one would anticipate a decrease in the intensity to 
accompany a decrease in the asymmetry. We therefore 
conclude that the asymmetry arising through the 
Johnson mechanism is too insensitive to changes in the 
earth’s field or in the primary spectrum for the obser- 
vations to be explained in this way. 

The second alternative seems to provide a more likely 
explanation of the observations. Once the possibility of 
directional anisotropy of primary particles at high 
latitudes is admitted, it is evident that the asymmetry 
is a very sensitive indicator of such anisotropy. Thus, 
any process which decreases the ratio /w//¢ by as little 
as 0.8% is sufficient to decrease the asymmetry by the 
amount shown in Fig. 1. The fact that the intensity of 
the hard component was observed to increase during 
the period 1950 to 1954 suggests that the decrease in 
this ratio was caused by a greater increase in J, than 
in Jw. Unfortunately, equipment changes during the 


5S. E. Forbush, J. Geophys. Research 59, 525 (1954). 
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collection of the data presented here make it impossible 
to decide whether this was the case. 

Until adequate data are available from high-counting- 
rate equipment now operating, it appears to be pre- 
mature to attempt to proceed further in the discussion 
of possible mechanisms that could produce the observed 
long-term change in the asymmetry. However, the 
effect is likely to be linked with the mechanism that 
produces the long-term change in the position of the 
“knee” of the latitude-intensity curve, whatever this 
may be.® In any event, it seems that the systematic 
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study of the east-west asymmetry using high-counting- 
rate equipment with large counter trays’ over a period 
of several years will be worthwhile, since by this means 
we have a very sensitive method for detecting changes 
in the relative intensities in these directions, while 
virtually cancelling out otherwise troublesome atmos- 
pheric effects. 
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The Mller potential has been used to describe the electron-nucleon interaction and a formula has been 
worked out in the Born approximation for the differential cross sections of elastic and fnelastic scattering 
of high-energy electrons by 2/-shell nuclei on the intermediate-coupling model with neglect of configuration 
mixing. Preliminary calculations have been made for Be® and C” to test some of the qualitative features 
of the formula deduced, especially the @ dependence of the a (6) vs @ curve for inelastic scattering with change 


of total angular momentum J. 


I. INTRODUCTION 


ATA on elastic and inelastic scattering of high- 

energy electrons by various nuclei have been 
compiled through the experiments of Hofstadter and 
his associates.'~* With the nucleus taken as a continuous 
charge distribution of various shapes, theoretical calcu- 
lations for elastic scattering have been made by Schiff* 
in the Born approximation and by Yennie et al.° through 
an exact phase-shift analysis. Schiff* was the first to 
deduce the cross section for inelastic scattering from 
the collective nuclear model. Recently, however, Tassie’ 
has attempted an explanation of both elastic and in- 
elastic scattering data from the shell-structure model 
of the nucleus by utilizing the results of Amaldi et al.* 
for w-meson scattering by nuclei. This treatment con- 
siders the nucleus in the independent-particle model 


1 Hofstadter, Fechter, and McIntyre, Phys. Rev. 91, 422 (1953); 
92, 978 (1953); Hofstadter, Hahn, Knudsen, and McIntyre, 
Phys. Rev. 95, 512 (1954); J. A. McIntyre and R. Hofstadter, 
Phys. Rev. 98, 158 (1955); RK. Hofstadter and R. W. McAllister, 
Phys. Rev. 98, 217 (1955). 
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where the nucleons are assumed to move independently 
of one another in a strong central field. The drawback 
is that the low-lying levels of Be’, to which Tassie has 
applied his calculations, cannot be reproduced in their 
known positions. Figure 2 of his paper shows how his 
theoretical curves differ from the experimental ones 
(reference 2) even in qualitative features. 

At the present time the work of Jahn and his group,’ 
following the intermediate coupling model suggested 
by Inglis,’ has indicated that the low-lying levels of 
2p-shell nuclei, with the exception of a few at the end 
of this shell [ Be’ is a 2p-shell nucleus with the configur- 
ation (1s)*(2p)*], all belong to the same configuration 
and are split up through the interactions among the 
nucleons. For the 2p-shell nuclei the central and non- 
central interactions are assumed to be present in com- 
parable proportions since neither the pure LS- nor the 
pure j7-coupling model holds within this shell. 

We have worked out the general theory of electron 

9H. A. Jahn, Proc. Roy. Soc. (London) A201, 516 (1950) 

” H. A. Jahn, Proc. Roy. Soc. (London) A205, 192 (1951) 
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scattering by 2p-shell nuclei, using nuclear wave func- 
tions calculated with the above-mentioned intermediate- 
coupling model'* and a Mller potential for the inter- 
action between a nucleon and the high-energy electron. 
This latter has also been used by Amaldi et al.* 

In working out the general formulas, we have adopted 
the first-order perturbation method. A better refinement 
would seem to be a useless luxury in view of the inaccu- 
racy of the nuclear wave functions arising out of the 
uncertainty in the nucleonic interactions. Moreover, 
we have used the Dirac wave function for a free particle 
to describe both the incoming and outgoing electron 
but have adopted only nonrelativistic wave functions 
for the nucleus, This presumes small recoil velocity of 
the nucleus under consideration. For the same reason 
no distinction has been made between laboratory and 
center-of-mass energies and angles. 

Among the 2p-shell nuclei the work of Hofstadter 
and his group makes available elastic and inelastic 
scattering data in the case of Be® (reference 2) and C” 
(reference 3). We have assumed, for Be’, a simplified 
nuclear Hamiltonian having a strong Majorana term 
which justifies the consideration of LS-coupling states 
as belonging to the [41] symmetry alone so far as the 
first few energy levels are concerned. The results are 
discussed later under the proper heading. In the case 
of C, we have made a choice of the harmonic oscillator 
well-parameter by fitting the two inelastic curves 
corresponding to the excitation of the 4.43-Mev and 
9.61-Mev levels in Fig. 10 of reference 3. With the same 
value of this parameter, we have tested the fit of the 
curves B and D of Fig. 4 with regard to their slopes 
and also the fit of the curve in Fig. 9 of the same 
reference. 

It may not be out of place to mention here that in 
conjunction with the magnetic moment and ground- 
state quadrupole moment which are customarily used 
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to test the ground-state wave functions of nuclei, the 
inelastic scattering data lend themselves to the testing 
of wave functions belonging to higher energy levels. 
Calculations like the ones reported here will, therefore, 
provide an additional check on the validity of a certain 
form of nuclear Hamiltonian and thus help in exploring 
a pertinent problem in nuclear physics, i.e., the descrip- 
tion of nuclear forces in terms of a two-body type 
potential summed over all nucleon pairs. 


II. SKETCH OF THE THEORY 


Our treatment differs from those of references 7 and 
8 in that we have used intermediate-coupling nuclear 
wave functions instead of their independent-particle 
ones. It can easily be seen that Eq. (1) of reference 7 
applies to our case, when one attaches the following 
meaning to pi and Jj;: 


(1a) 


th 
Jays (w, — ¥ fexp(—iK- RO) 9 
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+y exp(—iK-R™) ]7_ ¥). (1b) 


Here i and f denote initial and final states, ¥ denotes 
the nuclear wave function, (7) denotes the jth nucleon 
and the isotopic spin operator r_? =4(1—73') picks 
out the protonic part out of a nuclear wave function 
involving both neutron and proton parts. Other symbols 
are as used in reference 7, We have neglected the 
interaction of the electron with the nucleons brought 
about by the magnetic moments. 

If one writes V; and VW, in the manner of reference 14, 
the general matrix elements that appear in pi and Jj, 
are of the form 


(2a) 


(ih/2Mc)((1s)"(2p)"[X LTS, J MrM | ¥ fexp(—iK -R®) 9 
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where the state on the right containing dashed quantum 
numbers is any of the L.S-coupling states whose super- 
position is required to construct the initial nuclear 
state, i.e., the ground state, while the state on the left 


((1s)*(2p)"[A JLTS,J MoM |Z; exp(—iK-R)7_| (15) 


(2b) 


is a similar one for the final state. There will be two 
types of matrix elements appearing in each of (2a) and 
(2b) corresponding to the decoupling of an s particle or 
a p particle. For (2a) these two types are 
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© At the time of communicating this work for publication we have come across a paper containing intermediate-coupling model 
calculations by B. F. Sherman and D. G. Ravenhall [Phys. Rev. 103, 949 (1956) ] for ground-state 0* to 7.68-Mev 0° inelastic scattering 
on C®, and another report by R. A. Ferrell and W. M. Visscher, Bull. Am. Phys. Soc. Ser. II, 1, 17 (1956). 
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In (3a), 7 can have the common values of T+} and 
T’+}4. A similar remark holds for S. In (3b), a(¥,¥p) 
and a(’,p) are single-particle-type fractional parent- 
ji ja Jj 
m, M, Mm 
stands for the Clebsch-Gordan coefficient corresponding 
to the coupling of j, and jz to form j; m1, m2, m denote 
the magnetic quantum numbers going with j;, j2, J, 
respectively. The function U is the same as that 
defined and tabulated in reference 10. The radial 
integrals @, ®, and @ for an isotropic oscillator potential 
of well-parameter do are given by 


age coefficients tabulated in reference 13. 


a-f ¥*(1s) jo(KR)W(1s)p"dp, 
0 

B f ¥*(2p) jo(KR)W(2p)p*dp, 
0 


ef ¥*(2p) jx(KR)V(2p)p'dp, p=R/av, 
0 


where ¥(1s) and ¥(2p) are the oscillator wave functions 
belonging to the 1s and 2 shells given by Swiatecki'’ 
and jo(KR), j2(KR) are the spherical Bessel functions 
given by Schiff.!* Using explicit forms of these functions, 
one gets 

@=exp(—}K”), 

@=(1—3K”) exp(—}K”), (5) 

C=}K” exp(—}K”), K’=aoK. 


To evaluate (2b), we first obtain the commutator of 
the operator ¥V and e~* ® using the familiar commuta- 
tion rules between the components of R and momentum 


P(=—ih¥). We get 
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Since the single-particle operator ¥ connects the single- 
particle state / with the state /+1, e~*:*¥Y will have 
all the matrix elements vanishing, and we obtain finally 

expression (2b) = (#/2Mc)K-expression (2a). (7) 


17 W., J. Swiatecki, Proc. Roy. Soc. (London) A205, 238 (1951). 
18 L. I. Schiff, Quantum Mechanics (McGraw-Hill Book Com- 
pany, Inc., New York, 1949), p. 77. 
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With the help of these general matrix elements, one 
can write (la) and (1b) for given M and M’. The 
averaging over M’ and summation over M, as required 
by Eq. (1) of reference 7, can be carried out in the 
following way: 

1 
ais(8) > b oie! ™ (0). (8) 
2J'+1 MM’ 


a(6) denotes the differential cross section per unit solid 
angle (sometime written do/dw) about angle 0. 


III. APPLICATION TO Be* AND C'? 


For Be® we have assumed the nuclear Hamiltonian 
to be of the form 


e rij/ro e rij/ro 


Hi vo] Pum t g£eij} t Re 


i<j r:;/To Vij Oni; 7ij/To 


X (o;+o0,;) + (rij) X (pi ») | (9) 


where i, j denote any two of the nucleons; Vo denotes 
the depth of the central potential; P;;” is the Majorana 
exchange operator; g, and g, are the depth parameters 
for tensor and spin-orbit interactions, respectively ; 
ry) is the range parameter assumed to be equal for 
central, tensor, and spin-orbit terms; S;,; is the tensor 
interaction operator as given in reference 14, 

With the strong Majorana term in the Hamiltonian 
(9), it may be assumed that the lowest few energy 
states can be constructed by superposing L.S-coupling 
states belonging to the [41] symmetry alone (see the 
calculation for B in reference 14). The LS-coupling 
states belonging to this symmetry are taken from 
reference 9. ‘The two-particle-type and single-particle- 
type fractional parentage coefficients have been ob- 
tained from the tables given in references 12 and 13, 
respectively. With their help, energy matrices have been 
constructed corresponding to different values of J and 
7’, which are good quantum numbers, by using Eq. (37) 
of reference 12 and Eqs. (11), (13), and (17) of reference 
14. 

Figure 1 shows the calculated energy level sequence 
for two different sets of potential parameters, Only one 
value of ro has been used and this was chosen equal to 
that assumed by Elliott..* The value of the oscillator 
well-parameter dy has been determined by the formula 
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(4)THEORETICAL EXPERIMENTAL (b) THEORETICAL 


Fic. 1. Calculated and observed energy level diagrams of Be® 
The experimental values are taken from F. Ajzenberg and T. 
Lauritsen, Revs. Modern Phys. 27, 77 (1955). 


given by Swiatecki.'” In the level diagram (b), we tried 
to reproduce the excited levels J=4~ and J=$-, 2.43 
Mev and 6.8 Mev, respectively, above the ground level. 
This made Vo extremely high. The wave functions 
corresponding to this choice of parameters gave a larger 
cross section for inelastic scattering from the ground 
level to the 6.8-Mev level than for inelastic scattering 
from the ground level to the 2.43-Mev level. In ob- 
taining the level sequence (a), we have chosen Vo in 
conformity with low-energy n-p and p-p scattering 
data to correspond to the value assumed for ro. This, 
with the specified value of g,, produces the J=}~ and 
J = }> levels at 2.43 Mev, but fails to give any level at 
6.8 Mev. Since the energy of the level involved in 
inelastic scattering is very small compared to the 
energy of the electrons (190 Mev), in the formula for 
ai(0) the energy loss of the electron can be neglected 
to a first approximation.’ Consequently it 
plausible that the displacement of a level by a few Mev 
will not matter much in scattering calculations if its 
spin identification is correct. We have, therefore, used 
the level scheme (a) to calculate the scattering cross 
sections for Be’. The results are shown in Fig. 2 together 
with the experimental curves of McIntyre et al? 

To the first approximation our theory predicts that 
the inelastic scattering cross section for levels having a 
J value different from that of the ground state will 
have the form 


seems 


Z*é4 cos?(0/2) 
NeC?*(E,,9), 
4k? sin*(6/2) 


ois(8) (10) 


where N@*(£,,6) arises from the square modulus of the 
nuclear matrix element py. N is a numerical constant 
whose value differs for inelastic scattering corresponding 
to the excitation of the nucleus to its different levels. 
On a logarithmic plot, therefore, for all such inelastic 
scattering, the o(@) vs @ curves should run parallel, the 
constant N determining only the vertical position of 
the particular curve on the diagram. It may be men- 
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tioned here that the curves B and D of Fig. 4 in Fregeau 
and Hofstadter’s paper’ corroborate this conclusion. 
In the same figure, curve C corresponds to the excitation 
of the nucleus to the 7.68-Mev J/=0* level, which has 
the same J value as the ground level. In this case the 
term in the nuclear matrix elements involving the 
radial integrals @ and @ also contribute to o(@), and 
therefore the above simple consideration does not hold. 

In Be’, however, the same conclusion leads us to 
expect parallelism of the two inelastic curves corre- 
sponding to the excitation of Be* to the 2.43- and 
6.8-Mev levels. This is contrary to the experimental 
curves shown by McIntyre et al. To test this point a 
little more closely, we have shifted our inelastic curves 
vertically (solid curve with filled-in triangles) to match 
the lower inelastic curve of McIntyre et al.? at 90°. It 
will be seen from our Fig. 2 that this procedure causes 
our theoretical curve to coincide exactly with the 
experimental one. However, the upper experimental 
inelastic curve, having a more rapid fall with increasing 
6, will not match simultaneously. We tried a different 
value of ado to match the theoretical curve with the 
upper inelastic curve. The value required for this was 
2.0X10-" cm. However, with the same value the 
elastic curve deviated considerably from the experi- 
mental one. Lastly we also observe that since the 
experimental curves do not show errors, we could not 
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(a) Elastic 
(b) Inelastic-2.43 Mev 
(c)/nelastic-5.04Mev 
---- Experimental 
@) élastic 
(6) /nelastic -2.24 Mev 
(c)/nelastic -6.96 Mev 
4— Jheoretical curve (b) | 
shifted to match experi- 
mental curve(¢) at 90° 
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Fic. 2. Elastic and inelastic differential cross-section curves for 
Be’, The experimental curves are those of McIntyre et al.? 
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try to make an accurate determination of do from them 
in the above-mentioned way. 

We do not ascribe any importance to the vertical 
position of our inelastic curves on the logarithmic plot. 
This is because the simplified approach of our calcu- 
lations, i.e., the consideration of only the [41] sym- 
metry states, does not allow us to claim any accuracy 
for the multiplying factor V. That the states belonging 
to [41 ] symmetry are inadequate can be inferred from 
the following qualitative arguments. It is known at 
the present time” that both the tensor and spin-orbit 
interaction should be present simultaneously in the 
nuclear Hamiltonian. But the states of [41] symmetry 
of Be*® have only one value, i.e., 4, of S and hence a 
spin tensor of second rank, like the one appearing in 
the tensor interaction §;;, will have vanishing matrix 
elements between any two of these states. This means 
a total absence of the tensor interaction, though we 
have included it formally in the Hamiltonian (9). 

As regards CC", we have already discussed the 
parallelism of two of the inelastic curves. In this case 
we have made a choice of ao by trying to fit the two 
curves, parallel to the abscissa, in Fig. 9 of reference 3. 
Though the errors indicated in this figure give some 
freedom in this choice, it seems that a9= 1.582 10~" 
cm gives a better fit than the value ao= 1.692 10~* 
cm obtained from Swiatecki’s formulas. In this connec- 


tion we observe that Swiatecki’s criterion for the 
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Fic. 3. Comparison of the @? vs K curve for C with the 
experimental @(0)4 43 Mev/@() point 0S K curve of Fregeau and 
Hofstadter.’ 
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ENERGY ELECTRONS 


S: 


(8) in cm*/sterad 


com 





a” 


Fic. 4. Comparison of the inelastic (J’4J) @(@) vs @ curve for C? 
with the experimental data of Fregeau and Hofstadter.$ 


determination of do, i.e., that the value of r at which 
| t2»(r)|* reduces to half of its maximum value is the 
nuclear radius, is to some extent arbitrary. 

With ao= 1.582 10~" cm, we have plotted @? as a 
function of K. From Eq. (10) it can be easily seen that 
the points on this curve will differ by a constant factor 
from the corresponding points on the curve in Fig. 8 of 
reference 3. To show this, we have given our Fig. 3 
which shows side by side the @? plot and the above- 
mentioned experimental curve. Below the point K= 1.2 
X10" cm=!, the ordinates on our curve can be divided 
by the same constant factor 1.8 to get the corresponding 
ordinates of the experimental curve. As regards the 
drop in the @? curve beyond K=1.2X10" cm™, we 
cannot say anything conclusively because the experi- 
mental errors permit one to alter the trend of the 
smooth curve drawn by Fregeau and Hofstadter.* 

With the same value of ao, we have plotted the 
inelastic (J’# J) o(0) vs 6 curve for C” in Fig. 4. The 
constant NV, which should be determined by the level 
concerned, has been arbitrarily chosen to fit the experi- 
mental value at 90° on curve D of Fig. 4 of reference 3. 
It can be seen that the experimental points at other 
angles agree fairly well with the trend of our curve. 

Exact calculations for C” are in progress and we 
reserve any quantitative conclusions until these are 
completed, 


IV. SUMMARY OF RESULTS AND DISCUSSIONS 


In the case of Be’ the wave function of the ground 
state within the [41] symmetry alone, as found by us, 
has reproduced the observed elastic scattering to a 
tolerable extent. But the wave function for the level 
J=}-, not to the higher level, has 
produced much lower scattering than that observed. 
Moreover, our formulation predicts a parallelism of the 
two inelastic curves, which does not agree with the 
experimental data. By trying to match the 6 dependence 
of the inelastic (J'#J) o(0) vs 6 curve by a vertical 


mention next 
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shift of our inelastic curves, we have seen that our 
calculations agree with the lower inelastic curve for a 
value of do equal to 1.537%10~" cm calculated from 
Swiatecki’s formula. For the same do the elastic curve 
agrees tolerably well with the experimental one. For a 
choice of 2.0% 10~" cm for ao, the 6 dependence of our 
inelastic curve can be matched with that of the upper 
inelastic curve. For the same dy the elastic cross-section 
curve gives poorer agreement. Finally, since the errors 
in the experimental curves are not indicated, it seems 
that we cannot determine do very accurately in the 
above way. 

For C'* we have determined ayg=1.58210-" cm, 
which is considerably lower than the value ay9= 1.692 
x10°" cm obtained from Swiatecki’s formula. We 
observe that this determination of do is not unique in 
view of the experimental errors. The above choice of 
a) has reproduced the experimentally observed trend 
of @? vs K curve below K=1.2 X10" cm™; above this 
value the theoretical curve drops while the smooth 
curve drawn in reference 3 does not show any such 
trend. We remark that the large errors in the experi- 
mental data allow much freedom in altering the experi- 
mental curve in this region, and hence no definite 
conclusions can be made. With the same value of do, 
we have found the trend of our inelastic (J’#J) a(@) 
vs 0 curve to agree fairly well with the observed data 
within experimental errors. 

} We emphasize that all our calculations for C” have 
been directed to testing the qualitative features of the 
inelastic curves, and the deliberate simplifications we 
have made in finding the wave functions of Be® do not 
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permit us to claim anything quantitatively there also. 
Further limitations of our method of calculation have 
been pointed out in the introductory section. The 
neglect of interaction through the magnetic moment, 
which will increase the cross section, has also been 
mentioned in an earlier section. 

The calculations reported here have been made 
principally with a view to testing whether, without 
going into the detailed procedure of wave-function 
calculation, we get any evidence from the experimental 
data contradicting some qualitative feature of our 
formula. Fortunately we have not obtained any such 
evidence. To test quantitatively the cross-section 
formulas, especially those for inelastic scattering, we 
are at present determining exact wave functions for C” 
by reproducing the known energy levels after an exact 
diagonalization of the energy matrices. The nuclear 
Hamiltonian assumed is in conformity with two-body 
binding and scattering data. The scattering cross 
section obtained with such wave functions will be 
reported elsewhere in due time. 

Pending such detailed quantitative testing, we make 
a passing observation that the inelastic (J’# J) o(@) vs 0 
curve calculated by our formula allows a more satis- 
factory determination of a» than is obtained by the 
method of Swiatecki.!” 
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Interference Phenomena of Kt-Meson Scattering by Nuclei* 
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An analysis of the elastic scatters of Kt mesons in emulsion shows that the data favor a repulsive nuclear 
potential. A description of the analysis of the experimental results is given. 


N analysis of the elastic scattering of K+ mesons 

in emulsion has been made using the Born ap- 

proximation. It is found that the data favor a repulsive 

nuclear potential when compared with the theoretically 
predicted curves.' 

The Born approximation gives the differential cross 
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section for K+ mesons as 


do/d2=[Z fy+(A—Z) fr+Z fo PF* (elastic or coherent) 
+[2Z( fot: fp)*+(A-Z) fe JU-F*] 


(inelastic or incoherent), 


where fc, fp, and f, are the Coulomb, proton, and 
neutron scattering amplitudes and F is the nuclear form 
factor. ‘The plus or minus sign is chosen depending on 
whether the nuclear and Coulomb forces are of the 
same or opposite sign, i.e., whether the nuclear potential 
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is repulsive or attractive. The Born approximation is 
assumed valid because the cross section is found experi- 
mentally to be small. 

In order to calculate the form factor, a nucleon 
distribution p(r) must be assumed. Charge distributions 
that give a best fit using the Born approximation for 
electron scattering experiments’ are the uniform and 
Gaussian model for light elements and the exponential 
model for heavy elements. The resulting form factors 
are a function of K, where K=2k sin(6/2)=(2p/h) 
Xsin(@/2) (the “momentum”’ transfer for scattering of 
the meson at an angle 6), and of the parameters fr, 
which are chosen appropriately for each model and 
which depend on A. In this analysis, the assumption is 
made that neutrons are evenly distributed among 
protons so that the nucleon distribution is given by the 
charge distribution. 

The values of f, and /, were determined from the 
inelastic cross section. For large values of K, the form 
factor and the Rutherford cross section are negligible 
and the observed cross section is the inelastic part, 
which becomes do/d8t=Z/,’+(A—Z)f,’. Because it is 
experimentally difficult to distinguish an elastic scatter- 
ing from a scattering resulting in a very small energy 
loss, a scattering event was classified as inelastic if 
K>9X10"/cm. This limit is consistent with the fact 
that, for scattering from a Gaussian or exponential 
model, the resulting theoretical elastic differential cross 
section becomes less than the inelastic differential cross 
section at this value of K. 

The inelastic cross section was found to be isotropic 
with angle and not to vary with energy, in agreement 
with previous data.” Letting A=2Z and averaging 
over all angles and energies give 


(f+ fn?) = (7.60+1.74) X 10-*8 cm?/sterad, 


which agrees very well with the previous data. From 
this, the values of f, and /f, are given if the relative 
contribution of each is determined. This ratio is known 
from the ratio of charge exchange to noncharge ex- 
change if the reaction takes place in a single isotopic 
spin state. The data? favors the 7=1 state, which gives 
Sn=2fn- 

With the values of f/, and /f, thus determined, the 
elastic cross section (which is the observed cross section 
for small K) is shown as a function of K in Fig. 1 for 
both an attractive and a repulsive nuclear potential 
for each distribution. The curves depend strongly on 
the relative sign of the nuclear and Coulomb forces. 

The experimental data was obtained from three 


2 Proceedings of Sixth Annual Rochester Conference on High- 
Energy Physics, 1956 (Interscience Publishers, Inc., New York, 
1956), Chap. VI. 

3 Hofstadter, Fechter, and McIntyre, Phys. Rev. 92,978 (1953) ; 
Hofstadter, Hahn, Knudson, and McIntyre, Phys. Rev. 95, 512 
(1954); J. H. Fregeau and R. Hofstadter, Phys. Rev. 99, 1503 
(1955); L. I. Schiff, Phys. Rev. 92, 988 (1953). 
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I'ic. 1. K*-meson elastic scattering cross section. 


stacks of emulsion exposed to focused and magnetically 
analyzed K+-meson beams at the high-energy accelera- 
tors, the Berkeley Bevatron and the Brookhaven 
Cosmotron., ‘Along the track’”’ scanning resulted in the 
following of 19 meters of track in the kinetic energy 
interval 10-150 Mev, and 10 meters of track in the 
interval 0-70 Mev. For the values of K concerned, the 
energies and angles are such that multiple scattering 
could not be mistaken for true events.‘ 

The experimental values of the differential elastic 
cross section are also shown in Fig. 1. The data fall 
close to the curves predicted for a repulsive nuclear 
potential. Furthermore, the slope of the experimental 
cross section is always negative and does not indicate 
the pronounced dip predicted for an attractive force. 
Thus the data favor a repulsive nuclear potential. ‘This 
conclusion is also indicated by the fact that the data lie 
well above the cross section predicted for a pure 
Coulomb potential. The low experimental value of the 
cross section at K=2X10"/cm can be explained by 
inefficiency for detecting small angles in the scanning. 
Similarly, previous data analyzed by this method? may 
possibly reflect a lack of efficiency when they show a dip 
in the differential cross section at small angles. 

The author wishes to thank Dr. D. M. Ritson for his 
advice and encouragement during this research. She 
wishes to thank Dr. L. S. Osborne for helpful discussions 
and she is grateful to all who showed interest in this 
work, 

* For low energies, the angles are so large that multiple scatter 
ing and true events are easily distinguishable; for high energies, 


the tracks are relatively straight and multiple scattering cannot be 
mistaken for even small angles, i.e., 0~5° 





PHYSICAL REVIEW VOLUME 


106, 


NUMBER 4 MAY 15S, 1957 


Angular Distribution of Photopions from Deuterium* 


D. C, Hacerman,t K. M. Crowe,t ann R. M. FriepMan§ 
High-Energy Physics Laboratory and Department of Physics, Stanford University, Stanford, California 
(Received February 8, 1957) 


Measurements have been made on the relative cross section of positive pions made by 350-Mev brems 
strahlung for deuterium and hydrogen for laboratory angles between 30° and 90°. The ratio of the differential 
cross sections is essentially a constant to about +5%. The mean pion laboratory energy of 75+5 Mev 
was held constant for the different angles. The results compare qualitatively with those obtained from 
Watson’s phenomenological theory for photopion production. 


I, INTRODUCTION 


HE photoproduction of positive pions from 
deuterium relative to hydrogen has been studied 
theoretically by Lax and Feshbach' and by Chew and 
Lewis.2 They show that the variation with meson 
laboratory angle of the ratio of the cross sections is 
directly related to the relative size of the matrix ele- 
ments for which the two final neutrons are left in either 
a singlet or triplet spin state. The production matrix 
element is assumed to be made up of a sum of two 
components, H/=L+(@-K), where L and K are the 
amplitudes of the non-spin-flip and spin-flip matrix 
elements, respectively. 
Experimental measurements of the ratio of the cross 
sections have been reported by several groups.’ The 
results for the same range of laboratory angles as 


reported here are shown in Fig. 1; note that the meas- 
urements shown include a wide range of meson energies. 
The theoretical curves were obtained from White e/ al.’ 


and are identical to those given by Lebow et al. 
During the past few years, considerable effort has 
gone into the study of photoproduction in hydrogen. 
Both experimental and theoretical work has been 
summarized by Gell-Mann and Watson‘ and by Bethe 
and de Hoffmann.® By using the matrix elements that 
fit the hydrogen data,® it is possible in principle to 


*The research reported here was supported by the joint 
rogram of the Office of Naval Research and the U. S. Atomic 
eerey Commission. 

t Now at Los Alamos Scientific Laboratory, Los Alamos, New 
Mexico 

t Now at University of California Radiation Laboratory, 
Berkeley, California. 

§ Now at Lockheed Aircraft Corporation, Missile Systems 
Division, Palo Alto, California. 

1M. Lax and H. Feshbach, Phys. Rev. 88, 509 (1952). 

2G. F. Chew and H. W. Lewis, «4 Rey. 84, 779 (1951). 

4G. Bernardini, Proceedings of the Pisa Conference (to be 
published in Suppl. Nuovo cimento); Jenkins, Luckey, Palfrey, 
and Wilson, Phys. Rev. 95, 179 (1954); White, Jacobson, and 
Schulz, Phys. Rev. 88, 636 (1952); R. M. Littauer and D, Walker, 
Phys. Rev. 86, 838 (1952); Lebow, Feld, Frisch, and Osborne, 
Phys. Rev, 85, 681 (1952). 

4M. Gell-Mann and K. M. Watson, Annual Review of Nuclear 
Science (Annal Reviews, Inc., Stanford, California, 1954), Vol. 4, 
», 219. 

, *H. A. Bethe and F. de Hoffmann, Mesons and Fields (Row, 
Peterson, and Company, Evanston, 1955), Vol. 2, Mesons. 

* Watson, Keck, Tollestrup, and Walker, Phys. Rev. 101, 

1159 (1956). 


calculate the deuterium cross section. Tiemann’ has 
studied this problem quantitatively and has found that, 
aside from the uncertainty in the matrix elements, one 
must choose the final state wave functions carefully 
when performing the necessary integrations. A similar 
situation was found in other three-body reactions; for 
example, Brueckner and Watson* have studied the 
p+p—-rt+p+n reaction, and Watson and Stuart® 
have analyzed the x-+d—>y+n-+n reaction. Multiple- 
scattering corrections to the impulse approximation" 
are also important for an accurate description of the 
process. 

Our experiment was initiated with the hope of im- 
proving the accuracy of the experimental data in an 
attempt to find some modest limits on the photo- 
production matrix elements. Although the theoretical 
work is not as yet completed, we have chosen to present 
our data here since the preliminary results were reported 
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ric. 1. Measurements of ‘the deuterium-hydrogen photo- 
production cross-section ratio for positive pions. (References are 
given in the text.) The theoretical curves obtained from White 
et al. are for two cases; K?/1*= , corresponding to all spin-flip 
production; and K*//?=0, corresponding to no spin-flip produc 
tion, The results of Luckey et al.§ shown here are averages of 
their data which we have computed. 


7J. J. Tiemann (private communication). 

*K. M. Watson, Phys. Rev. 88, 1163 (1952). K. M. Watson 
and K. Brueckner, Phys. Rev. 83, 1 (1951); 82, 336(A) (1951). 
K. Brueckner, Phys. Rev. 82, 598 (1951). 

*K. M. Watson and R. N. Stuart, Phys. Rev. 82, 310(A), 738 
(1951). 

” K. A. Brueckner, Phys. Rev. 89, 834 (1953). 
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ANGULAR DISTRIBU 
some time ago,'! and since no further measurements 
are currently planned here. 


II. EXPERIMENTAL METHOD 


The pion delayed-coincidence counting system used 
in this experiment is described in detail elsewhere.” 
Since we are concerned with the ratio of the deuterium 
to the nydrogen cross sections, the details of efficiency, 
resolution, and energy calibrations are of no particular 
interest here ; the reader is referred to the more extensive 
discussion in other references. 

The method chosen was to bombard a series of small 
targets of carbon, polyethylene, and deuterated poly- 
ethylene. The main drawback of this method over the 
use of liquid or gaseous targets is the accuracy with 
which the subtraction can be made. The targets used 
were small enough that for the mean pion energy 
chosen, 75+5 Mev, the energy loss was equal in all 
three targets and amounted to an average of 5 Mev. 
The beam of electrons passed through a 5-mil tantalum 
radiator (0.040 radiation length) preceding the target. 
Including all the accelerator window foils and half the 
target thickness, 0.073 radiation length preceded the 
average target nucleus. ‘The effect of the direct electron- 
pion production process is approximately } the size of 
the accompanying photon beam.” Estimates based 
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Fic. 2. Layout of experimental arrangement. The observation 
angle is changed by moving the target along the beam direction 
and rearranging the analyzing magnet and counter location. The 
shielding holes not in use are filled with closely-fitting steel plugs. 
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on hydrogen results and measurements on lithium by 
Newton ef al,!® indicate that the variations in this 
process are never larger than 10-20%, so that we can 
safely ignore the complications due to small variations 
in the electron process. 

Figure 2 shows the pion counting arrangement. The 
channels are laid out so that it is possible to measure 
pions produced at laboratory angles of 30°, 45°, 60°, 
90°, 120°, and 135° by changing the target and detector 
locations and rotating the analyzing magnet. Although 
the amount of effort required makes this system poorly 
suited for angular-distribution measurements, it 
possible to measure cross sections relative to hydrogen 


is 


without any significant sources of error other than that 
due to counting statistics. Fortunately, this ratio is 
the quantity to be compared with the theory, so that 
errors in the reference hydrogen cross section do not 
contribute an additional uncertainty. 

The quantities measured are the ratios of yields Y 
from C, CH», and CD, for the same number of target 
nuclei. The ratio of the cross sections is given by 


d’o da dk 
(—— = o/ vil ) ( ) 
dQd I D dQ i dk, 


Y(CD.)— Y(C) 
» AB 
Y (CH,)— Y(C) 


where k& is the unique photon energy required for 
photoproduction from protons of a meson of given 
energy and laboratory angle, N(k)dk is the number of 
photons of energy between k and k+dk, (dk/dE,) is 
obtained from the kinematics, and Q is the number of 


effective quanta. We define 


R= Y(CD2)/Y(CHz), (2) 


and define the efficiency ez per proton for pion produc 
tion from an element with atomic number Z, 
), (3) 


da da dk 
ar hare a 
duke, Z dQ “ dk, 


Then, 
v(c)] 


N(k) 
0 
V(C) 


3{ V(CH,) 
and 


éep= R—3ec(1—R). (5) 


From if R~0.8 and eo~4, then the fractional 
1 


change in ep is (a) about 4 


this, 
the fractional change in ec, 
and (b) about twice the fractional change in R. To 
reduce the data, Eq. (5) be the 
slight differences in target thicknesses and the radiation 
the 
targets 


must corrected by 


lengths of material in the electron beam, and 
backgrounds with the different 
The backgrounds for the CH» and 


appropriate 


must be subtracted. 


CD, were indistinguishable and were compatible with 


16 Newton, Panofsky, and Yodh, Phys. Rev. 98, 751 (1955) 





HAGERMAN, 


eo 


























"300 +«350+~«400~C*«CS«S 


Eyal MEV) 


Fic, 3. The excitation data obtained for positive pions from 
deuterium relative to those obtained for hydrogen measured at 
60°. The data do not indicate any appreciable change in the ratio 
within the statistics from 300 to 500 Mev. 


0 - — 
200 250 


the carbon background, so the sensitivity of ep to this 
effect is the same factor 4 as for the “pion background” 
made from carbon. 


III], EXPERIMENTAL RESULTS 


Figure 3 shows the deuterium-hydrogen ratio meas- 
ured at a pion laboratory angle of 60° as a function of 
primary bremsstrahlung energy. The accuracy is not 
sufficient to allow observation of any significant vari- 
ation. ‘The hydrogen yield has a threshold at 235410 
Mev, corresponding to a mean pion energy of 75+5 
Mev. ‘The pion energy resolution is observed to be 
15-Mev full width at half-maximum, and is the same 
for both deuterium and hydrogen. For the angular 
dependence, the primary energy was chosen to be 
350 Mev for three reasons: (1) The deuterium excitation 
(Fig. 3) is reasonably flat so that there cannot be any 
critical dependence of the result on the integration 
over the deuteron momentum distributions that might 
arise from uncertainties in either the shape of the mo- 
mentum distribution or in the measurement of the pion 
or photon energies. (2) The subtraction accuracy is 
improved by choosing as low a value for the primary 
energy as possible, since pions from carbon exhibit a 
rapid excitation with primary energy. (3) The primary 
energy is chosen to be below the pion-pair production 
threshold. 

Our results, shown in Fig. 4, are in good agreement 
with the previous work within the assigned errors. At 
90° the ratio is slightly higher than that obtained by 
combining the previous work. Calculations are being 
performed by Tiemann’ to compare with our data. At 
this writing, it appears that the ratios predicted by 
theory depend on the details of the final neutron state, 
and the Lax-Feshbach calculations (Fig. 1) must be 
modified to include the n-n interaction. 

Using the photoproduction scattering amplitude de- 
veloped in the phenomenological theory of Gell-Mann 
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Fic. 4. The deuterium-hydrogen photoproduction cross-section 
ratio measured at various laboratory angles. The theoretical 
curves are the same as those in Fig. 1. 


and Watson,‘ expressions can be obtained for | K?| and 
|L?| which display their angular dependence. The 
matrix elements vary with angle as follows: 


| K*| = A+B cos6+C cos’, (6) 
| L?| = D sin’, (7) 


where 
A | Ey \? + | M33|?+4 | Es3|?+ | Es3M 33|, (8) 


B w=" (v2) | EF, | | M33- LE 33| [ cos(a33— a3) 
+2 cos(as3s—a) |, (9) 


-4| Es3|?- 3| M33| | Es|, (10) 
(11) 


The multipole amplitudes and phase shifts in these 
expressions are defined in the usual manner (see 
‘Table II in reference 6). 

Since L? goes to zero in the forward direction, the 
experimental results indicating a substantially constant 
ratio is not surprising. Recent calculations by 
Moravesik'® indicate that for small angles the Watson 
phenomenological analysis is not adequate. However, 
any discussion regarding the validity of these ap- 
proaches, the importance of multiple-scattering correc- 
tions, etc., is beyond the scope of this paper. 


C= |Mss|? 
D=4|Mys\?. 
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Parity Nonconservation and the Theory of the Neutrino 
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The two-component neutrino theory of Lee and Yang and of Landau is discussed. It is shown that, for the 


free neutrino, their equations are equivalent to the Majorana equations, and thus are invariant under the 


full Lorentz group. 


ECENTLY Lee and Yang! and Landau® have 

independently proposed a theory of the neutrino 
which seems to offer a satisfactory explanation of the 
observed left-right asymmetries in various decay 
processes.’ However, it has apparently escaped atten- 
tion that their equations for the free neutrino are 
equivalent to the Majorana* equations. This may be 
seen in detail as follows. The Dirac equations for zero 
rest mass are 
10/OXy, 


WwPW=90, Pu 


where the y-matrices may be taken to be 


QO a; 0 
Yi -( ), ] 1, 2 3; 74 ( 
aj O 1 


The o; are the Pauli matrices 


0 0 1 1 
on ee (a 
1 i O 0 


Charge conjugation® is defined by 
ye=ct", 
where, in the representation (2), the matrix C is given by 
C=1y17z. (5) 
The Majorana field is determined by the condition 
v=V’, (6) 
which, by using (4) and (5), can be reduced to 


Vi=¥2", Y= Wi". (7) 


If we define the two-component field 


("’) 
¢ , (3) 
Y2 
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then, on taking into account Eq. (7), we can write p as 


¥ 
mien ‘ 
io2¢* 


The Dirac Hamiltonian for zero rest mass is® 


yay’ P, 


op 0 
ul ) 
0 op 
Equations (1) can then be written 


Hy iy, ‘Ot. 


This splits up into the two equations 


Hl 1 4V spi 


ip/dl 
1(0/dL) (t0 29"). 


o' py 


' (12) 
a: p(ta2¢"*) 


The first of these is just the Lee-Yang equation. On 
using the explicit form given in the foregoing for the 
Pauli matrices, and taking into account that p,* pj, 
one can reduce the second equation to 

o*- p*¢* i(dg*/dt), 
which is just the complex conjugate of the Lee-Yang 
equation. 

On the surface, the Lee- Yang equations appear not to 
be invariant the 
whereas the Majorana equations are known to be 
invariant under the full Lorentz group. The reason for 
this apparent contradiction may be explained as follows. 
If one writes the Lee-Yang equations in the van der 
Waerden® spinor notation, one gets 


under reflections of coordinates, 


p»av*=0, (13) 


the complex conjugate of which is 


priv? 0). (14) 


Equation (13) is generally considered not to be in 
variant under improper Lorentz transformations. How- 
ever, this is meant only in the conventional sense that 
there 


leave 


is no transformation of the g* alone which will 
Eq. (13) invariant under reflections, If one allows 


*B. L 
Quantenmechanik, (Verlag Julius Springer, Berlin, 


van der Waerden, Gruppentheorelische Methoden in der 
1932) 
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transformations of the g* together with their complex 
conjugates ¢’, then Eqs. (13) and (14) are together 
invariant under the full Lorentz group. There seems to 
be no reason for eliminating this type of transformation ; 
in fact it is just the transformation which is used in the 
Majorana case, as well as in the Wigner representation 
of time reversals.’ Thus we believe that the Lee-Yang 
equations for the free neutrino must be considered to 
be invariant under the full Lorentz group. 

Another apparent discrepancy is the following: In the 
Majorana theory, one sets the particle equal to its 
charge conjugate, and this is generally interpreted as 
meaning that there is no distinction between particles 
and antiparticles. On the other hand, in the Lee-Yang 
theory, a distinction has been made between the neu 
trino and antineutrino. However, this difference is due 
to the use of two different definitions of the antiparticle. 
One may define it as that particle which interacts with 
the electromagnetic field with the charge and magnetic 
moment reversed from that of the particle. Clearly, in 
this sense neither the Majorana nor Lee-Yang equations 
have antiparticles different from particles. On the other 
hand, one may consider the antiparticle as resulting 
from negative energy solutions of the one-particle equa 
tion. In this sense, both the Lee-Yang and Majorana 
equations have antiparticles, both having negative 
energy solutions. The former alternative is perhaps 
more generally accepted. Nevertheless, it is convenient 
to use the latter definition for neutrinos, since one then 
has a law of conservation of light particles, as pointed 


7. Wigner, Gott. Nachr. 31, 546 (1932) 
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out by Lee and Yang. However, this can be done equally 
well in the usual Majorana theory as in the two- 
component formalism. 

An additional remark concerns the role of the mass 
in the Lee-Yang (or Majorana) theory. It is possible to 
include what appears to be a mass term as follows: 


0: potkorg*=1¢/dl. (15) 


This equation has been considered by Jehle.’ It is 
equivalent to the Majorana theory with a mass term. 
However, it does not appear possible to derive Eq. (15) 
from a Lagrangian, since the scalar WW of the Majorana 
theory vanishes identically, in the one-particle theory. 
Thus one may be justified in requiring that the mass 
be zero. 

Of course, there is no question that the interactions 
proposed by Lee and Yang do not preserve parity. In 
fact, as pointed out by these authors, their theory of 
8 decay is equivalent to the conventional theory, with 
the interactions 


fH’ Hi Cb Obn) POP y,), P, (1 £5). 


Now it is generally assumed that the Majorana theory 
leads to double 6 decay, without emission of neutrinos. 
However, this conclusion can be reached only if one is 
restricted to parity-conserving interactions; either of 
the Lee-Yang interactions alone will not lead to such 
B-decay. Thus it is interesting that, if one uses the 
Majorana theory, the absence of double 8 decay requires 
the use of a parity-nonconserving interaction. 


(16) 


®H. Jehle, Phys. Rev. 75, 1609 (1949). 
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LIDIARD 


T has been suggested! that for binary ordered alloys 
of type A B, in which every A (B) atom is surrounded 
only by B(A) atoms, a direct experimental decision can 
be made between the vacancy and the interstitial 
diffusion mechanisms. It is assumed that vacancies can 
move only by nearest neighbor jumps: then in the 
course of N vacancy jumps through an ordered lattice, 
4N A atoms are displaced and 4N B atoms are dis- 
placed ; hence, it is argued, the self-diffusion coefficients 
of A and B are equal. With the interstitial mechanism 
there need be no such equality. In our view this argu- 
ment is incomplete and a vacancy mechanism with 
nearest neighbor jumps does not necessarily lead to 
equality of the two diffusion coefficients. This is shown 
by supplementing the above geometrical argument with 
the condition that the alloy must be in thermodynamic 
equilibrium. The formula advanced by Slifkin and 
Tomizuka for the ratio of self-diffusion coefficients in a 
partially ordered alloy is inadmissible because it is 
inconsistent with this condition. 

We divide the lattice into two sublattices a and B 
such that in the completely ordered state only a sites 
are occupied by A atoms and only 8 sites by B atoms. 
Let wa(a—»B) be the average jump frequency for a 
particular A atom on an a site going into an adjacent 
8 vacancy ; let there be other jump frequencies wy, (f—a), 
wWp(a—B) and wz(B—-a) with corresponding definitions. 
The probability that any given a site is occupied by an 
A atom is, in terms of the long-range order parameter s, 
(1+-s)/2; the probability that it is occupied by a B 
atom is (1—s)/2. Conversely for # sites. It follows that 
the average number of A moved in every 
B—a vacancy jump is 


atoms 


(1+5)was(a—f) 
. (A) (1) 
(1+s)wala »B) + (1—s)wpla—) 


Likewise the average number of B atoms moved in 
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every B- 7a Vacancy jump is 
(1 - s)wpla »3) 


(1+5)wa(a—8)+ (1—s)wa(a—) 
The corresponding quantities for the a—-§ vacancy 
jumps are 
(1—s)wy(B—a) 
, (A) (3) 
(1—s)wy (Ba) + (1+5)wp (Ba) 
and 
(1+s)wp(B—a) 
(B) (4) 
(1—s)wy (Ba) + (1+5)wp (Ba) 


Since the number of vacancies jumping from a to # is 
equal to the number jumping from @ to a, the ratio of 
the self-diffusion coefficients Dy/D,=G is [ (2)+ (4) | 
[(1)+(3)]. To obtain the formula given by Slifkin 
and ‘Tomizuka, we must set 


Ww p(a—B) /w4(a—-B) = J = wy (Pa) /was (pa). (5) 


However, this assumption is inconsistent with the 
thermodynamic equilibrium. For the 
1(B) atoms jumping from a@ to #6 must 


condition — of 
number of 
equal the number jumping from f to a, otherwise the 
equilibrium degree of order is not established. If one 
introduces vacancy concentrations mq and ng for the 
two sublattices, these requirements give the two 
relations 


ng(1-+s)wa(a—-B) = ng(1—s)wa(B—a), 
(6) 


No(1 + s)w p(B 
rar) ( + ‘) 
1) l-s 


which is consistent with (5) only in the absence of 


a). 


ng(1—s)wpyla-p) 
Hence 

wpla—B) wa(B 

(7) 


wala >(3) W p(B 


long-range order. From (6), we can also obtain the 
following alternative expressions for G: 


Ds 1—s\ wylaB) 1+5\wp(p—a) 

F Ds (, { _ .) (, — +a) 
Na \ Ww p(b—-a) Ng\ Ww pla) 
lar *B) ta ar nm) 


To establish the dependence of G on 5, it appears 


(8) 


necessary to have detailed information about the jump 
frequencies, and this necessity cannot be circumvented 
in the way tried by Slifkin and Tomizuka, Summarizing, 
we may say that there seems no reason to suppose that 
G—1 as s—1 for the vacancy mechanism any more 
than for the interstitial mechanism. 

In conclusion I would like to thank Dr. W. M. Lomer 
and Dr. W. Marshall for helpful discussion. 


11, Slifkin and C. T. Tomizuka, Phys. Rev. 97, 836 (1955); 


104, 1803 (1956). 
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Angular Correlation of Annihilation 
Radiation from Oriented Graphite* 


S. Berxo,f R. E. Kerrey, anp J. S. PLasxert 
University of Virginia, Charlottesville, Virginia 


(Received April 1, 1957) 


angle 
between the two photons emitted in an electron- 


HE probability of observing a certain 


positron annihilation depends on the Fourier transform 


of the 


wave function product!: 


x(p) fe Pe. (ry _(r)dr. (1) 


The measurement of the angular correlation when 
crystal therefore, 
indirect information on the electron-positron momenta 


positrons annihilate in a gives, 


in the crystal. This is to be compared with a measure 


ment of the Compton profile of an x-ray line scattered 
from the same crystal, which is directly related to? 


(2) 


x(p) fe ‘Pew (rjdr, 


The existing measurements of the angular distri 
bution have been made in polycrystalline samples so 
that only the spherical average of |x (p) |* is determined.' 
In this letter we describe the experimental results for a 
and theoretical 


single graphite crystal attempt a 


interpretation of them. 





4 ware 
4 6 
ANGLE IN MILLIRADIANS 





hic. 1. Experimental correlation curve for (A) oriented graphite 
crystal with hexagonal planes parallel to collimating slits; (B) 
polycrystalline graphite. The statistical errors are shown, except 
where smaller than the points. The dashed line labeled ‘Acc.” 
represents the accidental counting rate of the coincidence circuit. 
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Fic. 2. Curve 1 is curve A of Fig. 1 with the accidental rate 
subtracted from it. Curve 2 is the theoretical 3D,(0) discussed in 
the text. Curve 3 is obtained by subtracting 2 from 1, and repre- 
sents the experimental D,. Curve 4 is the computed D, assuming 
single atom wave functions. 


The experimental setup was standard: two large 
Nal crystals measured coincidences between collimated 
annihilation gamma rays. The lead collimators sub- 
tended an angle of 1.5X10~* radian from the sample, 
which was bombarded on one side by positrons from 
a Na™ source deposited in a lead block. The graphite 
crystal consisted of purified and annealed natural 
Madagascar single-crystal flakes, well-oriented, and 
cold pressed at 4000 psi into a disk 1 inch in diameter 
by 4 inch thick. The ¢ axis was perpendicular to the 
disk. The crystal was aligned so that the apparatus 
measured momenta perpendicular to the hexagonal 
planes (slits parallel to the disk). In order to minimize 
observed absorption effects in the sample, the disk 
was rotated by about 3° so as to expose the irradiated 
face to the movable counter. This also minimized the 
asymmetry of the effective radiation source resulting 
from the unidirectional bombardment of the sample 
with positrons. 

The result of a typical set of measurements is shown 
in Fig. 1, curve A, where the experimental points taken 
on both sides of 0° are plotted to the same side, in 
order to exhibit the inherent symmetry of the setup. 
It is seen that the angular distribution is bimodal. The 
possibility of explaining this effect by coherent gamma 
scattering from the crystal planes was ruled out because 
of the rotated geometry of the sample.’ 

Since it is not easy to obtain large samples with a 
flat face perpendicular to the hexagonal planes, we have 
measured, for comparison, the angular correlation 
from polycrystalline graphite with the identical 
geometry. Curve B in Fig. 1 shows this distribution, 
which is in excellent agreement with Page’s‘ and 
Stewart’s® data. Curves A and B represent experimental 
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ric. 3. Theoretical curves representing D(6) for oriented single 
crystal (A7,) and for polycrystalline graphite (Bry). 


counting rates and were not normalized in any way; 
their areas are equal to within 1%. 

According to the theory, if the slits are parallel to the 
z axis and r—@ is the angle between the two slits as 
observed from the source, the angular distribution 
should be 


D(6) ff lx (Pr,Py,mcb) |\*dp ad py. 


To compute this integral, the molecular orbital approxi- 
mation was made for the trigonal o bond and the single 
atom 2p, function was used for the m band.® Slater 
atomic wave functions were used, If the positron 
wave function is taken to be a constant, but annihilation 
with the 1s? electrons is neglected, then only the 
momentum distribution curves for the o and m electrons 
are important. ‘That annihilation with the 15s? electrons 
does not occur is in accord with the good experimental 
parabola obtained for lithium,’ corresponding to 
annihilation with 2s electrons only. The distribution, 
D,(0), of the c-axis component of the momentum for 
one og electron (averaged over all directions in the 
hexagonal plane) is a usual bell-shaped curve. ‘The 
m electrons, on the other hand, have bimodal distri- 
butions D,, with D,(0)=0. This is still true even when 
Bloch wave functions are used for the m electrons. 
When the distributions are added (3D,+-1D,), the 
final distribution is broader than for the polycrystal, 
but not bimodal. Since the o bond has been computed 
more accurately, it might be thought that this is due 
to too broad a D,. In Fig. 2 the experimental curve is 
shown; the theoretical 3D, subtracted from it gives an 
“experimental” D, which is compared with the theo- 


(3) 
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retical D,. The area of the experimental D, is indeed 
about 4 of the theoretical 3D,. ‘This explanation has 
the disadvantage, however, that it would make the 
3D,+D, distribution in the polycrystal even narrower 
than that predicted by Coulson and Duncanson,*® and 
their distribution is already narrower than the experi- 
mental Compton profile. (The Compton profile has a 
contribution from 1s? also, but this does not alter the 
argument.) 

To a certain extent, therefore, the positron must be 
making both o and m distributions narrower, and we 
should not regard the D, as much better than the 
theoretical D,. ‘The positron may also weight the 
electrons preferentially. This is also suggested by the 
fact that Kirkpatrick and DuMond? did not observe a 
difference in Compton profile between single and 
polycrystalline graphite. We show in Fig. 3 the theo 
retical distributions with areas in the ratio r/o= 1.82 
2.18. This ratio gives the correct shapes, but the 
distributions are too broad. A further theoretical study 
of the correct positron wave function in graphite would 
therefore be needed before a better fit with experiment 
could be expected. We thank Dr. D. E. Soule of the 
National Carbon Company, for kindly supplying us 
with the graphite crystal. 


° Supported by the Office of Naval Research 

t Alfred P. Sloan Research Fellow, 1956-57 
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of a double-beta-decay search using Nd!” as it relates 
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to the question of the identity of neutrinos and anti- 
neutrinos.” We have accordingly re-evaluated the 
expected and extreme mean lives for comparison with 
the experimental results with the conclusion that the 
previous inference as to the inapplicability of the 
Majorana hypothesis (neutrino identical with anti- 
neutrino) stands, The quantitative argument follows: 
the available kinetic energy of the emitted neutrino, 
assuming no net neutrino emission in accordance with 
the Majorana hypothesis, is given by Johnson and 
Nier as 3.654-0.10 Mev. (We previously used the more 
favorable value 4.4+0.8 Mev). For this new energy 
figure a reasonable value for the mean life is 410° 
years, an extreme value is 1.9X10'* years.’ ‘These 
lifetimes are to be compared with the experimental 
result of > 4.4 10'* years, a limit derived by consider- 
ing the count rate associated with one standard devia- 
tion from a smoothed curve of count rate versus energy.” 

As pointed out by Tiomno,' it is possible to build a 
“mixed” theory in which double beta decay is un- 
accompanied by neutrino emission, and yet have the 
neutrino obey the Dirac equation. In this case an 
observably short lifetime for 6 decay could have an 
ambiguous interpretation. Such a theory is restricted 
independently of the phenomenon of double beta 
decay by the negative experiment of Davis® in which 
an appreciable amount of such an admixture of neu- 
trinos and antineutrinos from the decay of neutron-rich 


isotopes would have produced a positive result. 


* Work done under the auspices of the U. S. Atomic Energy 
Commission 

'W. H. Johnson, Jr., and A. O. Nier, Phys. Rev. 105, 1014 
(1957). We are obliged to Professor Nier for communicating 
these results to us prior to publication 

* Cowan, Harrison, Langer, and Reines, Nuovo cimento 3, 649 
(1956) 

*E. J. Konopinski, Los Alamos Report 
published). 

* J. Tiomno, Princeton thesis, 1950 (unpublished). 

®R. Davis, Jr., Bull. Am. Phys. Soc. Ser. II, 1, 219 (1956). 
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Evidence for Circular Polarization of 
Bremsstrahlung Produced by 
Beta Rays 


M. Go_puaper, L. Gropzins, AND A. W. SuUNYAR 


Brookhaven National Laboratory,* Upton, New York 
(Received April 2, 1957) 


W" have investigated the degree and sense of 
circular polarization of bremsstrahlung produced 
by 8 rays. Near the high-energy end of the spectrum 
we find that the photons are almost completely circu- 
larly polarized, with their spin antiparallel to their 
direction of propagation, 

The question of parity conservation in weak inter- 
actions, raised by Lee and Yang,' has been partially 
answered by recent experiments which show that parity 
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Arrangement for analyzing degree and sense of circular 
polarization of bremsstrahlung from 8~ source. 


lic. 1 


is not conserved in interactions involving neutrino 
emission.” * The two-component neutrino theory®? can 
account for these results in a natural manner. From 
this theory it follows that 8 rays are polarized longi- 
tudinally, and if time-reversal invariance is assumed 
the polarization is found to be +2/c, where the plus 
sign is expected for positrons and the minus sign for 
negative electrons.’ The existence of a polarization 
compatible with these ideas has recently been demon- 
strated for both electrons” and positrons," 

It appeared to us worthwhile to investigate whether 
the longitudinal polarization of the @ rays will in turn 
give rise to a circular polarization of the bremsstrahlung 
which they produce. To search for such an effect, we 
used a source of Sr”+-Y™ in equilibrium. The decay 
scheme of this source is well known.” High-energy 
8B rays are emitted from the decay of Y® (maximum 
energy = 2.24 Mev, (0/¢) max= 0.98; no y rays have been 
reported). The source, kindly lent to us by the 
Medical Research Department of this Laboratory, had 
an intensity of 120 mC; it was enclosed in Monel, 
~100 mg/cm’, and contained in a thick Lucite cylinder 
which absorbed all 6 rays. For such a source assembly, 
most of the high-energy bremsstrahlung originates in 
the Monel which has Z,4~28 (60% Ni, 33% Cu, 
6.5% Fe). Only a small fraction consists of internal 
bremsstrahlung from the source and of external brems- 
strahlung produced in the Lucite.” 

The principle of the analysis of the circular polari- 
zation of x-rays is based on the existence of a spin- 
dependent part of the Compton cross section, as is 
described in detail by Gunst and Page.'* The analyzer 
consisted of a cylindrical electromagnet, which could 
be magnetized to saturation either parallel or anti- 
parallel to the photon direction (see Fig. 1), thus 
polarizing 2 out of the 26 electrons of the iron atoms. 
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Fic. 2. Upper part: background count and bremsstrahlung 
spectrum (filtered through iron of magnet) from Sr® (Ho =0.535 
Mev) and Y” (£o=2.24 Mev). The peak in the background 
spectrum is presumably due to the 1.46-Mev y rays of K® 
present as an impurity in the scintillation counter, Lower part 
experimental values for 6, and computed magnet response curve 
as a function of energy for 100% circularly polarized photons 
with spin antiparallel to direction of propagation. 


The analyzer was built previously for another experi- 
ment by deBenedetti, Grodzins, Madey, and Sunyar.'® 

Figure 2 (upper part) shows the distribution of 
pulses obtained with the 3 in. X 3 in. Nal (TI) scintil- 
lation counter for the bremsstrahlung spectrum from 
the Sr®+ Y™ source filtered by the iron (mean of both 
field directions). The degree and sense of circular 
polarization was measured as a function of energy up 
to the highest energy for which we obtained a reasonable 
counting rate (1.8 Mev). During the measurements, the 
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direction of the magnetic field was reversed every ten 
minutes. If we define V, as the counting rate with the 
field pointing up (toward the source), V_ as the counting 
rate with the field pointing down, and the polarization 
effect as 6=(N_—N,)/[4(N_+N,) |, we find 6=0,.07 
+0).005 at 1.8 Mev with a channel width of ~70 kev. 
To check the possible influence of a reversal of the 
magnetic field on the pulse height from the photo 
multiplier, we performed an experiment with the 
1.77-Mev y rays of Bi’ as a source, which should not 
be expected to show any circular polarization. ‘To 
exaggerate any possible effect of field reversal, we set the 
acceptance channel on the steeply sloping high-energy 
wing of the 1.77-Mev photopeak. We found a small 
effect, 6=0.02+4-0.002, in the same direction as for the 
x-rays. However, because of the approximately 10 
times larger slope of the comparison line, this indicates 
0,002 to the x-ray data, 
If only the core (34 in. long) of our magnet were 
0.065 for completely 


a small correction, 


saturated, we would expect 6 
circularly polarized photons of 1.8 Mev." If the iron 
in the return path of the magnet were also saturated 
in the same direction as the core, the path length would 
be 5 in. and we would expect 6=0,.095. A reasonable 
estimate for the effective path length of saturated iron 
0.08. The effect 
found is thus indicative of a high degree of circular 
polarization (~90°) of the energy 
strahlung. 

The lower part of Tig 
points for a number of selected energies, as well as the 


is 4} in., for which one would expect 6 


high brems 


2 shows the experimental 


effect. computed" for completely circularly polarized 
photons of a given energy, traversing 44 


iron (“computed magnet response’’). ‘The experimental] 


in. of saturated 


points cannot be interpreted immediately as repre 
the 
bremsstrahlung as a function of energy, except near 


senting the degree of circular polarization of 
the high energy end. ‘To obtain the actual polarization 
as a function of x-ray energy a number of corrections 
would have to be made, some of which require separate 
investigations. ‘These include an investigation of the 
angular distribution of the bremsstrahlung and the 
production of low-energy photons through the scatter 
ing of high-energy photons in the magnet 

From the dependence of the transmitted intensity 
on the direction of the magnetic field, it follows that 
the spin of the photons points opposite to their direction 
of motion, i.e., in the same direction as the intrinsic 
spin of the 8” rays. This is in agreement with theoretical 
expectations for high-energy bremsstrahlung emitted 
in the forward direction.’® Because bremsstrahlung 
from fast electrons is mainly emitted in the forward 
direction, our arrangement has a “self-collimating”’ 
quality. Any depolarization due to scattering of the 
electrons before they radiate should be small at the 
high-energy end of the #-ray spectrum. ‘The longitudinal 
polarization of # rays is thus established for a first 


forbidden f#-ray transition of unique shape (AJ = 2, yes). 
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Experiments with other sources which should permit 
separation of effects due to internal and external 
bremsstrahlung are being prepared. 

The bremsstrahlung method of analyzing the longi- 
tudinal polarization of 6 rays may prove of special 
value for high-energy # rays, and might be applicable 
to electrons from y-meson decay. 

Dr. K. W. McVoy of this Laboratory gives a partial 
theoretical interpretation of the effect reported here 
in an accompanying Letter. Dr. R. E. Cutkosky of 
the Carnegie Institute of Technology has kindly in- 
formed us of calculations based on the two-component 
neutrino theory which indicate that circular polariza- 
tion should also exist for internal bremsstrahlung. 


* Work done under the auspices of the U. S. Atomic Energy 
Commission, 
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Circular Polarization of Bremsstrahlung 
from Polarized Electrons in Born 
Approximation* 


Kirk W. McVoy 
Brookhaven National Laboratory, Upton, New Y ork 


(Received April 2, 1957; revised manuscript 
received April 8, 1957) 


Hk Bethe-Heitler bremsstrahlung cross section 

has been re-derived for transitions from specific 
initial to specific final electron spin states, in order to 
compare the calculated circular polarization with the 
experimental results obtained by Goldhaber, Grodzins, 
and Sunyar.' Although the matrix elements are simple 
to derive, the cross section for bremsstrahlung produced 
in an arbitrary direction appears to be very compli- 
cated, and only the cross section in the directly forward 
direction is presented in detail here. 
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Circular polarization of the forward bremsstrahlung 
from 2-Mev “spin-forward” electrons. 


In Heitler’s notation,? the matrix element for the 
process, after summing over intermediate states, is 


1 { (uo®,(@-€)(E+H »’)u) 


g?| — 2(Eok—po-k) 


(u9*,(Eot+H p) (a@-e)u) 
; > (1) 


2(Ek—p-k) 


with p’=po—k, p’=p+k, and q=po—p—k; e is the 
polarization vector of the photon. We shall choose the 
z axis along the k direction throughout and write 
e= (e,+i6e,)/V2 for circularly-polarized light. The 
state, 6=+1, corresponding to one positive unit of 
angular momentum being carried in the propagation 
direction, we shall call “right-circularly-polarized,” 
and 6=—1 “left-circularly-polarized.” The recoil 
energy of the nucleus will be neglected throughout. 

The Dirac-matrix commutation rules permit us to 
write 


(1 *, (a e)(E+H,)u) 

= (uo*, [2(e- po) —k(a-e)+5k(o-e) |u), 
(uo*, (Eot+ Hp) (a-e)u) 

= (up*, [ 2(e-p)+k(a-e)+5k(a-e) |x). 


(2) 


In order to evaluate the matrix elements between 
specific spin states, we shall choose «’s which simul- 
taneously satisfy 
Eu, 


epu, 


which is possible since the operators commute. «= +1 
defines the state in which the electron’s spin is parallel 
to its momentum; e= —1, the state in which it is anti- 
parallel. We shall use ey for the final electron spin state 
and ¢€9 for the initial electron state. If we use the usual 
“low-energy” representation for the Dirac matrices, the 


(a-p+Sm)u 
(3) 
(o-p)u 
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spinors are 


u.(p) = 2[ pE(p+ ep.) (E+m) }4 
(E+m) (ep+ pz) 
(E+m) p, 
ep(ept p.) 
Epp, 


Matrix elements which enter the problem can then be 
written as 


(4) 


(11e9* (po), (ae) ues (p)) CD: 
AD, (5) 


(1e9* (po) ,tes(p) = AB; 
(11e0* (po), (oe) ues (p)) 
where 
NA = (Eo+m)(E-+m)-+ evespop, 
B= px (po)—+ (€opot poz) (espt pz), 
NC= eyp(Eot+m)+ eopo(E+m), 
D= (1+4)(e-p) (€eopot+ poz) 
+ (1 


N 4{ ppokEo( p T Erp.) 
XK (po + En Pos) | E + m) (Eo { 


5) (e- po) (esp+ pz), 


m) |), 


If we consider the special case of bremsstrahlung 
emitted exactly parallel to the incoming electron’s 
momentum (which is representative for radiation from 
relativistic electrons), then for ejs=+1 (i.e., “spin- 
forward” electrons), the matrix element summed over 
the two final electron spin states is 


p’ sin’é 


5 |M|=——__ 
s 4 EE ok*q' (6) 


x (— + pot E— p cos) 
(E— p cos)? 


(14+-8)k? 
f+ ° 
(Ey— po) (E— p cos8) 


EEo+m*+ pop - ' 
coon (7 
(E—p cos@)? 


where @ is the angle between k and p. When summed 
over both photon polarizations, this reduces to the 
Bethe-Heitler expression. It is clear from this expression 
that at k=O, the lower end of the bremsstrahlung 
spectrum, the polarization disappears. 

When integrated over 6, the outgoing electron’s 
direction, (7) yields a somewhat complicated 
logarithmic function of po, p, and k. If R and L are the 
integrated cross sections for right and left circularly- 
polarized radiation, the polarization (R—L)/(R+L), 
for any incident electron energy, is zero at the lower 
end of the bremsstrahlung spectrum and rises to its 
maximum value at the upper end, k= Ey—m. ‘This 
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maximum polarization is a simple function of Eo: 
1 m?* 


R-L 
R | | 


(Eo po) (Eo { m) i 
> » (8) 
m) 2 Ee? 


(2Eo po) (Eo 


where the second form is valid for relativistic incoming 
electrons. The factor Ky— pos Eo(1 


principally responsible for high polarization, and the 


vo/c) is the one 


largest polarizations are found in bremsstrahlung from 
relativistic electrons. 

The full expression for (R—L)/(R+L) at all photon 
energies will be given in a subsequent paper; in its 
stead, we have evaluated it in Fig. 1 for the special 
case of 2-Mev electrons, which corresponds roughly to 
the experimental arrangement of Goldhaber, Grodzins, 
and Sunyar. At this electron energy, the polarization 
rises very rapidly with photon energy, to a maximum 
of 97% at the upper end of the bremsstrahlung spec 
trum. Even at as low an energy as 200 kev, (8) gives 
43°(, for the maximum polarization. Although we have 
calculated the right-circular polarization from forward 
spin electrons, this is equal to the left-circular polari 
zation from backward-spin electrons 

Thanks are due to Dr. Goldhaber, Dr 
Dr. Sunyar for suggesting the calculation and for 


Grodzins, and 


informing me of their experimental results before 


publication. I also wish to express my appreciation to 
Professor F. J. Dyson and to Dr. Adam 
many helpful discussions and suggestions, 


sincer for 


* Work of the U.S 
Commission 
1 Goldhaber, Grodzins, 
(1957) }, preceeding letter 
27W. Heitler, Quantum Theory of Radiation (Oxford University 
Press, New York, 1954), third edition, p. 242 


done under the auspice \tomic Energy 


and Sunyar [Phys. Rev. 106, 826 


Production of Heavy Mesons and Hyperons 
by Protons on Deuterium via 
Secondary Pions* 


Mossurat 
Vale University, New Haven, Connecticut 
(Received March 15, 1957) 


EK. C. Fowrer, H. D. Tart, Ann E. R 


T is clear that some of the heavy mesons and hyperons 
which emerge when protons strike deuterium arise 
from a process in which a pion produced in a primary 
the the 
deuterium nucleus to produce the so-called “strange” 


collision interacts with second nucleon of 


particles. Up to the present time, the experimental 
data! are not suffi iently precise to measure the magni 
the this 
since indications 


tude of contribution of two-step 


that 
section for strange-particle production in p-p collisions 


pro ess. 


However, there are the cross 
is appreciably smaller than that in p-d collisions at 
Cosmotron energies, we have been encouraged to esti 
mate the magnitude of the contribution of this two 


step process, 
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Tasve I. Yield of heavy mesons and hyperons from 3-Bev protons on deuterium (contribution 
via intermediate pions only). We assume 100 000 first collisions. 
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1.4 


5(a) 
S(b) 


A° 
Number 


o (microbarns) ‘ 


10.6 
7.8 


6 Potal yield 
7. ‘Total cross section 


* Lines 2(a) and (2b) are divided by 5 to get the fraction of pion 


+ 
0 


2400 


pp+—0 
400 

pn+0— 
2480 


pat + 
3600 
pn+— 
6200 


ppt+— 
2800 

nn +0 

2400 


0 


T 
6800 


" 

13 500 
1360 
2700 

xn —»~ K® 
0.14 

a —2>K* 
0.16" 
0.63 
14 


with momentum 900 Mev /« 


» We have arrived at these four values as representing the best fit we can make to experimental data available to us. We rely most heavily on the results 


4b 


The remainder of lines (4a) and 
74 mb for 2.6-Kev protons 


from propane chambers 


* rom reference 4, op 4 


The procedure is indicated by the arrangement of 
the rows in ‘Table I which shows the input data and 
results at each step. The factors employed in lines 1(a) 
and 1(b) Brookhaven 
cloud-chamber® and counter’ results. The results of the 
cloud-chamber studies are used to prepare a single aver- 
age momentum distribution for all pions from p-p or 
p-n collisions which gives the factor of 5 in lines 3(a) 
and 3(b). 

We assign strange-particle production cross sections 
all the various final which conserve the 
“strangeness number.’ We have assumed that the 
various processes leading to the products shown in 
lines 4(a) and 4(b), may be simplified by an analysis 


are derived from Cosmotron 


to states 


similar to that for pion production® based on conserva- 
tion of total isotopic spin. The results are assumed to 
be effective values for all energies available. We wish to 
emphasize their approximate nature, which is due to 
uncertainty in the validity of the assumptions and to 
the preliminary nature of the experimental results® used 
for a starting point 

It has been observed experimentally 
Adp-ptOp-n and o,-4%Oe-ptOe-n. This 
explained by the introduction of a correction for 
“shading” of one nucleon in the deuteron by the other.* 
The correction can be obtained in an approximate way 


3,7 


that 
has 


TO p—d 
been 


by considering just the solid angle subtended by one 
nucleon as viewed from the other and averaging this 
quantity over the deuteron wave function. The funda- 
mental assumptions and precision (about 20%) of 
such a procedure are discussed by Glauber.* 

To calculate secondary production of strange particles 
by pions in deuterium, we use the average solid angle 
presented by the second nucleon for pions produced at 
the first nucleon, The assumption of spherical symmetry 
for the deuteron permits us to withhold any assumption 
about the angular distribution of the pions produced. 


is based on these four numbers, 


The cross section for strange-particle production by 
secondary pions will therefore be given roughly by 


(1) 


ty Jed 
(0 0; / 41) ( 1, 1” )deuterons 


where o; is the cross section for the production of a 
pion of type 7 by a proton incident on a proton of 
neutron in the deuteron, and a,’ is the cross section for 
the production of strange particles by this pion incident 
upon a neutron or proton, respectively. The factor 
K = (1/41) 1/1" deuteron Was Calculated by using a square 
well potential for the deuteron with a well radius of 
R=2.07X10~" cm and a binding energy of 2.226 Mev. 
This gave K=3.310% cm-~*. This factor is not ex- 
tremely sensitive to modifications of the deuteron 
potential and gives results for the cross-section defect 
for both incoming pions and nucleons in agreement 
with experiment. 

Combining this value with the cross sections of lines 
4(a) and 4(b), we obtain lines 5(a) and 5(b) in Table I. 
Line 6 is the total yield according to kinds of particles 
which would be produced, and line 7 represents cross 
sections in microbarns for the final yield of various 
kinds of strange particles from p-d collisions when one 
neglects the direct production of such particles in 
nucleon-nucleon collisions within the nucleus. 

* This work was supported in part by the U. S. Atomic Energy 
Commission. 
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Polarized Neutron Beams 
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STAFFORD, S. TORNABENE, AND C 


HE partially polarized neutron beam used in the 

measurement of the free neutron-proton polari- 
zation!” on the 110-inch Harwell cyclotron was obtained 
by irradiating an internal beryllium target with 165- 
Mev protons, the angle between the incident protons 
and the emitted neutrons being 26 degrees in the 
laboratory system as indicated in Fig. 1. The magnitude 
and the sign of the polarization were obtained*®* by 
measuring the asymmetry in small-angle scattering off 
uranium where the polarization due to the interaction 
between the nuclear Coulomb field and the neutron 
magnetic moment is large (Schwinger).® This experi- 
ment showed unambiguously that the neutron beam 
was a “spin-up” beam. The sign of the polarization 


corresponds to that expected if the neutron production 
is looked upon as a quasi-free p-n reaction. The magni- 
tude of the polarization was 0.088+-0.007 at an effective 


energy of 954+2 Mev although the measurement 
included neutrons in a triangular band from 75 Mev 
to 120 Mev. 

Other partially polarized neutron beams have now 
been produced with the scattering angle @ changed to 
55°. The results obtained are given in ‘Table I. The 
effective energy at which these measurements were 
made was 75+2 Mev but neutrons in the energy range 
from 65 Mev to 100 Mev were involved. ‘The most 
interesting fact to emerge from these measurements is 
that the sign of the beam polarization in all cases 
corresponds to a spin-up beam and is opposite to that 
expected at this angle if the neutron production process 
is considered as a quasi-free (p,n) reaction (see Fig. 2). 
Moreover, the magnitude of the polarization, especially 
in the case of beryllium and carbon, is large. Marshall 


INCIDENT TARGET 


PROTON 
BEAM 


PARTIALLY 
POLARIZED 
NEUTRON 
BEAM 


FIGURE | 


Fic. 1, Geometrical arrangement of apparatus. 
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TABLE I. Measured neutron beam polarization at 55°. 


Element \symmetry Polarization 


Be 0,20+0.03 +-0.35+0.05 
Cc 0.20-+0.03 +-0.35+0.00 
Cu 0.16+0.05 +-0.284-0.09 
W 0.10-+0.03 +-0.17+0.06 


and Marshall,® and Brinkworth and Rose’ have shown 
that in the elastic scattering of protons from nuclei a 
spin-up beam is produced by a “left” scattering, and 
it is tempting to interpret the (p,) results as providing 
evidence that the interaction of the incident protons 
with the nuclear surface provides a predominantly 
spin-up beam before any appreciable neutron pro 
duction takes place. The results could provide a use 
ful guide to the understanding of the production of 
neutrons at these energies. 

A similar effect, though of smaller magnitude, can be 
deduced from the experiment which Roberts, Tinlot, 
and Hafner® carried out to measure the polarization in 
free neutron-proton scattering; in this experiment the 
second scatterers were made of polythene and carbon, 
and it is possible to compare directly the sign of the 
asymmetry for carbon and for hydrogen targets. Two 
first scatterers, carbon and beryllium, were used. 
Taking the values quoted by Roberts ef al. for the 
polarization (/?,) of the neutron beam from these two 
targets and assuming that the asymmetry e= P,P, 
the two values obtained for the polarization from a 
carbon second scatterer at a laboratory angle of 55° 
are estimated as 0.11+0.02 and 0.17+0.04 which are 
in satisfactory agreement. ‘These values are somewhat 


@ Be 


a 





120 Li) 


POLARISATION 








Fic. 2. The solid line shows the variation with center-of-mass 
scattering angle of the polarization of neutron beams expected 
in a free proton-neutron scattering process, with the geometry 
similar to that illustrated in Fig. 1. This has been derived from 
the measured neutron-proton polarization at an incident energy of 
95 Mey. The points indicate the polarization of neutron beams 
produced by the irradiation of various target materials with 


165-Mev protons 
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lower than ours but this could be due to the fact that 
the initial proton energy was somewhat higher (230 
Mev). ‘The sign of the polarization is, however, the 
same and is opposite to the sign obtained by them for 
free neutron proton scattering. 

We would like to acknowledge our thanks to Dr. 
G. Brown and Dr. T. H. R. Skyrme for valuable 
theoretical discussions. 
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Phenomenological Two-Nucleon Potential 
up to 150 Mev* 
P, S. SIGNELL AND R, E 
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HE large amount of experimental data bearing 
on the two-nucleon interaction in the energy 
region up to 150 Mev has thus far not been fitted by any 
type of meson-theoretic or even phenomenological 
potential, It is true that meson-theoretic 
two-nucleon potentials give a reasonable fit of the 


several 


low-energy parameters. However, all of these potentials 
(in particular, the Lévy' and Gartenhaus’ potentials) 


fail conspicuously when an attempt is made to match 


the unpolarized and polarized scattering data at 100 
and 150 Mev.’ From this latest work one receives the 
distinct impression that no combination of central and 
tensor forces, making full allowance for an arbitrariness 
in the spin and isotopic spin dependence, will match 
the existing data up to 150 Mev. 

On the other hand, from a purely phenomenological 
point of view, there is no reason why a spin-orbit 
be added to the 
central and tensor forces. Case and Pais‘ first pointed 


two-nucleon interaction should not 


out some of the virtues of the two-nucleon spin-orbit 
interaction but Goldfarb and Feldman® found that 
this interaction by itself (in triplet states) is incapable 
of explaining the experimental data. Recently, Ohnuma 
and Feldman® made a phase shift analysis of the 
experimental cross sections at 150 Mev and found that 
almost every set of acceptable phase shifts favors the 
inclusion of a spin-orbit potential. Other arguments for 
the existence of a spin-orbit component of the two- 
nucleon interaction can be adduced from the work of 
Wolfenstein’? and Greene,’ and of course from the 
success of the shell model for complex nuclei. 

While the arguments is 
conclusive, the contribution of a spin-orbit force to 


none of aforementioned 
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Fic. 1. Calculated n—p scattering cross sections. The dashed 
lines represent the predictions of the Gartenhaus potential. Solid 
lines represent the cross sections calculated on the basis of Eq. (1). 
The points denote the best experimental data available.” 
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Fic, 2. Calculated p—p scattering cross 
sections, See caption of Fig. 1. 


the two-nucleon interaction deserves further study. We 
have therefore investigated the consequences of adding 
a spin-orbit term to the Gartenhaus potential, as 
follows: 
Vod e* 
V= VatL-S 


Zo AX X |rarg, 


Vo d g“* 
V=Va +L-§ : ’ 


x dx x“ 


x=r/1o, Xe=fe/To, 


where Vg is the Gartenhaus potential® and Vo, r,, and ro 
are parameters characterizing the spin-orbit potential. 
We have chosen Vg (f?=0.089 and w,=6u) as the 
central + tensor part of the two-nucleon force because 
it appears to have the most plausible meson-theoretic 
basis and because it fits the low-energy data so well.? 
The choice of the spin-orbit term is essentially that 
of Goldfarb and Feldman,® namely Vo=+30 Mev, 
r-=0.21K10-"% cm, ro=1.07K10~"% cm, except that 
their “zero” cutoff is replaced by a “straight” cutoff. 

The results of exact calculations of the p-p and 
n-p scattering cross sections and polarizations on the 
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Fic. 3. Calculated n— p polarizations. See caption of Fig. 1. 

basis of Eq. (1), using the IBM 650 located at the 
University of Rochester, are plotted as solid lines 
(G+TY1) in Figs. 1-4 for several energies up to 150 
Mev. ‘The Coulomb amplitude is taken into account in 
the p-p calculations. ‘The dashed lines (G) in Figs. 1-4 
represent the predictions of the Gartenhaus potential 
and the points denote the best experimental data 
available.” It is clear that Gartenhaus plus spin-orbit 
force with the sign needed for the shell model (the 
Vo 30 Mev, gives complete 


opposite sign, i.e., 


pp p(B): \0OMev 








¢170 Mev 
$130 Mev 


Estimated 
Average 


p polarizations See caption of Fig, 1 
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disagreement with experiment) is a tremendous 
improvement over the Gartenhaus potential alone. 
Indeed, the over-all agreement between the predictions 
based on Eq. (1) and the wide range of available 
scattering data is sufficiently encouraging to justify the 
hope that a potential description of the two-nucleon 
interaction, at least up to 150 Mev, is attainable and 
that the essential features of such a potential model are 
contained in Eq. (1). 

Work now in progress includes pushing the calcu- 
lations down below 40 Mev for the p-p scattering 
(taking more accurate account of the Coulomb force) 
and above 150 Mev. An attempt is also being made to 
examine the effects of varying the five parameters 
in the potential defined by Eq. (1). There is no reason 
why a potential model should continue to hold at 
higher energies,’ say at 300 Mev, and it is hoped to 
ascertain the character of the velocity 
dependence (if any) of the two-nucleon interaction at 


additional 


the higher energies. 


* This work was supported in part by the U. S. Atomic Energy 
Commission 
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Now that a large number of r* mesons with low- 
energy » mesons have been found, it is possible 
to devise a fairly sensitive and model-independent test 
conservation of angular 


for odd spin. Because of 
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Fic. 1. The number of events per unit phase space in 2-Mev 
intervals is plotted vs ~ energy. The two lines f; and fo are 
least-squares fits using the momentum dependence p? and p® 
respectively. 


momentum, the low-energy negative pions must have 
the momentum dependence p” where n>2 for rt 
mesons of odd spin. For small p, this is independent of 
the energy dependence and “interaction radius” of the 
decay interaction.' For an even-spin 7 meson, m can be 
zero. In this letter the present world data will be 
shown to be consistent with m=0 and strongly in- 
consistent with m=2. A test somewhat similar to the 
one used here was made by Orear, Harris, and ‘Taylor’ 
using their 71 +* mesons. They obtained odds of 10% to 1 
against (1+) compared to (O—). 

In the present analysis only the 7+ mesons with x 
energies less than 10 Mev are used. In this region 
kR<O1 for R=h/M,c. Systematic scanning in K* 
beams from the Bevatron and Cosmotron has yielded 
a total of 835 analyzed r+, 92 of which have r~ under 
10 Mev.2-* These 92 events are divided into 2-Mev 
intervals and plotted in Fig. 1. As a preliminary test, 
least-squares fits are made to the two momentum 
dependences n=0 and n= 2, It is seen that the fit to 
the n=0 curve is much better than that to the n=2 
curve. The true curve should give a least-squares sum 
of 4.0 on the average. The least-squares sum is 2.7 for 
the n=0 curve and 12.1 for the n=1 curve. The x? 
probability of getting a fit no better than that of the 
n=( curve is 0.60, and the probability of getting a 
fit no better than the n=2 curve is 0.015. In this 
particular application, the x? type of test is weak 
because it doesn’t make use of some valuable infor- 
mation. For example, it is quite improbable to obtain 
a mw of 0.36 Mev if the 7 has spin 1. By lumping this 
event in a group of 7 others from 0 to 2 Mev, one is 
throwing away valuable information. For this problem 
the general statistical procedure would be to form the 
likelihood ratio of spin 1 to spin zero using the energy 
values of each individual event.” Let /o(e) be the 
spin-zero distribution function and /;(¢) be the spin-one 
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function, where ¢ is the w~ kinetic energy divided by 
50 Mev. Since we only have knowledge of the shapes of 
fo and f; in the region of small ¢, they must be given 
the same normalization in this region if the test is to be 
a comparison of one shape against another: 


f Sopde f fipde, 


where p(e) is the phase space. For fo=1, fi 
The relative probability of spin 1 to spin zero 


P; 92 file) 
Po ml Sole) 


8.42.. 


is then 


10-4, (1) 


It should be emphasized that this factor of 10° against 
spin 1 is an underestimate of the odds against spin 1 
(or any odd spin). This is because above 10 Mev the 
shape f; is normally expected to depart appreciably 
from the data (the data are close to isotropic in e). 
The most generous one can be toward spin 1 is to 
assume that /; is a perfect fit to the data above 10 
Mev and that it goes as p* from 0 to 10 Mev. This is 
exactly what was done in Eq. (1). A momentum 
dependence faster than n= 2 would give an even worse 
fit. The above procedure was repeated using only the 
data below 5 Mev (31 events). This should be a weaker 
test because now /; is permitted to be a good fit all the 
way down to 5 Mev. In this case the normalizations 
are fo=1 and /;=16.7e which gave odds of 24 to 1 
against fy. 

The effect of Coulomb enhancement should 
appreciably alter the p? dependence of spin 1. As has 
been pointed out," the entire low-energy region of 
the spectrum might be boosted up as much as 10%. 
In fact one might expect the enhancement factor to 
increase with p in this energy region.” Such a Coulomb- 
corrected f; would than the f/f; 
used in Eq. (1). When the energy region 0 to 10 Mev 
is considered by itself, the relativistic corrections are 
negligible and have not been made. Over this region the 
nonrelativistic phase space is proportional to the 
relativistic phase space to within 1%. The result given 
by Eq. (1) still holds if one employs an arbitrary 
mixture of both parity states. Such mixing would 
make odd spin an even worse fit. Corrections for 
detection bias would also increase the odds against 


not 


give a worse fit 


spin 1. 

The conclusion is that it is extremely unlikely that 
the 7 meson has spin 1 or any odd value. Spins 0 and 2 
are both quite consistent with the data and there seems 
to be no way to distinguish them by means of a Dalitz- 
type analysis alone.? If there is only one K meson, it 
most probably has either spin 0 or 2. The continued 
absence of the mode K*t-—»mt+ 7 is evidence against 
spin 2." 

* Research supported in part by the Office of Naval Research 
and the U. S. Atomic Energy Commission 
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the Beta Decay of Polarized Muons* 
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N an earlier report, we described experiments which 
established the existence of polarized muons in 
momentum-selected cyclotron pion beams.' ‘These 
experiments also established the angular distribution 
of positrons arising from polarized muon decay to be 

of the form 
{(0) 


1+ a cosé, (1) 


and gave preliminary evidence for the behavior of the 
asymmetry parameter, a, as a function of positron 
energy. We present here additional results on the 
energy dependence as deduced from measurements of 
the asymmetry (peak to valley) as a function of 
positron range in carbon. Comparison is made with the 
predictions of the two-component neutrino theory.’ 
Larsen, Lubkin, and ‘Tausner? have employed these 
results to determine the additional parameters of a 
four-component neutrino theory.‘ 

The experimental arrangement is identical with that 
described in reference 1 except that, for points of very 
large carbon thickness, three counters were used in the 
electron detection telescope in order to reduce back 
ground and to decrease the importance of higher order 
radiative effects. ‘To minimize systematic errors, the 
current in the precession coil was alternated regularly 
between +170 ma and —170 ma to give peak-to-valley 
ratios of the resulting positron counting rate. That is, 
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hic. 1, Seale I: Variation of peak-to-valley (P/V) counting 
rate ratio with range of carbon traversed by muon decay positrons 
We plot P/I (1.907 —0.10)/(1.90—0.10R) from (4), where 
r is the ratio, The solid curve isthe resolution 
folded two-component neutrino theory prediction. The cross 
hatching indicates the uncertainty introduced by the resolution 
Seale IT: The range of positrons from unpolarized muon 
solid curve is the resolution-folded Michel curve for 


observed 


curves 
decay The 
p=0.75 


these currents are designed to produce a mean muon 
precession of +90° from the initial longitudinally 
polarized state and so have the muon spins pointing 
alternately toward and away from the electron detection 
telescope. ‘Thus from (1) we determine 

P/V 


(1+a)/(1—a). (2) 


The oberved P/V ratios must be corrected for the angu 
larcextension of the counters and for the finite interval 
of counting time (gate width) during which muons 
continue to precess. The gate-width correction (which 
includes the muon lifetime) is by far the most important 
effect and is obtained by evaluating the integral: 


P| 


i) e '"{1+a cos[ 09—y(+H)t }} dt, (3) 


v’| 


where /, is the delay (0.77 usec) introduced electronically 
between the coincidence count signalling the stopping 
of a muon in the target and the start of the gate which 
activates the electron detector. The duration of the 


gate is f,—¢,; the muon mean life is r+ (22.2 psec). 
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In (3), y is the muon gyromagnetic ratio and H the 
applied magnetic field. The result, from (3), is 


P’) 
yay ee ; (4) 
where a’=0.90a. In (4) we have also made the small 
additional correction for angular aperture. The corrected 
results are plotted in Fig. 1. Here we also plot the range 
curve of positrons from unpolarized muons obtained by 
allowing the pion beam to stop in the target. The 
horizontal scale is measured from the mid-point of the 
one-inch thick carbon target. 

An extrapolation of the data to zero thickness gives 
for the full integrated spectrum: 


(5) 


for the Nevis “85-Mev” muon beam! stopping in 
carbon. 

We have attempted to compare the data with the 
predictions of the two-component neutrino theory.” 
This theory predicts, for the decay ut—et+ +3, an 
energy dependence of the form 


2x°[ (3— 2x) + (1— 2x) ao cos6], 


a= —0.26+0.02 


f(0,x) (6) 


where x is positron energy measured in units of the 
spectrum end point (52.9 Mev). We have set ao= &B, 
where £ is, in the Lee-Yang notation, the relative 
amplitude for decay through the two opposite parity 
states and B is the unknown fractional polarization of 
the muon beam ‘at decay. To compare with experiment, 
dy is adjusted to the experimental result at 10.4 g/cm’. 
Then, the prediction of the two-component theory 
appears as 

1 
f K(R,x)x*(1—2x)dx 

P 0 
1+do ' » 

v) ! 
f K (R,x)x?(3—2x)dx 


0 


(7) 


where R is the thickness of carbon used (the abscissa in 
Fig. 1) and K(R,x) is a resolution function which 
represents the detection efficiency of our counter 
telescope for positrons of energy x, when a traversal 
of R g/cm? of carbon is required. These functions were 
provided by Garwin and Oxley® by using a duplicate of 
our geometry and monochromatic positrons from the 
Chicago betatron. A test of the sensitivity of the results 
to the exact form of the resolution functions was made 
by using Monte Carlo calculations. The largest un- 
certainties occur at very large values of R where the 
sensitivity to possible nonuniform muon distribution 
in the target is greatest. As a test of the accuracy of the 
resolution unfolding, the unpolarized spectrum was 
compared with a Michel p=0.75 spectrum’ (the solid 
curve in Fig. 1, Scale I). The good fit also served as a 
check on the horizontal scale. The peak-to-valley 
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Fic, 2, Comparison of experimental values of a, ¢, with theo 
retical limits, from Larsen, Lubkin, and Tausner.* The direct 
empirical parameters a’, {’ for p=0.68, p=0.75 are represented by 
the little rectangles. The actual parameters a, { are larger in 
absolute value because of depolarization effects. The first quadrant 
applies if the y’s are polarized in the direction back to the parent 
m, the third quadrant if they are polarized opposite to this 
direction. 


ratios of (7) are compared as a solid line with experiment 
in Fig. 1. The contribution of the distribution function 
uncertainty is indicated by the cross-hatching on the 
two-component curve. We judge the results to be a 
rather successful prediction of the two-component 
theory. Radiative corrections’ amount to of the order 
of 1% in this method of analyzing the data. A more 
quantitative test of the two-component theory may be 
made by evaluating the additional parameters of the 
four-component theory. Larsen, Lubkin, and ‘Tausner* 
find, instead of (6), the distribution 


Ax*{ (1—2) + (2 9) p(4x- 3) 
+[a(1—«x)+ (2/9)¢(4x—3) ] cosd}, 


f(0,x) 
(8) 


where a and ¢ are the new parameters. The comparison 
with experiment is made in Fig. 2 which was prepared 
by these authors. Here too, resolution effects may 
account for the small deviation from two-component 
theory. 

The data permit a determination of ao 


tB. Inte- 


gration of (6) from x=0 to x= 1 gives {(@) = 1—}4ap cosé. 


We find from (5) 


£B=0.79+0.06. (9) 


and hence 


In the lf| <1 


B20.80. This is consistent with the two-component 


two-component theory 
prediction that, in the decay m—-y+ , the muons are 
formed in a state of complete polarization. Independent 
of the two-component theory, the observation of 
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P/V>3 (Fig. 1) and the restriction |a| <1 


leads to B2 0.50. 


* This research is supported in part by the joint program of 
the Office of Naval Research and the U. S. Atomic Energy 
Commission. 
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Nuclear Magnetic Moment* 
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W * have made a direct comparison between the 
signs of the proton and the He*® nuclear magnetic 
moments. ‘The result is that the proton and He* have 
nuclear magnetic moments of opposite sign. Since the 
sign of the proton moment is known to be positive,! 
the He* moment is -therefore negative as predicted? 
from the odd neutron configuration and previously 
inferred from optical hyperfine spectra data.’ 


Nic. 1 


Nuclear induction dispersion derivative 


of H' and He* 


ignals 
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‘The comparison of the signs of the nuclear magnetic 
moments was carried out by the nuclear induction 
method* employing a Varian Associates V-4300 spce- 
trometer operating at a frequency of 40.0 Mc/sec. 
together with a 12-inch electromagnet. 

The He’, obtained from the decay of H’, was con- 
tained in a thick-wall Pyrex tube of 10-mm_ inner 
diameter, fitted with a valve assembly for filling and 
sealing. ‘The tube contained He’ at a partial pressure 
of approximately 10 atmospheres together with O, 
at a partial pressure of 10 atmospheres. ‘The inclusion 
of the paramagnetic oxygen provides a mechanism for 
thermal! relaxation of the He’ and was suggested by the 
work of Anderson® in the original determination of the 
magnetogyric ratio of He’. A one-millimeter capillary 
containing water with 0.05M MnCl, was taped to the 
outside of the He* sample tube. The dual sample was 
placed inside the receiver coil of the nuclear induction 
head. 

The proton nuclear magnetic resonance was estab- 
lished at 9400 oersteds and the probe “paddles” 
adjusted to give a dispersion mode of presentation.‘ 
The customary low-frequency sine-wave field modu 
lation and the phase-sensitive detection were employed. 
The derivative of the proton dispersion was then 
recorded, Without disturbing the nuclear induction 
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probe, the static magnetic field was increased to 12 350 
oersteds to bring the He’* into resonance, and the 
derivative of the dispersion was again recorded. 

For a fixed value of the leakage flux in a nuclear 
induction apparatus, the sign of the signal is determined 
by the sign of the nuclear magnetic moment. A com- 
parison of the signs of two signals at a common value 
of leakage therefore yields comparative signs of the 
nuclear moments. 

Figure 1 shows a recording of the derivative of the 


dispersion signals for both protons and He’*. The 


dispersion derivative was selected to preclude any 
ambiguity which might arise when the absorption 
derivative is recorded, 

We are indebted to Mr. Victor P. Gede and Mr. 
Henry Otsuki for the preparation of the sample and the 
filling of the sample holder. 


* This work was performed under the auspices of the U. S. 
Atomic Energy Commission. 
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